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Introduction

In the mid-1960s, D. Kazhdan defined his Property (T) for locally compact
groups and used it as a tool to demonstrate that a large class of lattices are
finitely generated. Recall that a lattice I" in a locally compact group G is a
discrete subgroup such that the quotient space G/ I carries a G-invariant prob-
ability measure; arithmetic and geometry provide many examples of countable
groups which are lattices in semisimple groups, such as the special linear groups
SL,(R), the symplectic groups Sp2,(R), and various orthogonal or unitary
groups. Property (T) was defined in terms of unitary representations, using only
a limited representation theoretic background. Later developments showed that
it plays an important role in many different subjects.
Chapter | begins with the original definition of Kazhdan:

A topological group G has Property (T) if there exist a compact subset
Q and a real number ¢ > 0 such that, whenever 7 is a continuous unitary
representation of G on a Hilbert space H for which there exists a vector
§ € Hof norm 1 with sup,cp Il (¢)§ — &Il < ¢, then there exists an invariant
vector, namely a vector 1 7 0 in H such that 7 (g)n =n forall g € G.

We discuss some of its first implications, the trivial examples (which are the
compact groups), and the following three main ingredients of Kazhdan’s proof
of the finite generation of lattices:

(1) Alocally compact group with Property (T) is compactly generated, and in
particular a discrete group with Property (T) is finitely generated.

(i1) For a local field K (in particular for K =R), the groups SL, (K), n> 3,
and Spy,(K), n> 2, have Property (T). This carries over to other groups
G(K) of K-rational points of appropriate simple algebraic groups, and in
particular to simple real Lie groups of real rank at least two.
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(iii) Alattice I' in a locally compact group G has Property (T) if and only if G
has it.

Chapter 2 concentrates on a property which was shown in the late 1970s to
be equivalent to Kazhdan’s property for a large class of groups:

A topological group G has Property (FH) if any continuous action of G by
affine isometries on a Hilbert space has a fixed point.

We have kept the discussions in Chapters | and 2 mostly independent of each
other, so that either can be chosen as an introduction to our subject.

If 77 is a representation of a group G, let H' (G, ) denote the first cohomol-
ogy space of m. It is straightforward to translate Property (FH) as a vanishing
property: H'(G, ) = 0 for all unitary representations 7 of G. There are strong
consequences on several types of actions: for a group with Property (FH), any
isometric action on a tree has a fixed point or a fixed edge (this is Property (FA)
of Serre), any isometric action on a real or complex hyperbolic space has a
fixed point, and any action on the circle which is orientation preserving and
smooth enough factors through a finite cyclic group (a result of Navas and
Reznikov). There is also a reformulation of Property (FH) in terms of scalar-
valued functions on the group: any function which is conditionally of negative
type is bounded.

In the last section, we prove the Delorme—Guichardet theorem: for
o-compact locally compact groups, Properties (T) and (FH) are equivalent.

Chapter 3 is devoted to reduced cohomology spaces H!(G, ), which are
the Hausdorff spaces associated to the cohomology spaces H 1(G, ) for the
appropriate topology; H! is from several points of view a “better ” functor than
H'. For a compactly generated locally compact group G, Shalom has shown
that several vanishing properties are equivalent, including:

(i) Property (T) or (FH), namely the vanishing of the cohomology space
H'(G, ) for every unitary representation 77 of G,

(ii) the vanishing of the reduced cohomology space H!(G, ) =0 for every
unitary representation .

Shalom’s result implies that a countable group with Property (T) is always
the quotient of a finitely presented group with Property (T). This answers
a natural question, since Property (T) implies finite generation (Kazhdan’s
observation) but not finite presentation (as shown by examples discovered
later).

There is also a section on Kostant’s result according to which the isometry
group Sp(n, 1) of a quaternionic hyperbolic space (n > 2) has Property (T). The
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method of Section 3.3 uses properties of harmonic mappings and rests on ideas
of Gromov.

To find examples of non-compact groups with Property (T), the only meth-
ods known from the time of Kazhdan’s paper until about 30 years later have
been to use at some point the theory of Lie groups or of algebraic groups,
and the resulting fact that groups like SL,(K), n > 3, and Sp,,,(K), n > 2, have
Property (T). Chapter 4 focuses on another method, due to Shalom, that shows
again Property (T) for SL,,(Z), and as a bonus shows it also for SL,,(R) for other
rings R (n > 3).

The new notion entering the scene is that of bounded generation,' of which the
relevance for Property (T) was pointed out by Colin de Verdiere and Shalom. On
the one hand, the method can be used to estimate various Kazhdan constants,
namely to obtain quantitative sharpenings of the qualitative notion of Prop-
erty (T). On the other hand, the groups to which the method applies need not
be locally compact. For example, for n > 3, the loop group LSL,,(C) consisting
of all continuous functions from the circle to SL,(C) has Property (T).

Chapter 5 is an account of the so-called spectral criterion. More precisely,
given a group I generated by a finite set S, there is a finite graph G(S) attached
to the situation; if this graph is connected and if its smallest non-zero eigenvalue
is strictly larger than 1/2, then I" has Property (T); moreover, the method gives
an estimate of the Kazhdan constant for S. The spectral criterion is due to Zuk
(1996) and Ballmann-Swiatkowski (1997); it relies on some fundamental work
by Garland and Borel (1973), and is strongly used in more recent work of
Gromov (2003) and others concerning random groups.

Chapter 6 is a small sample of applications of Property (T). We indicate a
construction, due to Margulis, of finite graphs with good expanding properties.
Then we discuss some applications to ergodic theory: estimates of spectral
gaps for operators associated to appropriate actions, the importance for the so-
called strongly ergodic actions (Schmidt and Connes—Weiss), and invariance
of Property (T) by “measure equivalence” (work of Furman and Popa). The
final section of Chapter 6 is about the Banach—Ruziewicz problem, which asks
whether the normalised Lebesgue measure on the unit sphere 8"~! of R” is
the unique rotation-invariant finitely additive measure defined on all Lebesgue-
measurable sets; the answer, which is positive for all n > 3, follows when n > 5
from the fact that the special orthogonal group SO (n) contains a dense subgroup
which has Property (T).

1A group I is boundedly generated if there exist a finite family Cy, ..., Cy, of cyclic subgroups
in I' and an integer N > 1 such that any y €I is a product of at most N elements from the
union Uy <j< C;.
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Despite their importance, applications to operator algebras in general and the
work of Popa in particular are almost not discussed within this book.

Chapter 7 is a short collection of open problems which, at the time of writing,
are standard in the subject.

A significant part of the theory of Property (T) uses the theory of unitary
representations in a non-technical way. Accordingly, we use freely in this book
the “soft parts” of representation theory, with as little formalism as possible.
The reader who wishes to rely now and then on a more systematic exposition
will find one in the appendix which appears as the second half of this book.

We discuss there some of the basic notions: generalities about unitary rep-
resentations, invariant measures on homogeneous spaces, functions of positive
type and functions conditionally of negative type, unitary representations of
abelian groups, unitary induction, and weak containment. Moreover, we have
one chapter on amenable groups, a notion which goes back to the time (1929)
when von Neumann wrote up his view of the Hausdorff-Banach—Tarski paradox
(itself from the period 1914—1924); amenability and Property (T) are two fun-
damental properties in our subject, and the second cannot be fully appreciated
without some understanding of the first.

The size of the present book has grown to proportions that we did not plan!
There are several much shorter introductions to the subject which can be recom-
mended: the original Bourbaki seminar [DelKi-68], Chapter 7 of [Zimm-—84a],
Chapter III of [Margu-91], Chapter 3 of [Lubot-94], Chapter 5 of [Spatz—95],
the Bourbaki seminar by one of us [ Valet—04], and abook in preparation [LubZu]
on Property (1), which is a variant of Property (T). Despite its length, the
present book is far from complete; the list of references should help the reader
to appreciate the amount of material that we do not discuss.

Historical introduction

For readers who already have some knowledge of Property (T), here is our
personal view on the history of this notion.

The first 25 years

First appearance of Property (T)
The subject of this book began precisely with a three page paper [Kazhd—67].
Kazhdan’s insight was the key to many unexpected discoveries. Indeed,
in the mathematical literature, there are very few papers with such a rich
offspring. Property (T) is now a basic notion in domains as diverse as group
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theory, differential geometry, ergodic theory, potential theory, operator algebras,
combinatorics, computer science, and the theory of algorithms.

On the one hand, Kazhdan defines a locally compact group G to have Prop-
erty (T), now also called the Kazhdan Property, if the unit representation” is
isolated in the appropriate space of unitary representations of G. It is straight-
forward to show that a group G with this property is compactly generated and
that its largest Hausdorff abelian quotient G/[G, G] is compact; in particular,
acountable group I" with Property (T) is finitely generated and its first homology
group H{(I',Z) =T/[I", '] is finite. On the other hand, Kazhdan shows that,
besides compact groups, groups having Property (T) include SL,,(K),n > 3, and
Spon(K), n> 2, for any local field K. This implies in particular that a simple
real Lie group G with large real rank and with finite centre has Property (T);
in Kazhdan’s paper, “large” real rank / means / > 3, but shortly afterwards” it
was checked that [ > 2 is sufficient. Moreover, a lattice I' in a locally compact
group G has Property (T) if and only if G has Property (T).

One spectacular consequence of these results and observations can be phrased
as follows. Let M =T" \ G/K be a locally symmetric Riemannian manifold of
finite volume, where G is a connected semisimple Lie group with finite centre,
with all factors of real ranks at least 2, and where K is a maximal compact
subgroup of G. Then:

(i) the fundamental group I' = (M) is finitely generated,;
(ii) the first Betti number b; (M) = dimg Hom(I", R) is zero.

Statement (i) “gives a positive answer to part of a hypothesis of Siegel on the
finiteness of the number of sides of a fundamental polygon” (the quotation is
from [Kazhd—67]). Here is what we understand by the “hypothesis of Siegel”:
there exists a convenient fundamental domain for the action of I" on G, namely
a Borel subset €2 C G such that (y€2),, . is a partition of G, such that each
element of G has a neighbourhood contained in a finite union of translates y €2,
and more importantly such that the set S ={y e : yQNQ #0)} is finite; it
follows that S generates I" (Section 9 in [Siege—43]).

Before Kazhdan’s paper, some results of vanishing cohomology had been
obtained in [CalVe—60] and [Matsu—62]. Soon after Kazhdan’s paper, it was
also established” that any lattice I' in a semisimple Lie group G is finitely

8]

The unit representation is also called the trivial representation, and “T” holds for “trivial”.
Indeed, only SL,(K) appears in Kazhdan’s paper. Similar considerations hold for Sp,, (K), as
was shown independently by [DelKi—68], [Vaser—68], and [Wang—69].

Existence of nice fundamental domains for lattices was shown separately in the real rank one
case [GarRa—70] and in the higher rank case [Margu—69]. See Chapter XIII in [Raghu—72], and
an appendix of Margulis to the Russian translation of this book (the appendix has also appeared
in English [Margu—84]).

w

A
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generated, without any restriction on the ranks of the factors of G, and moreover
the “Selberg conjecture” was proven.’

When M is not compact, it is often difficult to establish (i), and more generally
finite generation for lattices in semisimple algebraic groups over local fields,
by any other method than Property (T).°

Note however that some simple Lie groups of real rank one, more pre-
cisely the groups locally isomorphic to SO(n, 1) and SU (n, 1), do not have
Property (T). Let us try and reconstruct the way this fact was realised.

For SO(n, 1), spherical functions of positive type have been determined
independently by Vilenkin (see [Vilen—68]) and Takahashi [Takah—63]. (Partic-
ular cases have been known earlier: [Bargm—47] for SL>(R), [GelNa—47] and
[Haris—47] for SL>(C).) As a consequence, it is clear that the unit representation
is not isolated in the unitary dual of SO(n, 1), even if this is not explicitly stated
by Takahashi and Vilenkin. In 1969, S.P. Wang writes in our terms that SO (n, 1)
does not have the Kazhdan Property (Theorem 4.9 in [Wang—69]).

As far as we know, it is Kostant [Kosta—69] who first worked out the spherical
irreducible representations of all simple Lie groups of real rank one (see below),
and in particular who has first shown that SU (n, 1) does not have Property (T).
This can be found again in several later publications, among which we would
like to mention [FarHa—74].

For the related problem to find representations w of G=S50(n,1) or
G =S8U(n, 1) with non-vanishing cohomology H I(G,n), see [VeGeG-73],
[VeGeG-74], [Delor—77], and [Guic—77b]. The interest in non-vanishing spaces
HI(G,n), and more generally Hj(G, ) for j > 1, comes also from the fol-
lowing decomposition. Let G be a Lie group with finitely many connected

5 Kazhdan and Margulis have shown that, if G is a connected linear semisimple Lie group
without compact factor, there exists a neighbourhood W of e in G such that any discrete
subgroup I' in G has a conjugate gI‘g*l disjoint from W \ {e}. It follows that the volume of
G/ T is bounded below by that of W. By ingenious arguments, it also follows that, if T is
moreover a lattice such that G/ I is not compact, then I' contains unipotent elements distinct
from e (Selberg conjecture). See [KazMa—68], [Bore—69a], and Chapter XI in [Raghu—72].

6 For lattices in real Lie groups, there is a proof by Gromov using the “Margulis Lemma” and
Morse theory [BaGrS—85]; see [Gelan—04] for a simple account. Of course, it is classical that
arithmetic lattices are finitely generated, indeed finitely presented (Theorem 6.12 in
[BorHa-62]), and Margulis has shown that lattices in semisimple Lie groups of rank at least
two are arithmetic; but Margulis’ proof uses finite generation from the start. For lattices in
algebraic groups defined over fields of characteristic zero, there is an approach to superrigidity
and arithmeticity of lattices which does not use finite generation [Venka—93]; but this is not
available in finite characteristic. Indeed, in characteristic p, lattices in rank one groups need not
be finitely generated: see §I1.2.5 in [Serre—77], as well as [Lubot—89] and [Lubot-91].
(However, still in characteristic p, irreducible lattices in products of at least two rank one
groups are always finitely generated [Raghu—89].) To sum up, the use of the Kazhdan Property
to prove finite generation of lattices is very efficient in most cases, and is currently unavoidable
in some cases.
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components and let K be a maximal compact subgroup; the quotient G/K is
contractible, indeed homeomorphic to a Euclidean space (the Cartan—Iwasawa—
Malcev—Mostow theorem). Let I" be a torsion free cocompact lattice in G, so
that M =T \ G/K is both a closed manifold and an Eilenberg—McLane space
K(T, 1). There are integers m(I", w) > 0 such that

H*(T',C) = H*(M,C) = QB m(C, 7)H* (G, )

reG

where the summation can be restricted to those representations 7 in the unitary
dual G of G such that H*(G, ) #0. See [BorWa—80], Chapters VI and VII.

Property (T) for the groups Sp(n,1) and F 4(_20)

Shortly after Kazhdan’s paper, Kostant made an analysis of the spherical irre-
ducible representations of simple Lie groups; his results were announced in
[Kosta—69] and the detailed paper was published later [Kosta—75]. His aim was
to demonstrate the irreducibility of a (not necessarily unitary) representation of
G which is either in the so-called principal series, or in the complementary series
(when the latter exists). Only in the very last line (of both the announcement
and the detailed paper), Kostant relates his work to that of Kazhdan, establish-
ing7 that the rank one groups Sp(n, 1), n > 2, and the rank one real form F4(_20)
of the simple complex Lie group of type F4, have Property (T), thus completing
the hard work for the classification of simple real Lie groups with Property (T).
As a consequence, the semisimple Lie groups having Property (T) are precisely
the Lie groups® locally isomorphic to products of simple Lie groups with Lie
algebras not of type so(n, 1) or su(n, 1).

Let G be a connected linear algebraic group defined over a local field K;
set G = G(K). For G semisimple and K a non-archimedean field, the situation
is much simpler than if K is R or C, since then G has Property (T) if and

7 Now, we know several proofs that the groups Sp(n, 1), n> 2, and F4(—20) have Property (T):
the “cohomological proof” of Borel and Wallach (see Corollary 5.3 of Chapter V in
[BorWa—80], and [HarVa—89]), a proof using harmonic analysis on groups of Heisenberg type
(see [CowHa—-89], the indication in [Cowli-90], and Theorem 1.16 in [Valet-94]), as well as
proofs of Gromov, Korevaar-Schoen, Mok, Pansu, and others using Bochner’s formula of
differential geometry and properties of harmonic mappings defined on Riemannian symmetric
spaces (see [KorSc—93], [Mok-95], [Pansu-95], [Pansu-98], and [Gromo-03, Item 3.7.D’]).
The last proofs are part of a theory of “geometric superrigidity”, of which the first goal had
been to put into a differential geometric setting the superrigidity theorem of Margulis; see,
among others, [Corle-92], [GroSc-92], and [MoSiY-93].

Strictly speaking, this was only clear in 1969 for groups with finite centre. It holds in the
general case by Lemma 1.7 in [Wang—82], or by results of Serre first published in Sections 2.c
and 3.d of [HarVa—89]. Serre’s results on Property (T) for central extensions follow also simply
from results of Shalom, as in §3.3 of [Valet-04].

=]



8 Introduction

only if it has no simple factor of K-rank one.” In the general case, S.P. Wang
has determined when G has Property (T) in terms of a Levi decomposition of
G (assuming that such a decomposition exists, this being always the case in
characteristic zero); see [Wang—82], as well as [Shal-99b] and [Cornu-06d,
Corollary 3.2.6].

Construction of expanding graphs and Property (T) for pairs

The first application of the Kazhdan Property outside group theory was the
explicit construction by Margulis of remarkable families of finite graphs. In
particular, for any degree k > 3, there are constructions of families of finite
k-regular graphs which are expanders; this means that there exists a so-called
isoperimetric constant & >0 such that, in each graph of the family, any non-
empty subset A of the set V of vertices is connected to the complementary set
by at least ¢ min{#A,#(V \ A)} edges. While the existence of such graphs is
easily established on probabilistic grounds, explicit constructions require other
methods.

A basic idea of [Margu—73] is that, if an infinite group I" generated by a finite
set S has Property (T) and is residually finite, then the finite quotients of I" have
Cayley graphs with respect to S which provide a family of the desired kind.
Margulis’ construction is explicit for the graphs, but does not provide explicit
estimates for the isoperimetric constants. Constructions given together with
lower bounds for these constants were given later, for example in [GabGa—81];
see also the discussion below on Kazhdan constants.'"

Rather than Property (T) for one group, Margulis used there a formulation
for a pair consisting of a group and a subgroup. This Property (T) for pairs, also
called relative Property (T), was already important in Kazhdan’s paper, even
though a name for it appears only in [Margu—82]. It has since become a basic
notion, among other reasons for its role in operator algebras, as recognized by
Popa. Recent progress involves defining Property (T) for a pair consisting of a
group and a subset [Cornu—06d].

There is more on Property (T) for pairs and for semidirect products in
[Ferno—06], [Shal-99b], [Valet—94], and [Valet-05].

9 If G is connected, simple, and of K-rank one, then G acts properly on its Bruhat-Tits building
[BruTi-72], which is a tree, and it follows that G does not have Property (T).

10 More recently, there has been important work on finding more expanding families of graphs,
sometimes with optimal or almost optimal constants. We wish to mention the so-called
Ramanujan graphs, first constructed by Lubotzky—Phillips—Sarnak and Margulis (see the
expositions of [Valet—97] and [DaSaV-03]), results of J. Friedman [Fried—91] based on
random techniques, and the zig-zag construction of [ReVaW-02], [AILuW-01]. Most of these
constructions are related to some weak form of Property (T).
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Group cohomology, affine isometric actions, and Property (FH)
Kazhdan’s approach to Property (T) was expressed in terms of weak contain-
ment of unitary representations. There is an alternative approach involving
group cohomology and affine isometric actions.

In the 1970s, cohomology of groups was a very active subject with (among
many others) an influential paper by Serre. In particular (Item 2.3 in [Serre—71]),
he conjectured that H{(I',R)=0,i€ {1,...,1 — 1}, for a cocompact discrete
subgroup I' in an appropriate linear algebraic group G “of rank /. This conjec-
ture was partially solved by Garland in an important paper [Garla—73] which
will again play a role in the later history of Property (T). Shortly after, S.P. Wang
[Wang—74] showed that H'(G, ) =0 for a separable locally compact group
G with Property (T), where 7 indicates here that the coefficient module of the
cohomology is a finite-dimensional Hilbert space on which G acts by a unitary
representation.

In 1977, Delorme showed that, for a topological group G, Property (T) implies
that H' (G, ) =0 for all unitary representations w of G [Delor-77]. Previ-
ously, for a group G which is locally compact and o -compact, Guichardet had
shown that the converse holds (see [Guic—72a], even if the expression ‘“Prop-
erty (T)” does not appear there, and [Guic—77a]). Delorme’s motivation to study
1-cohomology was the construction of unitary representations by continuous
tensor products.

A topological group G is said to have Property (FH) if every continuous
action of G by affine isometries on a Hilbert space has a fixed point. It is
straightforward to check that this property is equivalent to the vanishing of
H! (G, ) for all unitary representations 7 of G, but this formulation was not
standard before Serre used it in talks (unpublished). Today, we formulate the
result of Delorme and Guichardet like this: a o-compact'' locally compact
group has Property (T) if and only if it has Property (FH).

Recall that there is a Property (FA) for groups, the property of having
fixed points for all actions by automorphisms on trees. It was first studied
in [Serre-74] (see also §1.6 in [Serre—77]); it is implied by Property (FH)
[Watat—82].

We make one more remark, in order to resist the temptation of oversimpli-
fying history. Delorme and Guichardet also showed that a o-compact locally
compact group G has Property (T) if and only if all real-valued continuous

11 The hypothesis of o-compactness is necessary, since there exist discrete groups with Property
(FH) which are not countable, and therefore which are not finitely generated, and even less
with Property (T). An example is the group of all permutations of an infinite set, with the
discrete topology [Cornu—06¢].
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functions on G which are conditionally of negative type are bounded.'” On the
one hand, this was independently rediscovered and proved by other methods in
[AkeWa-81], a paper in which the authors seek to understand the unitary dual
of a group in terms of functions of conditionally negative type, and also a paper
written under the strong influence of Haagerup’s work on reduced C*-algebras
of non-abelian free groups [Haage—78]. On the other hand, a weak form of the
same result on Property (T) and functions of negative type appeared earlier in
[FarHa—74], itself motivated by the wish to understand which are the invari-
ant metrics on a space of the form G/K which are induced by embeddings in
Hilbert spaces.

Whatever the early history has been, there has been a growing interest in the
point of view of Property (FH) which is now considered as basic. Recently,
it has been shown that, for locally compact groups, Property (T) implies the
property of having fixed points for affine isometric actions on various Banach
spaces, for example'* on spaces of the form L”(u1) with 1 < p <2 [BaFGM].

Normal subgroups in lattices
Let G be a connected semisimple Lie group with finite centre, without compact
factor, and of real rank at least 2. Let I" be an irreducible lattice in G and let N
be a normal subgroup of I'. Margulis has shown that

either N is of finite index in I";
or N is central in G, and in particular finite.

Property (T) is acrucial ingredient of Margulis’ proof. Indeed, for non-central N,
the proof of the finiteness of the quotient cannot rely on any size estimate since
#(I'/N) can be arbitrarily large (think of congruence subgroups in SL3(Z)). The
strategy is to show that I'/N is amenable and has Property (T), and it follows
that I'/N is a finite group.'* (In the special case where all factors of G have
real ranks at least 2, Property (T) for I'/N is straightforward.)

12 This reformulation is particularly well suited to Coxeter groups. Let (W, S) be a Coxeter
system. The S-word length £5 : W — R is conditionally of negative type [BoJaS—88].
It follows that W cannot have Property (T) as soon as W is infinite.
13 This cannot hold for a Banach space of the form C(X); see Remark 8.c of Chapter 4 in
[HarVa—89]. More on this in Exercises 1.8.20 and 2.14.12.
Though stated here for real semisimple Lie groups, this result holds for G of rank at least 2 in
a much larger setting. See [Margu—78] and [Margu—79], as well as Theorems 1V.4.9
(page 167) and IX.5.6 (page 325) in [Margu—91]. The Normal Subgroup Theorem and the
strategy for its proof have been extended to irreducible lattices in products Aut(77) x
Aut(T3) of automorphism groups of trees [BurMo—00] and in a larger family of products of
two locally compact groups. One of the consequences is that the result holds for many
Kac-Moody groups [BadSh—-06].

14
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Property (T) versus amenability

Compact groups can be characterised as the locally compact groups which
are amenable and which have Property (T). Otherwise, it is a straightforward
but basic fact that, for non-compact locally compact groups, Property (T) and
amenability are two extreme and opposite properties. The firstis a strong rigidity
property and the second quite a soft property. Some groups have properties
“in between” these two, such as free groups, SL;(Z), fundamental groups of
compact Riemannian manifolds of constant negative curvature, and “many”
Gromov-hyperbolic groups.

A group has the Haagerup Property if there exists a unitary representation
of G which contains 15 weakly and which is such that all its coefficients vanish
at infinity; it is a weakening of amenability [CCJJV-01]. It is still true that
the Haagerup Property and Property (T) are opposite and that some groups are
“in between”, such as SLy(Z) x Z2; more on this in [Cornu—06a].

The Ruziewicz problem

The Ruziewicz problem asks whether Lebesgue measure is the only finitely-
additive measure on the unit sphere S"~! of the Euclidean space R” which is
defined on all Lebesgue measurable sets and which is invariant by rotations.
After Banach’s negative answer for n =2 (1923), the problem was long open for
n > 3. There are analogous uniqueness problems concerning Lebesgue measure
viewed as a finitely-additive measure invariant by isometries and defined on
all Lebesgue measurable sets on various spaces, such as R" (the measure being
normalised on the unit cube) and the n-torus T".

Rosenblatt [Rosen—81] showed that, if the answer to the Ruziewicz question
is negative for S"—1 then there exist non-trivial nets of measurable subsets
of the sphere with “asymptotically invariant properties” (see below); there
are related results in [DeJRo-79] and [LosRi-81]. Very shortly afterwards,
Sullivan [Sulli-81] and Margulis [Margu—80] independently constructed dense
subgroups with Property (T) in the special orthogonal group SO(n) for n> 5.
This shows that spheres of dimension at least 4 cannot have asymptotically
invariant nets of measurable subsets, so that Lebesgue measure on such a sphere
is the unique finitely additive SO (n)-invariant measure.

The Ruziewicz problem was solved for R”, n > 3, in [Margu—82], and later
for $%, S* by Drinfeld in [Drinf-84]. See also [Sarna-90], [Lubot-94], and
[GaJaS—-99]. A reformulation of part of Drinfeld’s result is that, for n > 3, the
compact group SO(n) has the strong Property (T), namely that there exists for
SO(n) a pair (Q, €) as in the definition of Property (T) with moreover Q finite;
for more on this property, see [Shal-99b] and [Bekka—03].
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Fundamental groups of 11 factors
Let N be a von Neumann algebra which is a factor of type II. Set
N=N® L(6?), Where L(€?) is “the” factor of type I, and let P denote the
set of projections in N. Murray and von Neumann [ROIV] defined a dimension
function D : P —> [0, oo] which classifies projections up to conjugacy by uni-
tary operators. For e, f € P, the factors eNe and ! N 'f are isomorphic whenever
D(e) =D(f). The fundamental group of N is

F(N) = lt €]0, oo[

there exists e € P with D(e)=t }

such that eNe is isomorphic to N

Though Murray and von Neumann conjectured in 1943 the “great general sig-
nificance” of the fundamental group, they could not compute any example
besides a few for which 7(N) =R.

Now let ' be a countable group which is icc, namely an infinite group
in which all conjugacy classes distinct from {1} are infinite, so that the von
Neumann algebra L(I") of I is a factor of type II;. In the case when I" has Prop-
erty (T), Connes [Conne—80] discovered two remarkable properties of L(IT").
The first is that the subgroup Int(L(I")) of inner automorphisms of L(I") is open
in Aut(L(I")), for the topology of the pointwise norm convergence in the pred-
ual of L(T"); as Aut(L(I")) is a Polish group, this implies that the quotient group
Aut(L(I"))/ Int(L(I")) is countable.!” The second is that the fundamental group
F(L(")) is countable;'® to deduce the second property from the first, Connes
associates to every element in the group F(L(I")) a non-inner automorphism
of L(I' x I').

The 1980 paper of Connes was followed by a definition of Property (T), first
for factors of type II; (in the introduction of [Conne—82]) and then for finite
von Neumann algebras [ConJo—85]. The definition is tailored for the factor
L(T") of an icc group I' to have Property (T) if and only if the group I' has
Property (T).!” The property was later defined for a pair A C B consisting of a
von Neumann subalgebra A of a von Neumann algebra B ([Popa—06a], but see
also [PetPo-05]).

15 For a long time, it has been an open problem to know whether there exists a factor N such that
the outer automorphism group Out(N) is finite. A recent construction from [IoPeP], using
Property (T) in a crucial way, shows that this group can be reduced to one element.

16 1n contrast, if I" is an amenable icc group, then L(I") is hyperfinite, Int(L(I")) is proper and
dense in Aut(L(T")), and F(L(I")) = Ri. Remember also that, if a group I' is not inner
amenable, then Int(L(I")) is closed in Aut(L(I")), by [Effro—75] and [Conne-74].

7 This carries over to groups with finitely many finite conjugacy classes, but it is shown in
[Jolis—93] that a more subtle statement is necessary for an arbitrary countable group — unless
the definition for non-factorial algebras is slightly modified, as in [Bekk—06].
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Since 1980, our understanding of fundamental groups has progressed sig-
nificantly (even if several basic questions remain open). Some progress has
been obtained concerning a related notion of fundamental group in ergodic
theory; see e.g. [GefGo—89]. As an application of his free probability theory,
Voiculescu has shown that F(L(Fw)) contains Q7 , where F, denotes the
free group on a countable infinite number of generators [Voic—90a]; Radulescu
proved that in fact 7 (L(F«)) = R [Radul-92]. Building on Gaboriau’s theory
of L2-Betti numbers for measured equivalence relations, Popa first produced
explicit factors of type /17 with fundamental group reduced to one element,
such as F(L(SLy(Z) x Z2)) = {1} (see [Popa—06a] and [Popa—04]; for more
examples, see [Valet—05]), and then has shown that any countable subgroup of
R7 is the fundamental group of some factor of type 111 [Popa-06b].

As for locally compact groups, Property (T) and amenability are for von
Neumann algebras two extreme and opposite properties, respectively “rigid”
and “soft”.

The role of amenability for von Neumann algebras has long been recog-
nised, a landmark being Connes’ classification of injective factors [Conne—76].
A systematic exploration of Property (T) for operator algebras was conducted,
from the 1980s onwards: see, e.g. [Popa], [Anant—87], and [Bekk—06]. More
generally, together with amenability, Property (T) is now a standard concept

both in functional analysis'® and in harmonic analysis.'”

Property (T) in ergodic theory
Let I" be a countable group acting on a standard non-atomic probability space
(2, B, 1¢) in a measure-preserving and ergodic way. A sequence (B,), of Borel
subsets of 2 is asymptotically invariant if lim,— oo w(B,AyB;) =0 for all
y €' (where A denotes a symmetric difference); the action of I' is strongly
ergodic if every such sequence is trivial, namely such that lim,_, o @ (B;)
(1—pwu(By)) =0. An amenable group does not have any strongly ergodic action;

18 It has been used for constructing particular operators in Hilbert spaces [Voic-90b], in relation
with subfactors [PimPo—86], with tensor products of group C*-algebras [Kirch-94], with
KK -theory of C*-algebras [Skand-88], and to produce new examples related to the
Baum—Connes conjecture [HilLLaS—02].

19 The existence for a compact group G of a dense subgroup which has Property (T) for its
discrete topology has consequences on several well-established problems. For example, it
implies automatic continuity for G-invariant linear forms on various spaces of functions on G;
see [ChLaR-85], [Krawc—90], [Rosen—85], and [Willi-88]. Any simply connected compact
Lie group G which is not locally isomorphic to SO(3) has dense subgroups with Property (T)
[Margu—80]; when G =S0O(n), n > 5, this is an important ingredient used by Margulis and
Sullivan to solve the Ruziewicz problem for st as already mentioned. On the contrary, any
Kazhdan subgroup of SO(3) or SO(4) is finite [Zimm—84c].
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moreover, two measure-preserving ergodic actions of infinite amenable groups
are orbit-equivalent [OrnWei-80].20

Schmidt showed how this is connected with our subject; it is a straightfor-
ward consequence of Proposition 2.10 in [Schmi—80] that, for an infinite group
with Property (T), ergodicity implies strong ergodicity (see also [Schmi—81]).
Conversely, Connes and Weiss have shown that, if every ergodic action of a
countable group I' is strongly ergodic, then I' has Property (T) [ConWe-80].
(The measure-preserving hypothesis is crucial, since any countable infinite
group has non-singular actions which are ergodic and not strongly ergodic
[Schmi-85].)

As we already mentioned, the Ornstein—Weiss theorem establishes that
two measure-preserving ergodic actions of infinite amenable groups are
orbit-equivalent. Indeed, this characterises amenability, since it follows from
[ConWe-80] and [Schmi—85] that non-amenable groups without Property (T)
have at least two non-orbit-equivalent measure preserving ergodic actions.
Moreover every infinite Property (T) group admits uncountably many pairwise
non-orbit-equivalent measure preserving ergodic actions [Hjort—05]. These
results of Ornstein—Weiss, Schmidt—Connes—Weiss, and Hjorth illustrate once
more that amenability and Property (T) are two opposite properties.

There is another dynamical characterisation of Property (T) for countable
groups, in terms of measure-preserving actions on measure spaces with infinite
measures [RobSt—-98].

Property (T) is an important ingredient for establishing that the classifica-
tion of subgroups of Q"*! is “strictly harder” that the corresponding problem
for Q”, for all n> 1, in the sense of descriptive set theory. See [Thoma—02],
[Thoma—03], and the review in [Thoma-01].

Consider, as in topological dynamics, a countable group I" acting by home-
omorphisms on a compact metric space X and the compact convex set M (X)"
of I'-invariant probability measures on X. There is a characterisation of
Property (T) for I' in terms of the geometry of the convex sets M (X)'
[GlaWe-97].

Property (T) was defined by Zimmer for free measure-preserving actions
[Zimme-81] and (almost equivalently) by Moore for measured equivalence
relations [Moore—82]; it is an invariant of orbit equivalence. Property (T) is
moreover an invariant of measured equivalence, anotion defined in [Gromo—93,
Item 0.5.E]. The later invariance appears in [Furma—99a] and [Furma-99b]; itis
also a consequence of Theorems 4.1.7 and 4.1.9 in the preprint [Popa]. Ergodic

20 See also [CoFeW-81], as well as the discussions in [Kaima—97] and [KecMi—04]. In this
context, orbit equivalence was proved earlier for cyclic groups in [Dye—59] and for a class of
groups containing those of polynomial growth in [Dye—63].
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theory is inseparable from the theory of operator algebras, as shown for example
by the work of Popa already mentioned.

Property (T) in differential geometry

Several of the results discussed above have geometric consequences. For exam-
ple, let X =H"(R) or X =H"(C) be a real or complex hyperbolic space. If
d(x,y) denotes the Riemannian distance between two points of X, the kernel
®: X x X —> R defined by ®(x,y) = logcoshd(x,y) is conditionally of neg-
ative type [FarHa—74], which means that there exists a continuous mapping 1
from X to a real Hilbert space such that ® (x, y) = ||(y) — n(x)||>. Obviously,
the kernel @ is also unbounded.

The result of Delorme and Guichardet characterising Property (T) in terms
of functions conditionally of negative type implies that any isometric action
of a group with Property (T) on X has a fixed point. In other words, besides
Property (FA) concerning fixed points for actions on trees, Kazhdan groups
have two further fixed-point properties, sometimes written FHypg and FHyp.
(This contrasts with the situation for hyperbolic spaces over the quaternions and
for the hyperbolic plane over the octonions, by the result of Kostant discussed

above.)
More generally, actions of groups with Property (T) on manifolds with geo-

metric structures show strong rigidity properties. This is in particular the case
for volume-preserving actions [Zimm-—84b], for actions on Lorentz manifolds
[Zimme—86], and on Riemannian manifolds (see the infinitesimal rigidity estab-
lished in [LubZi—89]). Rather than quoting a few of the many existing theorems
from the late 1980s and the 1990s, let us state as a sample the following result
from [FisMa-05].

Let ' be a group with Property (T) and let M be a compact Riemannian
manifold. Let p be an isometric action of I on M and let p’ be a smooth action
of I on M which is sufficiently C*°-close to p. Then the actions p and p’ are
conjugate by a C*°-diffeomorphism.

In the late 1980s, two of the authors of the present book wrote up (in French)
a set of notes on Property (T) [HarVa—89], which were later updated [Valet—94].
The continuing growth of the subject has motivated us to write the present
account. We will now describe some results obtained essentially in the last
15 years.

Later progress on Property (T)

Further examples of groups with Property (T)
At the beginning of the theory, when some group was known to have Prop-
erty (T), it was either for straightforward reasons (compact groups), or because
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the group was essentially an algebraic group of the appropriate kind or a lattice
in such a group. In particular, there were only countably many known examples
of countable groups with Property (T).

Gromov has announced that a non-elementary hyperbolic group I' has
uncountably many pairwise non-isomorphic quotient groups with all elements
of finite order; see Corollary 5.5.E of [Gromo—87], as well as [IvaOl-98] and
[Ozawa—04]. If moreover I" has Property (T), for example if I" is a cocom-
pact lattice in Sp(n, 1) for some n > 2, all its quotients have Property (T). Let
us digress to mention that this gave new examples (even if not the first ones)
of non-amenable groups without free subgroups.”' In particular, there exist
groups with Property (T) which are not finitely presented; this answers a ques-
tion of [Kazhd—67]. A first concrete example is SL3(F,[X]), a group which
appears in [Behr—79]; it is isomorphic to the lattice SL3 (F,[X 11y in the locally
compact group SL3(F,((X))). A second example, shown to us by Cornulier, is
Sp4(Z[1/p]) x Z[1/p]*; see Theorem 3.4.2. There are also examples of finitely
presented groups with Property (T) which are non-Hopfian [Cornu—07].

For a topological space, there is a natural topology on the space of its closed
subspaces, which has been considered by Vietoris (1922), Michael (1951),
Fell (1962), and others; see for example [Engel-89], as well as Section 4.F
and 12.C in [Kechr-95]. For a locally compact group (possibly discrete), the
Vietoris—Fell topology induces a topology on the space of closed subgroups
that we like to call the Chabauty topology; the original reference is [Chaba—-50],
and there is an account from another point of view in [Bou—Int2]. As a nice
example, it is known that the space of closed subgroups of R? is a 4-sphere
[HubPo-79].

In particular, for an integer m > 1, the space G, of normal subgroups of the
non-abelian free group F,, on a set S,, of m generators, with the Chabauty
topology, is a totally disconnected compact metric space. There is a natural
bijection between the set of normal subgroups of F,, and the set of marked
groups with m generators, namely the set of groups given together with an
ordered set of m generators (up to isomorphisms of marked groups). Thus G,,
is also known as the space of marked groups with m generators.

Here is a sample genericity result, from [Champ-91] (see also [Ol’sh-92],
[Champ-00], and [Ghys—04]). For m > 2, let H be the subset of G,,, defined by
torsion-free non-elementary hyperbolic groups. Then the closure 7 contains a

21 This answers a question which can reasonably be attributed to von Neumann. Twisting the
question, several people — but not von Neumann! — have imagined a conjecture that groups
without non-abelian free subgroups should be amenable. But the conjecture was wrong, as
these and other examples show.
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dense Gj consisting of pairs (I, ) with I" an infinite group having Property (T)
and S a generating set. Here is another result: in G, the subset of Kazhdan
groups is open (Theorem 6.7 in [Shal-00a]).

A completely different family of examples of groups with Property (T)
is provided by many of the Kac—Moody groups as shown in [DymlJa—00]
and [DymJa—02]. More information on Kac—-Moody lattices can be found in
[CarGa—-99], [Rémy—99], [Rémy—02] and [BadSh-06].

Random groups

A model for random groups is a family (X};);, where each X} is a finite set of
presentations of groups and where the parameter ¢ is either a positive integer
or a positive real number. Given a Property (P) of countable groups and a
value ¢ of the parameter, let A(P, t) denote the quotient of the number of groups
with Property (P) appearing in &; by the total number of elements in A;. Say
Property (P) is generic for the model if, for any ¢ > 0, there exists 7y such that
A(P,t)>1—¢ for all t > ty. (This is a rather unsatisfactory definition since it
does not capture what makes a model “good” or “interesting”.)

There are several models for random groups currently in use, for which Prop-
erty (T) has been shown to be generic. Historically, the first models appeared
in [Gromo-87, Item 0.2.A]; another model is proposed in the last chapter
of [Gromo-93], where Gromov asks whether it makes Property (T) generic.
Positive results are established in [Champ-91], [Ol’'sh-92], [Champ-95],
[Gromo-00] (see in particular page 158), [Zuk—03], [Olliv—04], and [Ghys—04].
There is a review in [Olliv—05].

Finite presentations with Property (T), examples beyond
locally compact groups, and other new examples
Other types of arguments independent of Lie theory, including analysis of par-
ticular presentations, can be used to study groups with Property (T). Here is a
typical criterion.

Let I' be the fundamental group of a finite simplicial 2-complex X with the
two following properties: (i) each vertex and each edge is contained in a triangle,
and (ii) the link of each vertex is connected. For each vertex v of X, let ., denote
the smallest positive eigenvalue of the combinatorial Laplacian on the link of v.
Here is the result: if 1, + Ay, > 1 for each pair (v, w) of adjacent vertices of X,
then I" has Property (T). See [Zuk—-96], [BalSw—97], [Pansu—98], [Wang—98],
and [Zuk—03]. Proofs are strongly inspired by [Garla—73] and [Borel-73]; see
also [Matsu—62] and [Picho—03]. Garland’s paper has been an inspiration for
much more work, including [DymJa—00] and [DymJa—02]. There are related
spectral criteria for groups acting on Zz—buildings [CaMIS-93].
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It was realised by Colin de Verdiere [ColVe-98] and Shalom [Shal-99a]
that Property (T) is connected with the property of bounded generation. For
example, if n >3, any element in SL,(Z) can be written as a product of at
most %(3112 — n) + 36 elementary matrices (see [CarKe—83], [CarKe—84], and
[AdiMe-92]), and this was used in [Shal-99a] to show Property (T) without
reference to Lie theory.

As a by-product of this work of Shalom, it became clear that Kazhdan’s
definition of Property (T) makes sense for topological groups which are not
locally compact. There are natural examples, such as the loop group of all
continuous functions from a circle to SL,(C), n> 3, [Shal-99a]; for other
groups of mappings with Property (T), see [Cornu—06e]. The unitary group
of an infinite-dimensional Hilbert space, with the strong topology, also has
Property (T) [Bekka—03].

Later, using among other things ideas of algebraic K-theory, Shalom proved
Property (T) for other kinds of groups, including SL,(Z[X1,...,X;;]) when
n>m+ 3 [Shal-ICM]. Slightly earlier, these groups had been shown to have
Property () for n > 3 [KasNi-06].

Ershov has shown that there are groups satisfying the “Golod—Shafarevich
condition” with respect to some prime p which also have Property (T). This
provides the first proof that these groups are not amenable, and indeed the first
known examples of residually finite torsion groups which are not amenable
[Ershov].

Kazhdan constants

Kazhdan’s definition has a quantitative reformulation. Let G be a topologi-
cal group. If G has Property (T), easy arguments show that G has a Kazhdan
pair (Q, ¢); this consists of a compact subset Q of G, called a Kazhdan sub-
set, and a positive real number ¢ such that a unitary representation 7 of G in
a Hilbert space H has a non-zero fixed vector whenever there exists £ € H
with SUpep I7(q)6 — &1l <ell§]l. Conversely, the existence of a Kazhdan
pair clearly implies Property (T). If G is moreover compactly generated, any
compact generating set Q of G is a Kazhdan subset.

Note that the compact set Q entering a Kazhdan pair need not be generating.
However, if a countable group I" has a Kazhdan pair (Q, €), then the finite set
Q necessarily generates I". See Section 1.3.

Given G with Property (T) and a Kazhdan subset Q of G (for example a
generating compact subset), the problem of estimating a Kazhdan constant
& >0 making (Q, ¢) a Kazhdan pair has received considerable attention. The
problem was raised by Serre, and in [HarVa—89]. The first computations of
Kazhdan constants for some representations of SL3(Z) are due to Burger: see
the appendix to [HarVa—89], and [Burge-91].
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A large number of questions have been addressed concerning these Kazhdan
constants: for lattices in algebraic groups ([BeMa—00a], [CaM1S-93], [Kassa],
[Neuh—03b], [Neuh—03c], [Oh—02], [Shal-00c]), for special kinds of presen-
tations [Zuk—-03], for semidirect products [Cheri-95]. Or in relation to the
spectrum of some Laplacian [BeChJ-98], with random walks [PakZu—02], and
with expanding graphs (see Section 10.3 in [Lubot—94]). There is a kind of
converse: properties of some finite graphs discovered by Gabber and Galil can
be used to prove a weak form of Property (T) for the group SL3(Z), as shown
in Sections 3.5-3.8 of [ColVe-98].

The case of a compact group G is particular. When Q = G, the smallest
Kazhdan constant is +/2n/(n— 1) if G is finite of order n and /2 if G is
infinite [DeuVa-95]. Otherwise, there are estimates for symmetric groups in
[BacHa-94] and for related groups in [Bagno—04]; in the first of these, it is
shown that, for a given finite group and a given generating subset Q, the smallest
constant ¢’ such that (Q, &¢’) is a Kazhdan pair for irreducible representations can
be strictly larger than the smallest constant such that (Q, ¢) is a Kazhdan pair for
all representations. For some examples of proper closed subsets Q in compact
groups G, estimates (sometimes optimal) for € can be found in [Valet—94] and
[Neuh-03a].

Let I" be a countable group with Property (T) and let Q be a finite subset. For
a unitary representation 7 of I' in a Hilbert space H, define

kI, 0,m) = inf  max||7(g)é —£&].
0 sl 7 (@)é — &l

Let «(I", Q) be the infimum of the numbers « (I", O, ) over all unitary repre-
sentations 7 of I without non-zero invariant vectors, namely the maximum of
the numbers & > 0 which are Kazhdan constants for Q. The uniform Kazhdan
constant of I" is the infimum « (I') = inf g « (I", Q) taken over all finite gen-
erating subsets Q of I'. We know that «(I") =0 for any Gromov-hyperbolic
group with Property (T) [Osin—02] and for any dense subgroup of a connected
topological group which has a unitary representation without non-zero invari-
ant vectors [GelZu—02]. For example, « (SL3(Z[1/p])) =0, but it is not known
if k (SL3(Z)) is zero.

On the other hand, for the left regular representation A of a finitely generated
group I, a strict inequality inf g «(I", Q, Ar) > 0 implies that I" is a group of
uniformly exponential growth. When I" is a non-elementary residually finite
Gromov hyperbolic group, we know thatinf g x (I', @, Ar) > 0 (Theorem 8.4 in
[Shal-00c]).

Consider now a family (I";); of groups which have Property (T), for exam-
ple of finite groups. Recent work addresses the question of the existence of
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generating subsets Q; of I'; such thatinf; « (I';, Q;) > 0; this is of interest in com-
puter science, combinatorics, and group theory. See [AILuW-01], recent work
of Bourgain and Gamburd [BouGa—06], as well as the discussion in [Shal-ICM].

Reduced 1-cohomology

Let G be a second countable locally compact group. If G has Property (T),
then G is compactly generated and the reduced cohomology group H!(G, )
is reduced to zero for any unitary representation 7 of G. Shalom [Shal-00a]
has shown the converse: if G is compactly generated and if H iG, ) =0 for
all 7z, then G has Property (T) [Shal-00a, Theorem 6.1]; since H! is a quotient
of H', this is a strengthening of the Guichardet part of the Delorme—Guichardet
theorem.

Together with a result of [VerKa—82] which asserts that irreducible repre-
sentations with non-trivial H' are not Hausdorff separated’” from the unit
representation in the Fell topology, this implies that a second countable locally
compact group G has Property (T) if and only if it has the following three
properties:

(1) G is compactly generated;
(i1) the only continuous homomorphism from G to the additive group R is
Zero;
(iii) the only irreducible unitary representation w of G which is not Hausdorff
separated from the unit representation 1¢ is 1¢ itself.

(Theorem 6.2 in [Shal-00a].) In particular, this establishes a conjecture from
[VerKa—82]: for G compactly generated, Property (T) is equivalent to the
vanishing of H'(G, ) for all irreducible representations 7 of G.

One more consequence is that any countable group with Property (T) is a
quotient of a finitely presented group with Property (T). This can be viewed as
the definitive answer to the question written as “Hypothesis 1” in [Kazhd—67]
(see the paper in its original Russian version, since the English translation does
not make sense at this point).

Product replacement algorithm
The object of computational group theory is to discover and prove new results
on finite groups. In this kind of work, it is crucial to generate random group
elements. The “product replacement algorithm” is used widely and successfully
in practice (for example in the packages GAP and MAGMA), but poorly under-
stood in theory. Given a finite group G which can be generated by d elements

22 Two representations are not Hausdorff separated if, in the unitary dual of the group with the
Fell topology, any neighbourhood of one intersects any neighbourhood of the other. For an
account of examples of representations with H! (G, m) #0, see [Louve-01].
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and an integer k > d, the algorithm provides k-tuples of elements generating
G by applying randomly one of 4k(k — 1) operations similar to some of the
Nielsen transformations of classical combinatorial group theory. The algorithm
can be seen as a random walk on a graph I'; (G) whose vertices are generat-
ing k-tuples of elements of G. There is also a natural action of an index two
subgroup A (k) of the automorphism group Aut(Fy) of the free group on k
generators.

Lubotzky and Pak have observed that, if the group Aut(F%) could be shown
to have Property (T) for k large enough, the effect of the product replacement
algorithm would be much better understood. It is enough to know that appropri-
ate quotients of A™ (k) have Property (T) for understanding how the algorithm
works on restricted classes of finite groups; for example SLy (Z) for finite abelian
groups, or more generally groups described in [LubPa—01] for finite nilpotent
groups. The approach of [LubPa—01] is closely related to some computations
of Kazhdan constants due to Shalom.

Action of Kazhdan groups on manifolds of dimensions < 2
Countable groups with Property (T) have very restricted actions on manifolds
of low dimensions. It is a particular case of a theorem of Thurston [Thurs—74]
that, for anon-trivial finitely generated subgroup I of the orientation-preserving
diffeomorphism group of the interval, we have H 1 (I', R) # 0; in particular, such
a group cannot have Property (T).

The case of the other connected manifold of dimension one is covered by
Navas’ theorem, also announced by Reznikov [Rezni—01]: any homomorphism
from a discrete Kazhdan group to the group of orientation-preserving C1+%-
diffeomorphisms of the circle, o > % has finite image [Nava—02a]. Related
results have been proved for particular groups (lattices in appropriate groups)
acting on the circle by homeomorphisms ([BurMo-99], [Ghys—99], [Rezni—00],
[Witte—94]). Navas has also a result about subgroups of Neretin groups, which
are some groups in the p-adic world analogous to the diffeomorphism group of
the circle [Nava—02b].

Infinite Kazhdan groups can act faithfully on compact surfaces, as shown by
natural actions of SL3(Z) on the sphere and of PSL3(Z) on the real projective
plane. However, no such action can preserve a Riemannian metric [Zimm-84c].
This is the only result that we quote here out of many others showing that actions
of a Kazhdan group on a manifold of dimension small enough (this depends on
the group) are extremely rigid.

Let us finally mention the fact that infinite groups with Property (T) do not
appear as fundamental groups of compact manifolds of dimensions at most
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3 satisfying Thurston’s geometrization conjecture [Fujiw—99]. The case of
mapping class groups of surfaces is open (see [Taher—00] for small genus).

Variations

A topological group ¢ G has Property (T) if the unit representation 1G is isolated
in the unitary dual G, for the Fell topology. If R is a subspace of G, Lubotzky
and Zimmer have defined G to have Property (T;R) if 1g isisolated in R U {15}
[LubZi—89]. Let T be a countable group, let A be a family of finite index normal
subgroups in ', and let R(N) denote the space of irreducible unitary repre-
sentations which factor through I'/N for some N € \; then I has Property (1)
with respect to N if it has Property (T'; R(N)), and simply Property (t) in the
particular case A\ is the family of @/l finite index normal subgroups.

Being weaker than Property (T), Property (t) applies to more groups. For
example, SL>(O) has Property (t) for O the ring of integers in a number
field K such that r| 4+ > 2, where r; is the number of real places and
the number of complex places of K (more on this below). Also, irreducible
lattices in direct products G x G» have Property (7) if G, G, are separable
locally compact groups with G| having Property (T) and G, being minimally
almost periodic”? (see [LubZi—89] and [BekLLo—97]). This applies for example
to irreducible lattices in O(n — 1,2) x O(n, 1).

Property (7) for a countable group I' implies some of the useful consequences
of Property (T), such as the finiteness of the abelian quotients I'g /[ "o, I'¢] for the
subgroups Iy of finite index in I'. However, Property (7) does not imply finite
generation; indeed, if P is a non-empty set of primes, the group SL>(Z[1/P])
has Property () [LubZu], but it is not finitely generated when P is infinite,
and it is residually finite as long as P is a proper set of primes. It is important
that Property (7) is sufficient for several applications, for example to produce
a family of expanders defined in terms of the finite quotients of an infinite
residually finite finitely generated group with that property.

In case I' is the fundamental group of a closed manifold M, Property (7)
has reformulations which involve the geometry and the potential theory of the
finite coverings of M. In particular, Property (t) for 71 (M) is equivalent to
inf Aq (M ) > 0, where the infimum is taken over all finite coverings M of M
and where A1 ( M ) denotes the smallest non-zero eigenvalue of the Riemannian
Laplacian acting on L?>-functions on M ; this is a result from [Brook—86] which
has been influential (see [LubZi—89], Theorem 4.3.2 in [Lubot-94], [Lubot-97],
[Leuzi—03], and [LubZu]).

23 Recall that a topological group G is minimally almost periodic if any finite dimensional
unitary representation of G is a multiple of the identity.
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Recent work indicates a strong connection between Property (t) and
expanders on the one hand, and some of the major problems of three-
dimensional hyperbolic geometry on the other [Lacke—06].

The group SL,(Z) does not have Property (7), since it has a subgroup of finite
index which surjects onto Z; this carries over to SL»(O /—) for O ,—; the ring
of integers in an imaginary quadratic number field (Theorem 6 in [Serr—70b]).
However, SL, (O) has Property (t) with respect to the family of all congruence
subgroups for O the ring of integers in any number field K. For SL,(Z), thisis a
qualitative consequence of Selberg’s *“;z-Theorem” about the spectrum of the
Laplacian on the quotient of the Poincaré half plane by a congruence subgroup of
SL,(Z); for other cases, the standard references are [Sarna—83] and [GelJa—78].
If, moreover r| 4+ r, > 2, any finite index subgroup in SL;(O) is a congruence
subgroup [Serr—70b], and it follows that SL,(O) has the full Property (). For
S-arithmetic subgroups of groups other than SL,, see [Cloze—03].

Property (T; FD) refers to the space FD of irreducible finite-dimensional
unitary representations. We do not know any example of a group which has
Property (7) and which has not Property (T;F D).

Another interesting case is the space R, of irreducible unitary representa-
tions with coefficients vanishing at infinity; SL,(Q) has Property (T;R o) for
n>3.

There are other kinds of variations. One is the strong Property (T), already
mentioned in our account of the Ruziewicz problem.

Another is Property (TT), which is also stronger than Property (T), and
holds for a simple Lie group G with finite centre if and only if G has real
rank at least 2 (this carries over to other local fields). A group G has Prop-
erty (TT) if all the orbits of all its rough actions on Hilbert spaces are bounded.
A continuous mapping « : G —> Isom(H) =U(H) x H is a rough action if
SUP, jeG SUPgeH la(gh)é — a(g)a(h)é]| < oo. Property (TT) has a reformula-
tion in terms of bounded cohomology. See [BurMo—99] and [Monod-01].

In his review MR 1431309 (98a: 22003), Lubotzky observed that [Valet—94]
was not up-to-date, and added kindly: “This is not the author’s fault; the area
is so active, with some additional beautiful works appearing in the last three
years. One hopes that an additional update will appear soon.” No doubt the
present book will also be immediately out-of-date.

This book owes a lot to the collaboration and interest of a large number of
colleagues and correspondents. We would like to single out Yves de Cornulier
and Yehuda Shalom for the uncountable number of constructive and critical
remarks they have made to us over the years. We are also most grateful
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to T. Ceccherini-Silberstein, T. Delzant, D. Fisher, D. Gaboriau, F. Gautéro,
F. Krieger, G. Jaudon, A. Lubotzky, N. Monod, S. Popa, J-P. Serre, G. Skandalis,
S. Thomas, T.N. Venkataramana, and T. Vust.

Finally, it is a pleasure to acknowledge the long-term support of the Swiss
National Science Foundation during all the years we have worked on this book.
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Kazhdan’s Property (T)






1

Definitions, first consequences, and
basic examples

In this chapter, we first give the definition of Property (T) with minimal
technicalities. We then reformulate it in terms of Fell’s topology and estab-
lish easy consequences, such as compact generation for locally compact groups
with Property (T). The main result in this chapter concerns the basic examples:
if K is a local field, SL, (K) for n >3 and Sp;,(K) for n> 2, as well as lat-
tices in such groups, have Property (T). This is then generalised to the group
of K-rational points of an algebraic group with K-rank at least 2. We end the
chapter by discussing how Property (T) behaves with respect to lattices, short
exact sequences, and coverings.

1.1 First definition of Property (T)

Kazhdan’s Property (T) for a topological group involves its unitary representa-
tions in Hilbert spaces. In this chapter, Hilbert spaces are always complex; the
inner product of two vectors &, n in such a space H is written (£, n), is linear
in £ and antilinear in 7.

The unitary group U(H) of H is the group of all invertible bounded linear
operators U : ' H — H which are unitary, namely such that, for all £,y € H,

(UE,Un) = (&,m),

or equivalently such that U*U = UU* =1, where U™ denotes the adjoint of U
and / the identity operator on H.

Let G be a topological group. A unitary representation of G in 'H is a group
homomorphism 7 : G — U (H) which is strongly continuous, that is, such that
the mapping

G—>H, g m(g)é

27
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is continuous for every & € H. We often write (;r, H) for such a representation,
and H, instead of H whenever useful.

Basic examples of unitary representations are associated to actions of groups
on measure spaces (see Section A.6). In particular, we denote by 15 the unit
representation of G in C (associated to the action of G on a one-point space). In
case of a locally compact group, we denote by A¢ the left regular representation
of G on the space L?(G) of complex-valued functions on G which are square-
integrable with respect to a left Haar measure.

Definition 1.1.1 Let (;r,H) be a unitary representation of a topological
group G.

(i) For a subset Q of G and real number ¢ > 0, a vector £ in H is (Q, ¢€)-
invariant if

Sug Ir(x)& —&ll < el

(i) The representation (w,H) almost has invariant vectors if it has
(Q, e)-invariants vectors for every compact subset Q of G and every ¢ > 0.
If this holds, we write 15 < 7.

(iii) The representation (7, H) has non-zero invariant vectors if there exists
& #0in"H suchthat 7 (g)& =& forall g € G. If this holds, we write 1 C 7.

Remark 1.1.2 (i) The symbol 1 < 7 is that of weak containment for repre-
sentations, for which we refer to Appendix F; see in particular Corollary F.1.5.
The symbol 15 C 7 is thatindicating a subrepresentation, as in Definition A.1.5.
It is straightforward that 1 C w implies 1g < 7. Recall from Corollary F.2.9
that, if 7 is finite dimensional, then 15 < 7 is equivalent to 1 C 7.

(i) If Q' CQ and ¢ >¢, then every (Q,¢)-invariant vector is (Q’,&’)-
invariant.

(iii) A vector £ € H is (Q, &)-invariant if and only if & is (QU Q~1, ¢)-
invariant. This follows from the fact that || (g)é —&| = |7 (g~ ")E — & for
every £ e’ Hand g €G.

(iv) For a subset Q of G and an integer n> 1, denote by Q" the set of
all g € G of the form g =q; - - - g, with q1,...,g, € Q. Then every (Q, e/n)-
invariant vector is ((Q U Q’l)”, ¢)-invariant (compare with the proof of
Proposition F.1.7).

(v) Assume that G is a compactly generated locally compact group, and let
QO be a compact generating subset of G. Then a unitary representation 7 of G
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almost has invariant vectors if and only if 7 has a (Q, ¢)-invariant vector for
every ¢ > 0 (this follows from (iv)).

(vi) The regular representation Ag of R by translations on L%(R) almost
has invariant vectors. Indeed, let Q be any compact subset of R and let ¢ > 0O;
consider a compact interval [a, b] with a < b, the characteristic function x of
la,b], and € = (b —a)~"/?x € L*(R). Then ||£|| =1 and

AR5 —§1° = bz'—" <é
—a
for all t € Q as long as b — a is large enough. Similar arguments show that
1g < A for any locally compact abelian group G of the form Z" & R". More
generally, for a locally compact group G, the weak containment 15 < A holds
if and only if G is amenable (Theorem G.3.2). Recall that, in particular, compact
extensions of solvable groups are amenable.

(vii) If G is a locally compact group, the following three properties are
equivalent (Proposition A.5.1): G is compact, G has finite Haar measure, and
1g C Ag. It follows that, for an amenable and non-compact locally compact
group G, we have 1g <Ag and 1 & Ag.

Definition 1.1.3 Let G be a topological group. A subset Q of G is a Kazhdan
set if there exists ¢ > 0 with the following property: every unitary representation
(7r,’H) of G which has a (Q, ¢)-invariant vector also has a non-zero invariant
vector.

In this case, € > 0 is called a Kazhdan constant for G and Q, and (Q, ¢) is
called a Kazhdan pair for G.

The group G has Kazhdan’s Property (T), or is a Kazhdan group, if G has a
compact Kazhdan set.

In other words, G has Kazhdan’s Property (T) if there exists a compact subset
Q of G and ¢ > 0 such that, whenever a unitary representation & of G has a
(Q, g)-invariant vector, then 77 has a non-zero invariant vector.

Remark 1.1.4 Let G be a topological group G. For a compact subset Q and a

unitary representation (7, H) of G, we define the Kazhdan constant associated
to Q and 7 as the following non-negative constant:

k(G,Q,m) = inf{r&ﬂg w0 =&l - & € H, 151 = 1}.

It is clear that 1 < 7, if and only if ¥ (G, Q, ) =0 for all O’s.
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We also define the constant
k(G,Q) = inf k (G, Q, ),
T

where 7 runs over all equivalence classes of unitary representations of G with-
out non-zero invariant vectors. The group G has Property (T) if and only if there
exists a compact subset Q such that « (G, Q) > 0. If this is the case, (G, Q) is
the optimal constant ¢ such that (Q, ¢) is a Kazhdan pair.

As the next proposition shows, compact groups are the first — and obvious —
examples of groups with Property (T). Other examples of groups with Property
(T) will be given in Section 1.4.

Proposition 1.1.5 Let G be a topological group. The pair (G,/2) is a
Kazhdan pair, that is, if a unitary representation (7w, H) of G has a unit vector
& such that

sup [l ()& — &l < V2,

xeG

then w has a non-zero invariant vector. In particular, every compact group has
Property (T).

Proof Let C be the closed convex hull of the subset 7 (G)& of H. Let g be
the unique element in C with minimal norm, that is,

Imoll = min{ln|l = n € C}.

As C is G-invariant, ng is G-invariant.
We claim that ng # 0. Indeed, set

e =2 —sup|r(x)E — & > 0.

xeG

For every x € G, we have
2 —2Re(m()E, &) = |r(0)E — £ < (V2 — &)~

Hence,

_ _ )2 _
Re(t(0E.£) > 2 (f e _e@V2-e)

2
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This implies that

e(2V2 —¢)
Re(n,§) = —

for all n € C. In particular, ng 0. W
The following result is now straightforward.

Theorem 1.1.6 For a locally compact group G, the following properties are
equivalent:

(i) G is amenable and has Property (T);
(ii) G is compact.

Proof If G is a compact group, then G has Property (T) by the previous
proposition, and is amenable (see Example G.1.5).

Conversely, assume that the locally compact group G is amenable and
has Property (T). Since G is amenable, Ls almost has invariant vectors
(Remark 1.1.2.vi). Hence, A has a non-zero invariant vector. This implies
that G is compact (Remark 1.1.2.vii). W

Example 1.1.7 The groups R" and Z"* do not have Property (T).

Remark 1.1.8 The previous theorem fails for topological groups which are
not locally compact. Indeed, as mentioned in Remark G.3.7, the unitary group
U(H) of an infinite dimensional separable Hilbert space H, endowed with
the weak operator topology, is amenable. On the other hand, it is shown in
[Bekka—03] that ¢/ (H) has Property (T).

It is a useful fact that invariant vectors are known to exist near “almost-
invariant vectors”. Here is a more precise formulation.

Proposition 1.1.9 Let G be a topological group, let (Q, ) be a Kazhdan pair
for G, and let § > 0. Then, for every unitary representation (7w, H) of G and
every (Q, 8&)-invariant vector £, we have

1§ — P&l < 81IE1,

where P:H — HC is the orthogonal projection on the subspace HS of all
G-invariant vectors in 'H.

Proof Write £ =& +£”, where £’ =P e HC and &” =& — &' € (HO) L. Let
teR with 0 < < 1. Since (HY)~ contains no non-zero invariant vectors and
since (Q, ¢) is a Kazhdan pair, we have

lw ()" —&"| > telg"],
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for some x € Q. On the other hand, we have
lr(x)§" —&"|l = ()& — &Il < Sell€]l.

Hence,

8
g =&l =1g"1 < Il

for all 0 < ¢ < 1 and the claim follows. W

Remark 1.1.10 The proof of the previous proposition is shorter when Q is
compact, as we can take =1 in this case. Moreover, we obtain the slightly
better estimate ||E — PE|| < S||&].

1.2 Property (T) in terms of Fell’s topology

Property (T) can be characterised in terms of Fell’s topology. For this, we will
freely use facts established in the appendix.

Proposition 1.2.1 Let G be a topological group. The following statements are
equivalent:

(i) G has Kazhdan’s Property (T);
(ii) whenever a unitary representation (w,H) of G weakly contains 1g, it
contains 1¢g (in symbols: 1g < w implies 1g C ).

Proof It is obvious from the definitions that (i) implies (ii).

To show the converse, assume that G does not have Property (T). Let I be
the set of all pairs (Q, ¢), where Q is a compact subset of G and & > 0. Then,
for every (Q, ) € I, there exists a unitary representation (g, Hpe) of G
without non-zero invariant vectors and with a unit vector §p . € Hg , which is
(Q, &)-invariant.

Set

T = @ Qe

(Q.e)el

It is clear that 15 < 7v. On the other hand, 15 is not contained in 7. Indeed, let

t= P .

(Q.e)el
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be an invariant vector for . Then every §p. is an invariant vector for
7o.e. Hence, £g . =0 for all (Q, ¢) €. Therefore, £ =0. This shows that (ii)
implies (i). W

Remark 1.2.2 Let G be a locally compact group which is generated by a
compact set Q; assume that G has Property (T). Then there exists & > 0 such
that (Q, ¢) is a Kazhdan set.

Indeed, assume that this not true. Then, for every ¢ > 0, there exists a uni-
tary representation w, of G without non-zero invariant vectors and with a
(Q, e)-invariant vector. Set 7 = @8 m.. Then, as in the proof above, 7 has
(Q, e)-invariant vectors for every ¢ > 0. Since Q generates G, we conclude that
1g < (Proposition F.1.7). Hence, 1 C , by the previous proposition. This
is a contradiction.

Recall that Fell'’s topology is defined on every set of equivalence classes of
unitary representations of a topological group (see Definition F.2.1). Recall also
that a point xq in a topological space X is isolated if {x¢} is open in X .

Proposition 1.2.3 Let G be a topological group. The following statements are
equivalent:

(i) G has Kazhdan’s Property (T);
(ii) 1g is isolated in R U {1}, for every set R of equivalence classes of
unitary representations of G without non-zero invariant vectors.

Proof To show that (i) implies (ii), assume that G has Property (T). Suppose,
by contradiction, that there exists a set R of equivalence classes of unitary
representations of G without non-zero invariant vectors such that 15 is not
isolated in R U {15}. Hence, we can find a net (77;);¢; in R which converges to
1. Then 1g < ®jer ;i (Proposition F.2.2). By the previous proposition, 15 is
contained in €, 7;. Therefore, 15 is contained in 5; for some i € /. This is a
contradiction. Hence, (i) implies (ii).

Assume that G does not have Property (T). By the previous proposition, there
exists a unitary representation (7, H) of G such that 15 is weakly contained
but not contained in 7. Let R = {rr}. Then 1 is not isolated in R U {15}. This
shows that (ii) implies (i). W

Theorem 1.2.5 below shows that, in case G is locally compact, Prop-
erty (T) is equivalent to the isolation of 1g in the unitary dual G of G,
the set of equivalence classes of irreducible unitary representations of G.
The following lemma is proved in [Wang—75, Corollary 1.10], by a different
method and under the much weaker assumption that the Hilbert space of mg is
separable.
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Lemma 1.2.4 Let G be a locally compact group, and g be a finite dimen-
sional irreducible unitary representation of G. The following properties are
equivalent:

(i) whenever mq is weakly contained in a unitary representation w of G, then
70 is contained in 1
(ii) mo is isolated in G.

Proof Assume that g is not isolated in G. Then there exists a net ()ier In
G \ {mo} which converges to mg. Let 1 = @, 7;. Then 7o < 7 and 7 is not
contained in 7r. This shows that (i) implies (ii).

To show the converse, assume that there exists a unitary representation m of
G such that 7 is weakly contained but not contained in 7. We claim that 7 is
not isolated in G.

Fix a compact subset Q of G and ¢ > 0. Let ¢ be a normalised function of
positive type associated to . Since 7y < 7 and since 7 is irreducible, there
exists a normalised function of positive type ¢ associated to 7 such that

() sup |p(x) — go)| < /2

xeQ
(see Proposition F.1.4). By Theorem C.5.5, there exists a net (¢;);e; of convex
combinations of normalised functions of positive type associated to irreducible
unitary representations of G such that

lim ¢; = ¢
1

in the weak* topology on L (G).
For each i € I, we can write

@i = aii + by,

where ¥; is a convex combination of normalised functions of positive type
associated to unitary representations in G \ {mo}, where ¥/ is a convex com-
bination of normalised functions of positive type associated to 7o, and where
a;, b; are real numbers with 0 <a;,b; <1 and a; + b; = 1.

Upon passing to a subnet, we can assume that

limy; =v¢ and limy] =1y’
1 1

in the weak™* topology for some functions of positive type ¥ and ¥’ on G,
and that lim; a; = a and lim; b; = b for some real numbers a,b with0 <a,b <1
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and a + b= 1. We then have
o =ay +by.

We claim that either 5=0 or ¢’ =0. Indeed, assume by contradiction that
b#0and ¥’ (e) #0. Then ¥'(e) = 1, since p(e) =1 and Y (e) < 1,¢¥'(e) < 1.
It follows from Raikov’s Theorem C.5.6 thatlim; ¥/ = ¥ uniformly on compact
subsets of G. Since 7 is finite dimensional, Lemma F.2.8 shows that v/ is a
sum of functions of positive type associated to . It follows that 77 is contained
in 77, since g is irreducible (Proposition C.5.1) and this is a contradiction.

Therefore, we have lim; a;1; = ¢ and lim; @; = 1. Thus, lim; ¥; = ¢ in the
weak™* topology; by Raikov’s Theorem, this holds also uniformly on compact
subsets of G. Hence, using (), there exists i € [ such that

Sug [Yi(x) — po(0)] < &.

This shows that ¢y can be approximated, uniformly on compact subsets of G,
by convex combinations of normalised functions of positive type associated
to unitary representations in G \ {mo}. By a standard fact (see [Conwa—87,
Theorem 7.8]), it follows that ¢ can be approximated, uniformly on compact
subsets of G, by functions of positive type associated to unitary representations
in G \ {mo} (compare with the proof of Proposition F.1.4). Hence, g is not
isolatedin G. W

Theorem 1.2.5 Let G be a locally compact group. The following statements
are equivalent:

(i) G has Kazhdan’s Property (T);
(ii) 1g is isolated in 6
(iii) every finite dimensional irreducible unitary representation of G is isolated
in 6
(iv) some finite dimensional irreducible unitary representation of G is isolated
inG.

Proof For the equivalence of (i) and (ii), see Lemma 1.2.4 and
Proposition 1.2.1.

To show that (i) implies (iii), assume that G has Property (T), and let 7o be
a finite dimensional irreducible unitary representation of G. Let 7 be a unitary
representation of G with 7y < 7. Then

ToQ T <7T QTo
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(continuity of the tensor product, see Proposition F.3.2). Since mp is
finite dimensional, 1¢ is contained in mo ® o (Proposition A.1.12). Hence,
16 < T ® wo. Therefore, 1 is contained in 7 ® 7, by Proposition 1.2.1. Since
7o is irreducible, this implies that g is contained in 7 (Corollary A.1.13).
Hence, by Lemma 1.2.4, g is isolated in G.

It is obvious that (iii) implies (iv). It remains to show that (iv) implies
(ii). Let mp be a finite dimensional irreducible unitary representation of G
which is isolated in G. The finite dimensional unitary representation o ® 7
decomposes as a direct sum of irreducible unitary representations:

TORTo =71 DD my.

By Corollary F.2.9, {m;} is a closed point in G for every k € {1,...,n}.

Assume, by contradiction, that 15 is not isolated in G. Then there exists a net
(07)ier in G \ {m1,...,7,} such that lim; o; = 15. We then have 1 < @, 0
(Proposition F.2.2) and therefore

0 <@o,~®7ro.

iel

Hence, by Lemma 1.2.4, 7( is contained in @ie ; 0i ® mo. Since my is irre-
ducible, there exists i € I such that 7 is contained in o; ® . Then 79 ® 7T
is contained in 0; ® 7wy ® (. It follows that 1 is contained in o; ® 79 ® 7
(Proposition A.1.12). Since o; is irreducible, o; is contained in mg ® 7o, by
Proposition A.1.12 again. Since 1o @ To=m1 @ - - - D 7y, it follows that o; is
unitarily equivalent to one of the 7z ’s. This is a contradiction to the choice of
(0i)ic;. W

Remark 1.2.6 The equivalence between (i) and (ii) in the previous theorem
is due to Kazhdan [Kazhd—-67] and the equivalence between (i) and (iii) to S.P.
Wang [Wang—75, Theorem 2.1].

1.3 Compact generation and other consequences

The first spectacular application of Property (T) is the following result, due to
Kazhdan.

Theorem 1.3.1 Let G be a locally compact group with Property (T). Then G
is compactly generated. In particular, a discrete group T" with Property (T) is
finitely generated.
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Proof Let C be the set of all open and compactly generated subgroups of G.
Since G is locally compact, we have

G=|JH.

HeC

Indeed, every element in G has a compact neighbourhood and the subgroup
generated by a set containing an open non-empty subset is open.

For every H € C, observe that G/H is discrete (since H is open) and denote
by Ag,u the quasi-regular representation of G on 2 (G/H).Letéy € 22 (G/H)
be the Dirac function at the point H € G/H. Observe that §y is H-invariant.
Let

T = @)\G/H

HeC

be the direct sum of the representations Ag/y. Then 7 almost has invariant
vectors. Indeed, let O be a compact subset of G. Let K € C be the subgroup
generated by a relatively compact open neighbourhood of Q. Since Q C K, we
have

|7 (x)éx —8k|l =0 forall xe Q,

where 8k is viewed in the obvious way as a unit vector in Py ¢ 2(G/H).
Since G has Property (T), there exists a non-zero G-invariant vector

t=Pén e P EG/H).

HeC HeC

Let H € C be such that &g #0. Then &g is a non-zero G-invariant vector in
¢>(G/H). This implies that G/H is finite. Since H is compactly generated, G
is compactly generated. H

For a generalisation of the previous theorem, see Exercise 1.8.16.ii. Con-
cerning the question of finite presentability of groups with Property (T), see
Section 3.4.

Proposition 1.3.2 Let G be a locally compact group which has Property (T)
and let Q be a subset of G.

(i) Assume that Q is a generating set for G. Then Q is a Kazhdan set.
(ii) Assume that Q is a Kazhdan set and has a non-empty interior. Then Q is a
generating set for G.



38 Property (T)

In particular, a subset Q of a discrete group I" with Property (T) is a Kazhdan
set if and only if Q is a generating set for T.

Proof (i) Let (R,¢) be a Kazhdan pair for G, where R is compact. Since
Q is a generating set, there exists an integer n > 1 such that R C (é)", where
é = QU Q™ U{e} (see the proof of Proposition F.1.7). It follows that ((é)", g)
is a Kazhdan pair for G. Hence, (Q, £/n) is a Kazhdan pair, by Remark 1.1.2.iv.

(ii) Denote by H the subgroup of G generated by Q. Since Q has non-
empty interior, H is open in G. Let Ag,y the quasi-regular representation of
G on (>(G/H). Denote by P the orthogonal projection of £>(G/H) onto its
subspace of constant functions and by & € 02(G/H) the Dirac function at the
point H € G/H. By definition of H and Ag,y, we have Ag/g (x)§ =§ for all
x € Q. It follows from Proposition 1.1.9 that § = P&, sothat H=G. W

Remark 1.3.3 The following example shows that, in a non-discrete locally
compact group with Property (T), a Kazhdan set need not be a generating set.

Consider an integer n > 3 and let Q be the subset of SL,(R) consisting of
the two matrices

1 2 0 1 0 0
0 1 0 2 1 0
00 In—2 0 0 In—2

By Theorem A in [Shal-00c], it is known that Q is a Kazhdan set for SL, (R).
Other examples of Kazhdan sets which are not generating in SL,(R) and
SL,(Qp) are given in [Oh-02].

Theorem 1.3.4 Let G and G, be topological groups, and let ¢ : G| — G2 be
a continuous homomorphism with dense image. If G has Property (T), then
G, has Property (T).

In particular, Property (T) is inherited by quotients: if G| has Property (T),
then so does G1/N for every closed normal subgroup N of G1.

Proof Let (Q1,¢) be a Kazhdan pair for Gy, with Q1 compact. Then
02 = ¢(Q1) is a compact subset of Gy, and we claim that (O, ¢) is a Kazhdan
pair for G». Indeed, let w be a unitary representation of G, with a (Q2, €)-
invariant vector £. Then m o ¢ is a unitary representation of Gy, and & is
(Q1, &)-invariant for w o ¢. Hence, there exists a non-zero vector n which is
invariant under 7 o ¢(G1) =7 (p(Gy)). Since ¢(Gy) is dense in G and since
7 is strongly continuous, 7 is invariant under 7(G,). B
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Corollary 1.3.5 Let Gy be a topological group with Property (T), and let
Gy be a locally compact amenable group. Every continuous homomorphism
¢ : G1 — G3 has a relatively compact image.

In particular, every continuous homomorphism ¢ : G — R" or ¢ : G| — Z"
is constant.

Proof Let H be the closure of ¢(G1) in G». Then H is an amenable locally
compact group. Moreover, H has Property (T), by the previous theorem.
Hence, H is compact (Theorem 1.1.6).

The last statement follows, since {0} is the unique compact subgroup of R”
orZ". A

Corollary 1.3.6 Let G be a locally compact group with Property (T). Then:

(i) the Hausdorff abelianised group G/[G, G] is compact;
(ii) G is unimodular.

In particular, if T is a discrete group with Property (T), then its abelianisation
/[T, '] is finite.

Proof (i) and (ii) follow from the previous corollary. W
We now give examples of non-amenable groups without Property (T).

Example 1.3.7 (i) For k > 2, let ' = F} be the non-abelian free group on
k generators. As I'/[I", '] = Z* it follows from the previous corollary that I'
does not have Property (T).

(i1) Let I" be the fundamental group of an orientable closed surface of genus
g > 1. Then I does not have Property (T), since I'/[T", '] = Z?¢. Similarly,
the fundamental group I' of a non-orientable closed surface of genus g >2
does not have Property (T), since I' /[T, '] = 75 o (Z/2Z); see [Masse—67],
Chapter 4, Proposition 5.1.

(iii) Let us show that the group G =SL;(R) does not have Property (T).
Recall that the free group I'=F, embeds as a lattice in G (see Exam-
ple B.2.5). Let A =[I', T']. We claim that the quasi-regular representation A, a
on L2(G /A) almost has invariant vectors and has no non-zero invariant ones.

Since the group I'/ A is abelian (and hence amenable), 1+ < Ar;a. Therefore

AG/T = Indglr < Indgkr/A,

by continuity of induction (Theorem F.3.5). Since Indf-;kp JA = Indg(lndg IA)
is equivalent to IndglA =Ag/a (induction by stages, see Theorem E.2.4),
it follows that Ag,r < Ag/a. As T is a lattice in G, the unit representation
1 is contained in Ag,r. Hence, 16 < Ag/a.
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On the other hand, assume by contradiction that LG, A has anon-zero invariant
vector. This implies that G/A has a finite invariant measure (Theorem E.3.1).
As T is a lattice, I'/ A is finite. This is a contradiction, since '/A = 72

We will give other proofs of the fact that SL, (R) does not have Property (T);
see Example 1.7.4 and Remark 2.12.8.

(iv) For any n > 2, the discrete group SL,(Q) does not have Property (T).
Indeed, SL,(Q) is not finitely generated, since every finite subset {xi, ..., X}
of SL,(Q) is contained in SL,(Z[1/N]), where N is a common multiple of the
denominators of the matrix coefficients of xp, ..., x;,. The claim follows from
Theorem 1.3.1.

1.4 Property (T) for SL,(K),n >3

Let K be a local field. Recall that this is a non-discrete locally compact field,
and that its topology is defined by an absolute value (see Section D.4, for more
details).

We proceed to show that Property (T) holds for the special linear
group SL,(K) when n> 3, for the symplectic group Spz,(K) when n>2
(Section 1.5), and more generally for higher rank simple algebraic groups
over K (Section 1.6). The group SL,(K) does not have Property (T); see
Examples 1.3.7 and 1.7.4.

Some general facts

We collect the common ingredients used in the proofs of Property (T) for
SL,(K) and Sp2n (K)

Lemma 1.4.1 Let G be a topological group, and let (w,’H) be a unitary
representation of G with 1g < . Then there exists a linear functional ¢ on the
algebra L(H) of bounded operators on H with the following properties:

(i) o) =1;
(ii) ¢ is positive, that is, o(T*T) >0 for all T € L(H);
(iii) o(w(X)T)=¢(Trw(x))=¢(T) forallxe G and T € L(H).

Proof Since 15 < 7, there is a net of unit vectors (;);c; in H such that

(%) lim |7 (0)&; — &ill =0,
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for all x € G. For each T € L(H), let D7 be the closed disc in C of radius || T ||,
and consider the product space

X = ]_[ Dr,

TeL(H)

endowed with the product topology. By Tychonoff’s Theorem, X is compact.
Since ({T'&;,&i))Ter(H) 18 an element of X for all i €/, there exists a subnet
())jes such that, for all T € L£(H), the limit

o(T) = li}n(Téj,Sﬂ

exists. It is clear that T +— ¢(T) is a positive linear functional on L(H) with
@(I) = 1. Moreover, for every x € G and T € L(H), we have

(T ()&, &) — (T§,§)| = (T ()& — &), §) < [ITllwx)§ — &l

and
(m (O)T&, &) — (TE, &) = (T&, (g — &) < ITIIT0E — &
Hence, using (*), we obtain

p(Tr(x)) = liJm<T7T(x)§j,§/> = 1i}n(T§i,€j) =o(T)

and, similarly, p(7 (x)T) = (7). R

Remark 1.4.2 The topology of G plays no role in the above proof, so that the
result is true under the assumption that 1 is weakly contained in 7 when both
representations are viewed as representations of G endowed with the discrete
topology.

It is useful to introduce Property (T) for pairs.

Definition 1.4.3 Let G be atopological group, and let H be a closed subgroup.
The pair (G, H) has Property (T) if, whenever a unitary representation (7, H)
of G almost has invariant vectors, it actually has a non-zero w (H)-invariant
vector.

Examples of pairs with Property (T) appear in Corollaries 1.4.13 and 1.5.2,
and in Theorem 4.2.2.
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Remark 1.4.4 (i) Let (G, H) be a pair with Property (T). A straightforward
modification of the proof of Proposition 1.2.1 shows that there exist a compact
subset Q of G and a real number ¢ > 0 with the following property: whenever
(r,’H) is a unitary representation of G which has a (Q, )-invariant vector,
then (v, H) has a non-zero 7 (H )-invariant vector. Such a pair (Q, ¢) is called
a Kazhdan pair for (G, H).

(i1) A topological group G has Property (T) if and only if the pair (G, G) has
Property (T).

(iii)) Let H be a closed subgroup of a topological group G. If H has
Property (T), then the pair (G, H) has Property (T).

(iv) Let G; C G2 C G3 C G4 be anested sequence of topological groups, each
one being closed in the next one. If (G3, G») has Property (T), then (G4, G1)
has Property (T).

(v) If a pair (G, H) has Property (T), neither G nor H need be compactly
generated. Indeed, let I be a subgroup of SL3(Z) which is not finitely gen-
erated. As will be seen in Example 1.7.4, SL3(Z) has Property (T). It is a
particular case of the previous remark (with G, = G3 = SL3(Z)) that the pair
(SL3(Z) x Q,T" x {0}) has Property (T). See however Exercise 1.8.16.

(vi) Let G be a locally compact group and H a closed subgroup of G. Prop-
erty (T) for the pair (G, H) can be characterised in terms of irreducible unitary
representations of G in the following way: (G, H) has Property (T) if and only
if there exists a neighbourhood V of 15 in G such that 7|y contains 1y for
every w € V (see Exercise 1.8.15).

Observe that, if a topological group G acts continuously by automorphisms
on another topological group X, then it acts continuously on the unitary
dual X by

(gm)(x) =7(g"'x), geG meX, xeX.

The following theorem is a crucial step in our proof of Property (T). It was
established in [Shal-99b, Theorem 5.5], with a different proof. For the notion
of an invariant mean, we refer to Section G.1.

Theorem 1.4.5 Let G be a locally compact group and N an abelian closed
normal subgroup. Assume that the Dirac measure at the unit character 1y of
N is the unique mean on the Borel subsets of N which is invariant under the
action of G on N dual to the conjugation action. Then the pair (G,N) has
Property (T).

Proof Let (;r,H) be a unitary representation of G almost having invariant
vectors. We have to prove that H contains a non-zero N -invariant vector. Let
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B (1/\7 ) be the o -algebra of the Borel subsets of N , and let
E:B(N)— L(H), B+~ E(B)

be the projection valued measure on N associated to the unitary representation
7| of the abelian group N (see Theorem D.3.1). Thus,

n(x):/ix(x)dE(;Q, x €N.
N

For every g € G, we have

T(@mm(g™) =m(gxg™") = fﬁ(g_lx)(x)dE(x), x€N.
Hence,
B+ E(gB) and B+ n(g)E(B)n(gil)
are projection valued measures associated to the unitary representation
x> m(gxg”")
of N. By uniqueness, it follows that
() n()E(B)n(g)~' = E(gB), forall Be B®N),geG.

By Lemma 1.4.1, there exists a positive linear functional ¢ on L£(H) such
that ¢(I) =1, and such that ¢(7(g)T) =@ (T (g)) =¢(T) for all g € G and
T € L(H). In particular,

o(T) = p(n(g)Tn(g™ ")), forall geG,T e L(H).
Define m : B(ﬁ) — R by
m(B) = p(E(B)), B e B(N).
Then m is a mean on B(ﬁ ). Moreover, m is G-invariant, by (x). Hence, m is
the Dirac measure at the unit character 1 of N. In particular, E({1y5}) #0. Let

& be a non-zero vector in the range of the projection E({1x}). Then w(x)& =&
for all x € N, that is, £ is N-invariant. W
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Some facts about unitary representations of SL;(K)

Let K be a field. We consider the following subgroups of SL; (K):

vl 1) e
vef() e

(3 8 e

The group SL,(K) is generated by N UN~. More generally, the following
lemma is true. For n€N and 1<i,j <n, i #j, denote by A; the (nx n)-
matrix with 1 as (i, j)-entry and O elsewhere. For x € K, the elementary matrix
Ejj(x) € SL,(K) is defined by

and

Eij(x) = I + xAjj.

Lemma 1.4.6 For any field K, the group SL,,(K) is generated by the set of
all elementary matrices Ejj(x) forx€eKand 1 <i,j<n, i #j.

Proof See Exercise 1.8.2 or [Jacob-85, (6.5), Lemma 1]. W

The next lemmas will be constantly used in the sequel. They show that
vectors which are invariant under some subgroups are necessarily invariant
under appropriate larger subgroups. The first lemma is a simple but crucial
computation.

Lemma 1.4.7 Let K be a non-discrete topological field. Let (A;); be a net
Ao 0
in K with A; # 0 and lim; A; = 0. Then, for a; = < ()l S ) heN and
i
h™ e N~, we have

lima;ha” ! =lima; 'h=a; = I.
] ]
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Proof This follows from the formulae

(6006 D )=
(F D) =0 )

Our next lemma goes back to F. Mautner [Mautn—57, Lemma 7].

and

Lemma 1.4.8 (Mautner’s Lemma) Let G be a topological group, and let
(r,'H) be a unitary representation of G. Let x € G and assume that there exists
a net (y;); in G such that lim; y,xyl._l =e. If & is a vector in 'H which is fixed by
yi for all i, then & is fixed by x.

Proof Since £ is fixed by the unitary operators 7 (y;), we have

Ir ()& — £l = @) HE — w(; HE]l
= | ()m@)m (v, HE —E|l.

As liml-yixyf1 =e¢ and as 7 is strongly continuous, 7(x)§ =£. W

The next lemma will be used to establish invariance of vectors under copies
of SL, (K).

Lemma 1.4.9 Let K be a non-discrete fopological field, and let (7w, H) be a
unitary representation of SLy(K). Let & be a vector in 'H which is invariant
under the subgroup N . Then & is invariant under SL(K).

Proof It suffices to show that £ is invariant under A. Indeed, it will then follow
from Lemma 1.4.7 and from Mautner’s Lemma that £ is invariant under N —
and, hence, under SL, (K) since N UN ™ generates SL; (K).

To show the A-invariance of &, consider the function of positive type ¢ on
SL>(K) defined by

p(x) = (Trx)&,&), x e SLHyK).

Since & is N-invariant, ¢ is N-bi-invariant, that is, ¢ is constant on every double
coset NgN for g € SL,(K). Since K is non-discrete, there exists a net (4;); in K
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with A; # 0 and such that lim; A; = 0. Set

0 —a
- L, (K).
si (x,» 0 )652()

A0
Then, for every a = < 0 -l

Loty (1 a7ty (a0
o 1 J¥%\o 1 “\n ot )

Hence, since ¢ is continuous and N -bi-invariant,

) € A, we have

p(a) =limg ( *

0 .
A A1 ) —llgnﬁﬂ(gz)

for all a € A, and the latter is independent of a. Therefore, for all a € A,
pa) = (T(@)€. &) = |&]*.

By the equality case of the Cauchy—Schwarz inequality,
m(a)é =&, forall aeA

(Exercise 1.8.3). W

Remark 1.4.10 (i) The previous lemma is not true for non-unitary representa-
tions of SL; (K) : consider, for instance, the standard representation of SL, (K)

on K2, The vector ( (1)

(ii) The lemma always fails if K is discrete: for the quasi-regular repre-
sentation Asz,K)/n of SL>(K) on 02(SL»(K)/N), the Dirac function at N is
N-invariant and is not SL; (K)-invariant.

) is N-invariant and is not SL, (K)-invariant.

Letn > 2 and m < n. Choosing m distinct vectors e;,, . . ., ¢;, from the stan-
dard basis {eq, ..., e,} of K", we have an embedding of SL,_,,(K) in SL,(K)
as the subgroup of matrices in SL, (K) which fix ¢;,, ..., ¢;,, and leave invariant

the linear span of the remaining n — m vectors e;. We refer to these embeddings
as to the standard embeddings of SL,_,,(K).

Proposition 1.4.11 Let K be a topological non-discrete field, and let n > 2.
Let (w,’H) be a unitary representation of SL,(K). If & € H is invariant
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under SLy(K), for any one of the standard embeddings of SL>(K), then & is
invariant under SL,(K).

Proof We can of course assume that n > 3. Using induction on n, it suffices
to show that, if £ € H is invariant under SL,_1 (K), for any one of the standard
embeddings of SL,,_1 (K) in SL,(K), then £ is invariant under SL, (K).

Without loss of generality, we can also assume that SL,,—1 (K) is embedded
as the subgroup of all matrices in SL,, (K) which fix e, and leave invariant the
linear span of {ej,...,e,—1}. Using Lemma 1.4.6, it suffices to show that & is
fixed by every elementary matrix E;,(x) and E,; (x) for | <i <n—1and x e K.

Fixi e {l1,...,n— 1} and x € K. Choose a net (Ay)y in K with X, # 0 and
limg A, =0. Let g4 be a diagonal matrix in SL,_1(K) with g4 (e¢;). Then

8aEin(0gy " = En(hex) and gy Eni(¥)ga = Eni(Aa).

As limy Ej;(Agx) = limy Ejj(Aqx) =1, the claim follows from Mautner’s
Lemma 1.4.8. W

Proof of Property (T) for SL,(K), n > 3

For n > 3, we consider the subgroups

A x 0
G= 01 0 : AeSLK), x e K2} = SL,(K) x K2
0 0 I,-3
L x 0
N = 01 0 s xeK*} = K?
0 0 I3

of SL,(K), where SL,(K) x K2 denotes the semidirect product for the nat-
ural action of SL;(K) on K2. The study of the pair (SLy(K) x KZ,KZ) is a
cornerstone of the subject of Property (T).

Let K be a local field. The dual group K2 of K2 can be identified with K2 as
follows (see Corollary D.4.6). Fix a unitary character x of the additive group
of K distinct from the unit character. The mapping

K? - ﬁz, X Xx
is a topological group isomorphism, where x, is defined by x(y) = x ((x,y))

and (x,y) =x1y1 +x2y3 forx = (x1,x2) and y = (y1, y2) in K2. Under this iden-
tification, the dual action of a matrix g € SL>(K) on K2 corresponds to the
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inverse transpose of the standard action on K2, that is, to the action defined by
x> g7 x forx e K2.

We first prove that the pair (G, N) has Property (T). In view of Theorem 1.4.5,
this will follow from the following proposition.

Proposition 1.4.12 Let K be a local field. The Dirac measure at 0 is the
unique SLy(K)-invariant mean on the Borel subsets of K.

Proof Let m be an SL,(K)-invariant mean on the o-algebra B(K?) of the

Borel sets of K2. Let | - | be an absolute value defining the topology on K.
Consider the following subset of K2\ {0} (see Figure 1.1):

Q={(’y“)el<2\{0}: Iylzlxl}.

Choose a sequence (1), in K with |A,41] > |X,| + 2 for all n € N, and set

|
g"_(O | ) e SL(K).

If Q, = g,9, then

X 2 |x| |x|
Q, C e K \ {0} : <= .
" {< y > Pnl + 1 Al — 1

Figure 1.1 The subset Q of K2
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Indeed, for < ;C ) e Q,

and

X+ 2Anyl = [Anyl = x| = (1Al = Diyl,
X+ Anyl < Ix[+ [Aay] = (JAal + DIyl

Since

1

< forn > m,
[An] —1 [Am] + 1

the sets €2, are pairwise disjoint. Hence,

> m(Q) < mEK?\ {0h) < 1

i=1

for all n € N. As m(2;) =m(g;2) =m(S2), it follows that m(2) =0. If

a=( % o )e={(1) e mzml,

then m(Q) =m() =0. Since Q U Q' =K? \ {0}, we have m(K? \ {0}) =0.
Therefore, m is the Dirac measure at 0. W

Corollary 1.4.13 The pair (SLy(K) x K2,K?) has Property (T), for every
local field K.

Remark 1.4.14 The semidirect product SL,(K) x K? does not have Prop-
erty (T). Indeed, SLy(K) is a quotient of SL;(K) x K2 and does not have
Property (T); see Example 1.3.7 for the case K=R and Example 1.7.4 for
the other cases.

We are now ready to show that SL, (K) has Property (T) for n> 3.

Theorem 1.4.15 Let K be a local field. The group SL,(K) has Property (T)
for any integer n > 3.

Proof Let (r,’H) be a unitary representation of SL, (K) almost having invari-
ant vectors. Let G = SL,(K) x K? and N =K? be the subgroups of SL,(K)
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introduced above. By the previous corollary, the pair (G, N) has Property (T).
Hence, there exists a non-zero N-invariant vector £ € {. By Lemma 1.4.9, £ is
invariant under the following copy of SL,(K)

0
0
0

S ¥ O ¥
oS O = O
S *x O %

I3

inside SL, (K). It follows from Proposition 1.4.11 that £ is invariant under the
whole group SL,(K). W

Other examples of groups with Property (T) are provided by the following
corollary and by Exercises 1.8.6—1.8.10.

Corollary 1.4.16 Let K be a local field The semidirect product
G =SL,(K) x K" has Property (T) for n > 3.

Proof Let (;r,H) be a unitary representation of G almost having invariant
vectors. Since SL, (K) has Property (T), there exists a non-zero vector & € H
which is SL,(K)-invariant. For every x € K", there exists a sequence A; €
SL,,(K) with lim; A;x = 0. It follows from Mautner’s Lemma 1.4.8 that £ is
invariant under K”. Hence, & is invariant under SL,,(K) x K. W

1.5 Property (T) for Sp,(K),n > 2

In this section, we prove that the symplectic group Sp2,(K) has Property (T)
for n > 2. The strategy of the proof is similar to that for SL,(K): we show that
an appropriate subgroup of Spy, (K) gives rise to a pair which has Property (T).

Recall that Sp,,(K) is the closed subgroup of GL,,(K) consisting of all
matrices g with 'gJg =J, where ’g is the transpose of g,

0 I,
J = ,
(5 5)
and I, is the n x n identity matrix. Observe that Spy(K) =SL,>(K); see
Exercise 1.8.1. Writing matrices in GLy, (K) as blocks

~(21)
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of (n x n) matrices, we have: g € Sp»,(K) if and only if

TAC—-'CA='BD—-'"DB=0
'"AD —'CB =1.

Let $2*(K?) be the vector space of all symmetric bilinear forms on K2. The
group GL>(K) acts on §2*(K?) by B —88, where

EB(x,y) = B(gx, gy)

for geGLy(K) and x,yeKZ? Each BeS*™(K?) is of the form
B(x,y) = (Xgx,y) for a unique symmetric (2 x 2) matrix Xg with coefficients
in K, where (x, y) = x1y1 4+ x2y7 is the standard symmetric bilinear form on K2
The matrix corresponding to ¢ 8 is then gXp'g.

Consider the subgroups

A 0 0 0
G =19 b2 0 0 sl =L
Tl o o @t oo |° 2 -0
0 0 0 Iis
J4) 0 B 0
0 I 0 0 . ~ 22
Ny = : BeM(K),'B=B; =S57K
=1l o 0 L o € Mz(K) K?)
0 0 0 Iis

of Sp2,(K). Since

-1
A 0 L B A 0 (L ABA
0 A 0 b 0 At “\o n )

the subgroup G = G,N; is isomorphic to SLy(K) x S 2%(K2) for the action
described above. Our next goal (Corollary 1.5.2) is to show that the pair (G, N>)
has Property (T).

Let S?(K?) be the second symmetric tensor power of K2. Denote by p the
natural action of SLy(K) on S2(K?):

P(@)Y xi®yi=gu®gy, geShK), )Y x®yeS K.

1 1
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We identify the dual vector space of S 2¢(K2) with S2(K?) by means of the
duality formula

(ﬁ,Zx,- ®y,-) = Y By, BeSTED, Y xi®y €S K.

]

Under this identification, the action of SL;(K) on the dual of g2 (K2)
corresponds to the inverse transpose action of the natural action p on S%(K?).

The dual group of §*(K?) will be identified with S?(K?) as follows (see
Corollary D.4.6). Fix a non-trivial unitary character x of the additive group of
K. Then, for any X € S2(K?), the formula

xx (Y) = x (X(Y)), forall Y eS*™K?)

defines a character on S?(K>*) and the mapping X — xy is an isomorphism
between S2 (Kz) and the dual group of S 2 (Kz).

To show that the pair (G, N») has Property (T), it suffices, by Theorem 1.4.5,
to prove the following proposition.

Proposition 1.5.1 Let K be a local field. The Dirac measure ¢y at 0 is the
unique mean on the Borel subsets of S*(K?) which is invariant under the natural
action of SL>(K) on S>(K?).

Proof Let {e],ey} be the standard basis of K?. We identify S(K?) with
K3 by means of the basis {e] ® e1,e1 ® e2,e2 ® e2}. The matrix of p(g) for

g=(“ b)inSL2(K)is
c d

a? ab b?
p(@) =1 2ac ad+bc 2bd
c? cd d?

b
) , we have

. 1
In particular, for u; = < 0 1

o(up) =

S O =

S =
o
S
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for all b € K. Hence,

X X+ by +b*z X
pup) | v | = v+ 2bz , forall y | € K3
z z z

We have to consider two cases, depending on whether the characteristic char (K)
of the field K is 2 or not.

e Assume first that char(K) # 2. For every ¢ € R with ¢ > 0, consider the Borel
subset

X

Q= y eK3:|z|>t|y|
z

of K3, where | - | denotes the absolute value of K. For every b € K and every
X

y € Q;, we have
z

1 1
() (|2b| - ;) lz| <y +2bz| < <|2b| + ;) |z .

Let m be an SL, (K)-invariant mean on B(K?). Choose a sequence (b,)j in K
such that

|b./'+1| > |bj| + %, forall jeN.
Then, by (%), we have
P (up) 2 NV p(up, )S2 = @ forall j#k.
Since m(K?) < 0o, this implies that
m(;) =0, forall 7>0.

We claim now that K3 \ {0} is contained in four sets of the form p(g)<2.
The claim implies that m(K3 \ {0}) = 0, as needed to prove the proposition

1
in case char(K) # 2. For this, consider the matrices w = ( Ol 0 ) and
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\

N
| (NI
—_

—_— Ol —

> in SL;(K). We have

X Z X zlt(x +y+2)
pl@l| vy |=| —» and p(n)| y | = —x+z ;
z X z X—y+z
X X
forall | vy | e K3.Letv=[ y | € K3\ {0}. We split the discussion in
z z

several cases.

If |z] > |y|,thenv € Q1.If |x| > |y|, then p(w)v € Q1. If x=z=0andy #0,
then p(r)v € ;.

In the other cases, we have |y| > |z|, |[y| = |x|, and (x,z) # (0,0), so that

1 1
Ix—y+z|+'Z(X+y+z) > —(x+y+zl+ly—x—z

=4

> Lz == (W + 12D
2171 2

> 2ty |—x + z|,

for 0 < 1y < 1/(412]). It follows that either |x — y + z| > 9 |—x + z| and then
p(r)v € 4, or %(x +y+42)| > 19|—x+z| and then p(w~'r)v € Q-
Thus

K2\ {0} = 1 U p(@)21 U p(r™)2% U p (' )<,

as claimed.
e Assume now that char(K) = 2; in particular, the absolute value on K is
non-archimedean. With the notation above, we have

X x+ by + b’z by
pup) | v | = y , forall y | € K>
Z z Z

Consider the Borel subset

X
Q= y | €e K3\ {0} : |z| = max{|x], [y|}
Z
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X

of K3\ {0}. For every b € K with || > 1 and every | y € 2, we have
z

|bzz| > max({|x|, |byl|}; therefore we have also |b21| > |x + by| and

(x%) )x—l—by—i—bzz) = ’bzz‘.

Let m be an SL,(K)-invariant mean on B(K?3). Choose a sequence (b;); in K
such that

|bj+1| > |bj| > 1, forall jeN.
Then, by (),
pup)QLN p(up, )2 =9 forall j#k.
This implies
m(2) =0,

and also m (p(w)2)) = 0.
Any non-zero vector in K3 is either in €2, or in p(w)L2, or in the Borel subset

X
Q=11 y | €Kyl > max{lx],|zl}
Z

of K3\ {0}. Since it is clear that p(u1) (') is contained in p(w)$2, we have
m (') = 0. Therefore

m (K3 \ {0}) <=m(Q)+m(pQ)+m(Q) =0,

and this ends the proof. W

Corollary 1.5.2 The pair (SL>(K) x $2*(K?2),S2*(K?)) has Property (T),
for any local field K.

We are now ready to prove Property (T) for Spa, (K).

Theorem 1.5.3 Let K be a local field. The group Sp2,(K) has Property (T),
for any integer n > 2.
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Proof Let (,H) be a unitary representation of Sp,,(K) almost having
invariant vectors. Let G = G X Na = SLy(K) x $2*(K2) and N> = S2*(K?)
be the subgroups of Sp,, (K) introduced above. By the previous corollary, there
exists a non-zero Np-invariant vector & € H. Consider the following copy of
SL,(K) inside Spy, (K) :

a 0 b 0
_ 0 I, O 0 ) _ ~
H = c 0 d 0 a,b,c,d €K, ad —bc =1 ; = SL,(K).
0O O 0 I,

Since £ is invariant under the subgroup

I b 0
"0 0 :bekK
0 I,

of H, Lemma 1.4.9 shows that & is invariant under H. In particular, & is fixed
by the subgroup

A0 0 0
0 In—l 0 0 * ~ *
A= :2eK K
0 0 Al 0 ©
0 0 0 I
Considering a sequence (i;); in K* with limg A = 0 or limy, X;l = 0 and

using Mautner’s Lemma 1.4.8, we see that £ is invariant under the subgroup

A 0 0 0
0 I, 0 0
Gy = _ tAeSL(K)} =SLL(K
2 0 o ‘4l o 2(K) 2(K)
0O O 0 | )
introduced above. Hence, by Proposition 1.4.11, & is invariant under the
subgroup

G, = [( g tAo_l ) tAe SLn(K)} = SL,(K)
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and, therefore, under the subgroup

AG, = {(g IAO,I ) : AeGLn(K)}.

By Mautner’s Lemma again, & is invariant under the subgroups

I, B .
N,,_{< 0 In).BeMn(K), B_B}
_ ({5 0. .
Nn_{(B In).BeM,,(K),B_B}

(Exercise 1.8.5). Now, AG, UN,, UN,  generates Sp»,(K); see [O’Mea-78,
(2.2)]. Hence, & is invariant under Sp,,(K). H

Remark 1.5.4 The two representations of SL(K) on S2(K?) and S%*(K?)
are easily seen to be equivalent in the case char(K) # 2 (Exercise 1.8.4). This
fails if char(K) = 2. In fact, the following result holds in this case.

Proposition 1.5.5 The pair (SL>(K) x S2(K?), S*(K?)) does not have Pro-
perty (T) if K is a local field with char(K) = 2.

Proof Set N = S%Z(K?2). Recall from the discussion before Proposition 1.5.1
that we can identify the dual group of N with $%*(K?) in a SL, (K)-equivariant
way. We claim that SL, (K) has non-zero fixed points in S 2¥(K2). Indeed, since
char(K) = 2,

a b 0 ¢ a c¢ 0 ¢ a b
(c d) (r 0) (b d>=<t o)’ forall (c d)ESLz(K).

Hence, for each ¢t € K, the symmetric bilinear form

B K> x K> > K, (x,y) = t(x1y2 + x2)1)

defined by the matrix < (t) ! ) is fixed under SL; (K). The character A; of N

0
corresponding to B; extends to a character ): of G = SL(K) x N defined by

WA, X) =M (X), forall AeSLyK), X € N.

Now, lim;_. ¢ ); = 1 uniformly on compact subsets of G and A; # 1y for
t # 0. Hence, (G, N) does not have Property (T). W
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1.6 Property (T) for higher rank algebraic groups

Let K be a local field. In this section, we indicate how Property (T) carries over
from SL3(K) and Sp4(K) to other groups.

An algebraic group G over K is said to be almost K-simple if the only proper
algebraic normal subgroups of G defined over K are finite. The K-rank of such
a group, denoted rankk G, is the dimension of a maximal K-split torus. For
instance, the K-rank of SL,, is n — 1 and the K-rank of Sp», is n, independently
of K. As another example, let SO(n, 1) be the group of matrices in GL,,+1 which
preserve the form x]Z + -+ x,zz — x,2l+1. Then rankcSO(n, 1) = [(n + 1)/2]
and rankrSO(n, 1) = 1.

The set G(K) of K-rational points in G is a locally compact group. This is a
compact group if and only if rankg (G) = 0.

Let G be a simple real Lie group with trivial centre. Let G be the connected
component of the automorphism group of the complexified Lie algebra of G.
This is an almost R-simple (in fact, an R-simple) algebraic group G over R,
and G is isomorphic, as a Lie group, to the connected component of G(R) (see
[Zimm-84a, Proposition 3.1.6]). The R-rank of G coincides with the dimension
of A in an Iwasawa decomposition G = KAN of G (such a decomposition exists
for any semisimple Lie group, see [Walla—73, Theorem 7.4.3]). It also coincides
with the rank of the associated Riemannian symmetric space G/K, that is, the
maximal dimension of a flat totally geodesic subspace of G/K.

The following result was proved under the assumption rankg(G) >3
in [Kazhd-67], and under the assumption rankg (G) >2 by Delaroche and
Kirillov [DelKi-68], Vaserstein [Vaser—68], and Wang [Wang—69], indepen-
dently.

Theorem 1.6.1 Ler K be a local field, and let G be a connected, almost
K-simple algebraic group over K with rankg (G) > 2. Then G = G(K) has
Property (T).

The proof is based on the following reduction to the cases SL3 and Sp4.

Lemma 1.6.2 Under the assumption of the previous theorem, G contains an
almost K-simple algebraic group H over K whose simply connected covering
is isomorphic over K to either SL3 or Sp4.

The lemma follows from the fact that, due to the rank assumption, the root
system of G with respect to a maximal K-split torus in G contains a subsytem
of type A; or C,. For more details, see [Margu—91, Chapter I, (1.6.2)].

We give the proof of the theorem above in the case K = R, that is, in the
case where G is a simple real Lie group. The general case is similar in spirit,
but is technically more involved; see [Margu—91, Chapter III, (5.3)].
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Proof of Theorem 1.6.1 for K = R Let H be as in the previous lemma, let
H be its simply connected covering, and ¢ : H — H the canonical homo-
morphism. Set H = H(R). The group go(ﬁ(R)) has Property (T), since ﬁ(R)
has Property (T). As <p(ﬁ(R)) is a normal subgroup of finite index in H, it
follows from Proposition 1.7.6 in the next section that H has Property (T).
Let g be the Lie algebra of G. Since rankgr (H) > 0, we can find an element
a=-expX € H, a # e, such that adX € End(g) is diagonalisable over R. Let

s=PHd
reR
be the eigenspace decomposition of g under adX . Set

o =Pd. =P

r>0 A<0

and let g° be the kernel of adX .
We claim that g is generated as a Lie algebra by g™ U g~. Indeed, Let n be
the subalgebra generated by this set. Since, for all A, u € R,

[¢", g1 C g" T,

we have [go,n] C n. This shows that n is an ideal in g. Hence, n = {0}
or n = g, by simplicity of g. The first case cannot occur since, otherwise,
g = g° = Ker(adX). This would mean that X is in the centre of g, that is,
X =0anda =e.

For every Y € g*, we have

aexp Yo' = exp((Ada)Y) = exp(eadX Y)= exp(e}‘Y)
and therefore a" exp Ya=" = exp(e’"Y) for all n € Z. Hence,

lim a "expYd'=e if Yeg"
n—+0o<

and

lim a"expYa" =e if Yeg .
n—+00
Let (;r, H) be a unitary representation of G almost having invariant vectors.
Since H has Property (T), there exists a non-zero m (H )-invariant vector £ €’H.
The relations above and Mautner’s Lemma 1.4.8 applied to a and a~! show that
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£ isinvariant under 77 (exp Y) forevery Y € g™ Ug™. Hence, £ is invariant under
7(G), as g is generated by g+ U g~. This shows that G has Property (T). W

Remark 1.6.3 Let G be a connected, almost K-simple algebraic group over
the local field K, and set G = G(K). If rankg (G) = 0, then G is compact and
hence has Property (T). We assume now that rankg (G) = 1 and we anticipate
on several results shown below.

If K is non-archimedean, G does not have Property (T). This follows from
Theorem 2.3.6 and from the fact that G acts properly on a tree which is the
Bruhat-Tits building of G over K [BruTi—72]. This also follows from The-
orem 1.7.1 and from the fact that G has lattices which are isomorphic to a
non-abelian free group (see Section 2 in [Lubot-91]).

If K = C, then G is locally isomorphic to SL, (C), and Example 1.7.4 shows
that G does not have Property (T).

If K = R, Theorem 3.5.4 shows that G does not have Property (T) if and
only if G is locally isomorphic to one of the groups SO(n, 1), SU (n, 1).

1.7 Hereditary properties

We investigate Property (T) for lattices, extensions, and in particular coverings.

Property (T) is inherited by lattices

An important feature of Property (T) is that it is inherited by lattices, a fact
discovered by Kazhdan. This is one of the main methods for proving that certain
discrete groups have Property (T); see footnote 6 in the historical introduction.
The following more general result is true.

Theorem 1.7.1 Let G be a locally compact group, and let H be a closed
subgroup of G such that G/H has a finite invariant regular Borel measure. The
following are equivalent:

(i) G has Property (T);
(ii) H has Property (T).

In particular, if T is a lattice in G, then I has Property (T) if and only if G has
Property (T).

Proof Assume that G has Property (T), and let o be a unitary representation
of H such that 15 < o. Then, by continuity of induction (Theorem F.3.5),

Indg g < Indgo.
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Since G/H has a finite invariant measure, 1 is contained in Indg 1z . Hence,
Ig < Indga.
As G has Property (T), it follows that lg is contained in Indga. By
Theorem E.3.1, this implies that 1y is contained in o. Hence, H has
Property (T).
To show the converse, assume that H has Property (T). Let (Q,¢) be a

Kazhdan pair for H where Q is compact and ¢ < 1. Let u be an invariant
probability measure on G/H . Choose a compact subset Q of G with O C Q and

~ e+9
(%) wp(Q) > ——,
10
where p : G — G/H denotes the canonical projection (see Lemma B.1.1). We
claim that (Q, ¢/4) is a Kazhdan pair for G.

Indeed, let (;r, H) be a unitary representation of G with a (Q, €/4)-invariant
unit vector &. Then, restricting v to H and taking § = 1/4 in Proposition 1.1.9,
we see that
(%) lE —&'ll < 1/4,
where £’ is the orthogonal projection of £ on H!!. The mapping

G/H — H, xH > m(x)&

is well defined, continuous and bounded. Let € H be defined by the H-valued
integral

n= / 7 (x)E"d p(xH).
G/H
By G-invariance of u, we have, for all g € G,
(gn = / m(g0)E'du(xH) = / T ()E'du(xH) = 1.
G/H G/H

Hence, 7 is G-invariant. It remains to show that n # 0.
Since £ is a unit vector, observe that

>

&1 W

<"l <

I

(k%)
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by (#x). For every g € é, we have

()& —&'ll < llm(g) (€ — &) — (¢ — &Nl + lIm(g)E — &l

1 e
s

4

Therefore
In—¢&'ll = H/ ()" — ?)du(xH)H
G/H
< /@) I (E" — &'l dnH) + 2111 — n(p(0)))
p

1 ¢ 5 ~
<-4+ +§(1—M(P(Q)))

4
& 1—¢ 3
4 4 4

=2
: +
< —
2
Combining this inequality with (x * %), we obtain ||5]| > 0, so that n # 0 as
claimed. W

The following corollary is a consequence of Theorem 1.7.1 and Corol-
lary 1.3.6.

Corollary 1.7.2 Let " be a discrete group with Property (T), and let A be a
subgroup of T of finite index. Then the abelianisation A/[A, A] of A is finite.

Remark 1.7.3 The previous corollary has the following interpretation in
geometry. Let X be a connected manifold. Assume that the fundamental group
I' = 71(X) has Property (T). Let Y — X be a finite covering of X. Then the
first Betti number 81 (Y) of Y is O.

Indeed, B;(Y) is the rank of the abelian group H;(Y,Z), the fundamental
group A of Y is a subgroup of finite index of I', and H ' (Y, Z) is isomorphic to
the abelianisation of A.

Example 1.7.4 (i) We can now give examples of infinite discrete groups with
Property (T): SL,(Z) and SL, (Z) x Z" have Property (T) for n > 3. Indeed, the
first group is a lattice in SL, (R) and the second one is a lattice in SL,(R) x R”,
and both Lie groups have Property (T), by Theorem 1.4.15 and Corollary 1.4.16.

(i) The free group F» embeds as a lattice in SLy(R) and does not have
Property (T); see Example B.2.5 and Example 1.3.7. It follows that SL,(R)
does not have Property (T), a fact we already know from Example 1.3.7.
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(iii) The free group F> embeds as a lattice in SL, (K), for any non-archimedean
local field K (see [Serre—77, Chapitre 11, 1.5, Théoreme 4 and Exemples]). This
shows that SL,(K) does not have Property (T).

(iv) The group SL>(C) contains lattices with infinite abelianisations. Any
torsion-free subgroup of finite index in SLz(Z[\/—_d]) for d € N is
such a lattice (see [Serr—70b, Théoréeme 6]). Hence, SLy(C) does not have
Property (T).

Behaviour under short exact sequences

We have already seen that Property (T) is inherited by quotient groups (The-
orem 1.3.4). Observe that Property (T) is not inherited by closed normal
subgroups. Indeed, for any local field K, the semi-direct product SL, (K) x
K" has Property (T) for n>3 (Corollary 1.4.16), but K" does not have
Property (T).

Lemma 1.7.5 Let G be a topological group, N a closed normal subgroup
of G,and p : G — G/N the canonical projection. Let (Q1,¢1) and (Q2, €2)
be Kazhdan pairs for N and G/N, respectively. Let Q be a subset of G with
01 C Q and Q> C p(Q). Set ¢ = min{e|/2,e2/2}. Then (Q, ¢) is a Kazhdan
pair for G.

Proof Let (;r, H) be a unitary representation of G with a (Q, ¢)-invariant unit
vector £. We claim that G has (Q, &7)-invariant vectors in the subspace H" of
all N-fixed vectors.

Since (Q1, £1) is a Kazhdan pair for N, taking § = 1/2 in Proposition 1.1.9,
we have ||§ — P&| < 1/2, where P : H — HN is the orthogonal projection
on HN. In particular, |P£| > 1/2. Observe that 1" is G-invariant, as N is
normal. Therefore, P intertwines 7 with itself, and we have, for all x € Q,

7 ()P — P&l < llm(x)§ — &Il < £2/2 < &2 PE].

This proves the claim.

Now, the restriction of 7 to H" factorises to a unitary representation p of
G/N.By what we have seen above, p has a (02, £2)-invariant vector, since O C
p(Q). As (Q2, &2) is a Kazhdan pair for G/N, there exists a non-zero vector in
H" which is invariant under p(G/N) and hence under 7 (G). Therefore, (Q, €)
is a Kazhdan pair for G. W

Proposition 1.7.6 Let G be a locally compact group, and let N be a
closed normal subgroup of G. If N and G/N have Property (T), then G has
Property (T).
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Proof Let Q; and Q> be compact Kazhdan sets for N and G/N, respectively.
Since G is locally compact, there exists a compact subset Q' of G with p(Q’) =
0> (Lemma B.1.1). Then, by the previous lemma, the compact subset Q =
Q1 U Q' isaKazhdan setfor G. W

Remark 1.7.7 A stronger result is true: G has Property (T) if and only if both
the quotient G/N and the pair (G,N) have Property (T); the proof is left as
Exercise 1.8.12.

Proposition 1.7.8 Let G| and G, be topological groups. The direct product
G1 x G has Property (T) if and only if G| and G, have Property (T).

Proof The “only if" part is clear since Property (T) is inherited by quotients
(Theorem 1.3.4). If Q1 and Q; are compact Kazhdan sets for G| and G, then,
by the previous lemma, the compact set O = (Q; x {e}) J({e} x @) is a
Kazhdan set for G. This shows the “if" part of the proposition. W

Remark 1.7.9 Let G be a topological group, and let N a closed normal sub-
group. As the proof shows, the conclusion of Proposition 1.7.6 is true if the pair
(G, N) satisfies the following condition:

(x) For every compact subset Q> of G/N, there exists a compact subset Q" of
G with p(Q)) = 0.

As we have seen, (G, N) satisfies Condition () for any normal subgroup N, if
G is locally compact. By [Bou-Top2, §2, Proposition 18], this is also the case
if G is a complete metrizable topological group.

However, Condition (x) is not always satisfied. Indeed, given any topologi-
cal group H, there exist a complete topological group G, in which all compact
subsets are finite, and a closed normal subgroup N of G such that H is topolog-
ically isomorphic to G/N. The special case of this statement for A abelian is
Proposition 1.1 of [RoeDi-81]; the general case is from [Pesto]; we are grateful
to V. Pestov for his indications on this point.

Covering groups

Let G be a topological group and C a closed subgroup contained in the
centre of G. If C is compact and G/C has Property (T), then G has Prop-
erty (T), by Remark 1.7.9. We will investigate what happens when C is not
compact. Our analysis is based on the following lemma, which is due to
J-P. Serre.
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Lemma 1.7.10 Let G be a locally compact group and C a closed subgroup
contained in the centre of G. Let R denote the set of irreducible unitary
representations w of G with2 < dimmw < +00.

If G/C has Property (T), then 1 is isolated in R U {1g}.

Proof Assume, by contradiction, that 15 is not isolated in R U {15}. Then
there is a net (;);c; in R converging to 15. Denote by H; the Hilbert space
of m;, by H; its conjugate space, and by 7; its conjugate representation (see
Definition A.1.10). We can find a unit vector &; € H; such that

() lim [|7;(g)&: — &ill = 0,

uniformly on compact subsets of G. Since 7; is irreducible and C is contained
in the centre of G, it follows from Schur’s Lemma (Theorem A.2.2) that the
representation 7; ® w; of G on H; ® "H; factorises through G/C. Denote by El-
the vector &; viewed in ;. We have ||&; ® £;|| = 1 and
It @ T ()& ®E) — & Q& II° = |mi()& @ mi(9)& — & R &

=2 — (mi(g)&, &) (mi ()&, &)

— (&, (&) (&, mi(9)E)

=2(1 — [(mi()&i, 6 DA + (i ()&, §i) )

=< 4(1 — Re(mi(g)éi. i)

=2||mi(e)& — &>
Together with (x), this shows that

(k) lim | (7; ® i) ()& @ & —&®&| =0,

uniformly on compact subsets of G and, since G is locally compact, uniformly
on compact subsets of G/C (see Lemma B.1.1). Since G/C has Property (T),
it follows that, for i large enough, 7; ® 7; contains 1¢,/c. Therefore, 7; is finite
dimensional for i large enough (Corollary A.1.13). Without loss of generality,
we can assume that i; is finite dimensional, say of dimension n;, for alli € I.

Recall that we can realise 7; ® 7; in the space HS (H;) of Hilbert—Schmidt
operators on H; by

(1 @7T)(e)T = mi(g)Tmi(g™"), forall geG, T e HS(H;)

(see remark after Definition A.1.11). Observe that, by Schur’s Lemma
(Theorem A.2.2), the space of G-invariant vectors in HS (H;) consists of the
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scalar multiples of 1,,. The operator corresponding to & ® &; is the orthogonal
projection P; on the line C§;. We have, by (sx),

(%%%) lim Imi(g)Pimi(g™") — Pyl = 0,

uniformly on compact subsets of G/C. Let HS(H;)? be the orthogonal
complement of the space of G-invariant vectors in HS (H;), thatis, HS (H)? =
(Cl,)™*. Set
1
P =P — —I,.
n

i
i

As Trace(P;) = 1, we have P? € HS(H;)° and therefore

1
P2 =1 - —.
-

1

Since, by assumption, n; > 2, we have
1P| > 1/2, forall iel.
For Q; = |PY|=1P?, we have Q; € HS(H)°, [|Q;ll = 1 and, by (),

lim [17:(8)Qimi(g ™) = 04l = 0,

uniformly on compact subsets of G/C. Hence the net ((m ® ﬁi)o)l. converges
to 1g,c, where (7; ® 77;)? denotes the restriction of 7; ® 7; to HS (H;)°. This
is a contradiction, since G/C has Property (T). B

The previous lemma has the following consequence, which is also due to
J.-P. Serre and for which we will give another proof in Corollary 3.5.3.

Theorem 1.7.11 Let G be a locally compact group and C a closed subgroup
contained in the centre of G. Assume that G/C has Property (T) and that
G/[G, G] is compact. Then G has Property (T).

Proof Assume, by contradiction, that G does not have Property (T). Then there
exists a net (77;) ez in G \ {1} converging to 1. Since G/C has Property (T),
we can assume, by the previous lemma, that dimw; = 1 for all i € I. Thus,
all 7r;’s factorise through the abelianisation G/[G, G] of G. On the other hand,
since G/[G, G] is compact, its unitary dual is discrete (see Example F.2.5.i1).
This is a contradiction. H
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Remark 1.7.12 (i) The assumptions on G/C and G/[G, G] in the previous
theorem are necessary, by Theorem 1.3.4 and Corollary 1.3.6. Observe that the
additive group R, which does not have Property (T), is the universal covering
of the circle group, which is compact and therefore has Property (T).

(i1) The previous theorem was proved in [Wang—82, Lemma 1.8] in the special
case where G is minimally almost periodic, that is, every finite dimensional
unitary representation of G is a multiple of 1. Examples of such groups are
the non-compact connected simple Lie groups.

(iii) For an extension of the previous theorem to a pair of discrete groups
with Property (T), see [NiPoS—07].

Example 1.7.13 (i) Let G be a connected Lie group, with universal covering
group G. Assume that G has Property (T) and that G / [G G] is compact. Then
G has Property (T). Indeed, 1t is well known that G = G /C for a (discrete)
subgroup C of the centre of G.

(i) We can give examples of groups with Property (T) which have non-
compact centres. The fundamental group of G = szn(R) is 1somorphlc to
Z; hence the universal covering Gis perfect (that is, [G G] G) with centre
isomorphic to Z and therefore non-compact. Forn > 2, Theorem 1.7.11 implies
that G has Property (T).

(iii) We can also give an example of a discrete group with Property (T) and
with an infinite centre: I' = szn(Z) is known to be a lattice in G = sz,,(R)
The inverse image T of I"in G is a lattice containing the centre of G. Hence, T
has an infinite centre and has Property (T) for n > 2.

(iv) Let G be a connected simple real Lie group of real rank at least 2, let K
be a maximal compact subgroup of G, and let I' be a lattice in G. Assume that
the symmetrlc space G/K is hermitian. Then Examples (ii) and (iii) carry over:
the groups G and T have infinite centres and have Property (T); for all this, see
Remark 3.5.5.

1.8 Exercises

Exercise 1.8.1 Let K be a field. Verify that Spy (K) = SL,(K).

Exercise 1.8.2 Let K be a field. Prove that SL, (K) is generated by the set of
all elementary matrices Ej;(x), x € K, 1 <i,j <n, i # j (Lemma 1.4.6).

Exercise 1.8.3 Let& and 5 be vectors in Hilbert space with || £|| = ||n]]. Prove
that £ = 5 if and only if Re(£, n) = ||£|%.
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Exercise 1.8.4 Let K be a field with char(K) # 2. Show that the two natural
representations of SL;(K) on § 2(K2) and S2*(K?2) are equivalent.

Exercise 1.8.5 Let K be a topological non-discrete field. For n > 2, let
G = H X N C SLy,(K) be the semidirect product of the subgroup

H= {( g IAO,] ) CAe GL,,(K)} = GL,(K)

with the subgroup

({1 BY. .
N_{<O Iﬂ).BeM,,(K),B_B}.

Let (;r,’H) be a unitary representation of G. Show that, if & € H is invariant
under H, then £ is invariant under G.
[Hint: Use Mautner’s Lemma 1.4.8.]

Exercise 1.8.6 Let K be a local field. Prove that the semidirect product

A B .
G=1| o o1 | ASSLiK), BeM,(K). 'B=B

of SL, (K) with the symmetric matrices in M, (K) has Property (T) for n > 3.

Exercise 1.8.7 Let K be a local field. Consider the action of SL,(K) on
M, ,»(K), the space of the (n x m) matrices, given by

(g,A) — gA, g e SL,(K), A e My ,(K).

Prove that the semidirect product SL,(K) x M, ,,(K) has Property (T) for
n > 3 and for every m € N.

Exercise 1.8.8 LetKbealocalfield, and consider a continuous representation
of SL,(K) on a finite dimensional vector space V over K, without non-zero
fixed vector. Show that the corresponding semidirect product SL, (K) x V has
Property (T) for n > 3. For a more general result, see [Wang—82, Theorems 1.9
and 2.10].

Exercise 1.8.9 Let K be a local field and let n > 2 be an integer. Show that
the semidirect product G = Sp»,,(K) X K2 has Property (T).

[Hint: Let (;r, H) be a unitary representation of G almost having invariant vec-
tors. Since Spa, (K) has Property (T), there exists a non-zero Sp, (K)-invariant
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vector £ € H. Using Mautner’s Lemma, show that & is fixed by every element
e; of the standard basis of K?".]

Exercise 1.8.10 Let K be a local field and let n > 1 be an integer. Consider
the symplectic form  on K" given by

o, y) =x'Ty, xyeK?,

where J is the (2n x 2n) matrix as in Section 1.5. The (2n 4 1)-dimensional
Heisenberg group over K is the group Ha,, 1 (K) with underlying set K> x K
and product

DO =@ +ya+p+oky), xyeK” ipekK.
The symplectic group Spa, (K) acts by automorphisms of Ha,41(K):
gx,A) = (gx, 1), g€ SpuK),xe K* ) e K.

Show that the corresponding semi-direct product G = Spy,(K) x Ha,41(K)
has Property (T) for n > 2.

[Hint: Let (7, H) be a unitary representation of G almost having invariant vec-
tors. Since Sp2, (K) has Property (T), there exists a non-zero Spa, (K)-invariant
vector £ € H. By Mautner’s Lemma, & is fixed by the subgroups

A={((a,0),0) : ac K" and B={((0,b),0) : beK"

of Hy,+1(K); see the hint for Exercise 1.8.9. Now Hy,+1(K) is generated by
A U B. Hence, ¢ is fixed by Hy,+1(K).]

Exercise 1.8.11 Let G be atopological group. Assume that G is the union of an
increasing sequence (H,), of open subgroups. Show that if G has Property (T),
then the sequence is stationary.

[Hint: Imitate the proof of Theorem 1.3.1.]

Exercise 1.8.12 Let G be a locally compact group and let N be a closed
normal subgroup. Show that the following properties are equivalent:

(i) G has Property (T);
(ii) the quotient G/N and the pair (G, N) have Property (T).

[Hint: To show that (ii) implies (i), look at the proof of Proposition 1.7.6.]
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Exercise 1.8.13 Let G, G, be locally compact groups, I' a lattice in G =
G1 x Ga, and N a normal subgroup in I". Assume that I" is irreducible, that is,
pi(I") isdense in G; fori = 1,2, where p; : G — G; denotes the i-th projection.

(i) Show that p;(N) is normal in G;.
Assume now that I'/N has Property (T).

(ii) Show that G;/p;(N) has Property (T).

(iii) Let ¢ : G — R be a continuous homomorphism with ¢|y = 0. Show
that ¢ = 0.
[There is a converse, which is a deep result by Y. Shalom (Theorem 0.1
in [Shal-00a]): assume that Gi,G, are compactly generated, and that I
is a cocompact irreducible lattice in G. If (ii) and (iii) hold, then I'/N
has Property (T).]

Exercise 1.8.14 Let I" be either a free group, or a pure braid group, or a braid
group, and let 'y be a subgroup of I" not reduced to one element. Show that Iy
does not have Property (T).

[Hint: If T is free, then ' is free by the Nielsen—Schreier theorem. Let ' =
Py be the pure braid group on k strings; if k& > 2, the kernel of the natural
homomorphism from Py, to P which “forgets the last string" is free (a theorem
of E. Artin), and the claim of the exercise follows by induction on k. If I' = By
is Artin’s braid group on k strings, then I" has Py as a subgroup of finite index.]

Exercise 1.8.15 Let G be alocally compact group and H a closed subgroup of
G. Prove that (G, H) has Property (T) if and only if there exists a neighbourhood
V of 1g in G such that 7| contains 1y foreverym € V.

[Hint: Look at the proof of Lemma 1.2.4.]

Exercise 1.8.16 (This exercise was suggested to us by D. Gaboriau.)

(i) Let G be a locally compact group and H, L two open subgroups of G.
Denote by 7 the restriction to H of the quasi-regular representation of G on
£2(G/L). Check that the following conditions are equivalent:

e the representation 7 contains 1g;
o there exists a finite H-orbit in G/L.

(i1) Let G be be a locally compact group and H be an open subgroup of G.
Assume that the pair (G, H) has Property (T). Show that there exists a compactly
generated subgroup of G which contains H.

[Hint: Imitate the proof of Theorem 1.3.1 and use the first part of the exercise.]

(iii) Consider an integer n > 2, the tautological action of SL,(Q) on Q",
and the corresponding semidirect product SL,(Q) x Q". Show that the pair
(SL,(Q) x Q", Q") does not have Property (T).
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Exercise 1.8.17 Show that the group SL3(Q) has the local Property (T), by
which we mean the following property: any finitely generated subgroup A of
SL3(Q) is contained in a subgroup B of SL3(Q) which has Property (T).
[Hint: Let N be the greatest common divisor of all denominators of all matrices
in some finite generating set of A, and let py,...,px be the list of the prime
divisors of N. Set B = SL3(Z[1/N]). Then A is contained in B, and B embeds
as a lattice in the direct product SL3(R) x SL3(Qp,) x -+ x SL3(Qp,). In
other words, A embeds in an S-arithmetic subgroup B of SL3(Q), and B has
Property (T).]

Exercise 1.8.18 Let M be an orientable compact 3-manifold and let
My, ... ,M;

be the pieces of a canonical decomposition along embedded spheres, discs
and tori. Assume that each M; admits one of the eight geometric structures of
3-manifolds in the sense of Thurston. Show that the fundamental group of M
has Property (T) if and only if this group is finite.

[Hint: See [Fujiw—99].]

Exercise 1.8.19 (A Kazhdan group with an infinite outer automorphism
group) Let n be an integer with n > 3 and let M,,(R) be the space of the
(n x n) matrices with real coefficients. Recall from Exercise 1.8.7 that the
semidirect product G = SL,(R) x M, (R) has Property (T) where SL, (R) acts
on M, (R) by left multiplication.

The discrete group I' = SL,(Z) x M, (Z) is a lattice in G and has therefore
Property (T).

On the other hand, SL,(Z) acts also on M, (Z) by right multiplication:

A A5, 6¢€SL,(Z), AeM,(Z).
(i) For 6 € SL,,(Z), let
ss: =T, (a,A) — (a,Ad).

Show that s is an automorphism of I and that § — s5 is an injective group
antihomomorphism from SL,(Z) to the automorphism group Aut(I") of I".

(i1) For § € SL,(Z), show that ss is an inner automorphism of I' if and only
if § € {£1}.

In particular, the outer automorphism group of I' is infinite.
[The previous example appears in [Cornu—07]. For other examples, see
[O1IWi].]
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Exercise 1.8.20 (Property (T) for representations on Banach spaces) Let
B be a complex or real Banach space. Denote by O(B) the group of all linear
bijective isometries from B to B. A representation of a topological group G on
B is a group homomorphism 7 : G — O(B) which is strongly continuous
(that is, the mapping G — B, g — m(g)v is continuous for every v € B).
Every representation 7 : G — (O(B) induces in a natural way a representation
7 : G — O(B/B%) on the quotient Banach space B/B®, where B is the
subspace of G-fixed vectors in B.

We say that G has Property (Tp) if, for every representation 7 of G on B, the
associated representation 7 on B/B does not almost have invariant vectors.

(i) Show that, when B is a Hilbert space, Property (Tp) coincides with
Property (T).

(i) Let G be a compact group. Show that G has Property (Tp) for every
Banach space B.

[Hint: For every Banach space E, for every representation 7 : G — O(E),
and every v € E, the E-valued integral f i T (g)vdg defines an invariant vector,
where dg denotes a Haar measure on G.]

(iii) Let G be a second countable locally compact group. Let B = Cy(G) be

the Banach space of the complex-valued functions on G which tend to zero at
infinity, endowed with the supremum norm. Consider the representation 7 of G
on Co(G) given by left translations. Show that G does not have Property (Tp)
when G is not compact.
[Hint: Since G is not compact, there is no non-zero invariant function in Co(G).
On the other hand, = almost has invariant vectors. To show this, let d be a left
invariant distance on G (such a distance exists; see, e.g., [HewRo-63, Chapter
II, (8.3)]). For every n € N, consider the function f;, € Co(G) defined by
£ = 76

For more details on Property (Tp), see [BaFGM].
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Property (FH)

In this chapter, we introduce a new property: a topological group G is said to
have Property (FH) if every continuous action of G by affine isometries on
a real Hilbert space has a fixed point — the acronym (FH) stands for “Fixed
point for affine isometric actions on Hilbert spaces”. As we will show in the
last section, Property (FH) is equivalent to Property (T) for o-compact locally
compact groups (the Delorme—Guichardet Theorem 2.12.4).

Topological groups will play their part in three ways:

o in affine isometric actions on real Hilbert spaces (geometric data);

o in cohomology groups HY(G,n) = ZY(G, 7)/B" (G, ) with coefficients in
orthogonal representations (algebraic data);

o as domains of functions conditionally of negative type on G (analytic data).

Here are the relevant links. Let « be an affine isometric action of a topological
group G on a real Hilbert space H, with linear part 7w and translation part b.
Then 7 is an orthogonal representation of G and g — b(g) is a 1-cocycle with
coefficients in 7 defining a class inH' (G, ). Moreover, g v(g) = |blg) ||2
is a function conditionally of negative type on G.

The first aim of this chapter is to establish the following dictionary:

Affine isometric actions  1-cocycles Functions ¢ conditionally
of negative type

Fixed point 1-coboundaries v =gple) —p(g),
where ¢ is a real function
of positive type

Bounded orbits Bounded 1-cocycles 1 bounded

It will be seen that an affine isometric action has a bounded orbit if and only if
it has a fixed point (Proposition 2.2.9), so that the second and third lines of the

73
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above dictionary are actually equivalent. It follows that topological groups G
with Property (FH) are characterised by the fact that H' (G, ) = 0 for every
orthogonal representation 7 of G; equivalently, every function conditionally of
negative type on G is bounded.

We will show that Property (FH) for a group G implies strong restrictions
for its actions on trees, on real or complex hyperbolic spaces, and on the circle.
This will provide us with several examples of groups without Property (FH).
Moreover, we will characterise wreath products with Property (FH).

A remark is in order. Hilbert spaces are complex in our Chapter 1, which
is essentially on unitary group representations and has an analytic flavour,
whereas Hilbert spaces are real in most of our Chapter 2, which is geometric
in nature. The correspondence between affine isometric actions and functions
conditionally of negative type (Proposition 2.10.2) is simpler to formulate for
real Hilbert spaces and orthogonal representations than in the complex case
(compare [Guic—72b, Proposition 4.5]). In this context, recall also the impor-
tant Mazur—Ulam Theorem [Banac—32, Chapitre XI, Théoréme 2]: any isometry
of a real Hibert space is affine. Clearly, this does not hold for complex Hilbert
spaces.

2.1 Affine isometric actions and Property (FH)

Definition 2.1.1 An affine real Hilbert space is a set H given together with
a simply transitive action of the additive group of a real Hilbert space 7. The
mapping T¢ : H — Hinducedby & € HO is called a translation, and is denoted
by x > x + &. For x,y € H, the unique vector £ € H° such that Tex = yis
denoted by y — x.

Observe that a real Hilbert space ° has a canonical structure as affine Hilbert
space given by (§,x) —> x + &.

Let 'H be an affine real Hilbert space. The mapping (x,y) — [lx — y||isa
metric on H. By the Mazur—Ulam Theorem quoted above, any isometry of H
is affine.

Let O(H®) denote the orthogonal group of HC, that is, the group of invert-
ible isometric linear operators on H°. There is a natural homomorphism
p : Isom(H) — O(H) defined for g € Isom(H) by

P(g)E =g(x+&) —g(x), forall &e MO,

where x is an arbitrary point in ; the kernel of p is the group H of translations,
and p is onto. The choice of an origin 0 € H provides a section of p and a
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semidirect product decomposition
Isom(H) = O(H") x HO.

Let G be a topological group.

Definition 2.1.2 An affine isometric action of G on H is a group homomor-
phism @ : G — Isom(H) such that the mapping

G—>H, g a(gx

is continuous for every x € H.

Let o be an affine isometric action of G on H. Composing o with the mapping
Isom(H) — O(HY), we obtain a strongly continuous homomorphism 7 : G —
O(H), that is, an orthogonal representation of G on H". The strong continuity
of m means that the mapping

G - H g m(g)E

is continuous for every £ € H". We call 7 the linear part of «.

Example 2.1.3 A continuous homomorphism b from G to the additive group
of HY gives rise to an affine isometric action « on H, defined by

a(g)x =x+b(g)

for all g € G and x € H. The linear part  of « is the trivial representation of
G onHY, givenby n(g) =1 forall g € G.

Definition 2.1.4 A topological group G has Property (FH) if every affine
isometric action of G on a real Hilbert space has a fixed point.

2.2 1-cohomology

In this section, we formulate Property (FH) in terms of 1-cohomology.

Let G be a topological group, and let H be an affine real Hilbert space.
In the previous section, we have seen that any affine isometric action « of
G on ‘H gives rise to an orthogonal representation of G on HY, called the
linear part of «. We address now the following question: Given an orthogonal
representation 7w of G on ‘HO, what are the affine isometric actions of G with
linear part 7 ?
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Lemma 2.2.1 Let 7w be an orthogonal representation of G on H°. For a
mapping « : G — Isom(H) the following conditions are equivalent:

(i) « is an affine isometric action of G with linear part 1,
(ii) there exists a continuous mapping b : G — H° satisfying the 1-cocycle

relation

b(gh) = b(g) + m(g)b(h),
and such that
a(g)x = m(g)x+b(g)

forallg,h € Gandx € 'H.
Proof Let « be an affine isometric action of G with linear part 7z. For every
g € G, there exists b(g) € HO such that a(g)x = m(g)x + b(g) for all x € 'H.
Itis clear that g — b(g) is continuous. Moreover, since « is a homomorphism,
b satisfies the 1-cocycle relation.

Conversely, let » : G +— H" be a continuous mapping satisfying the 1-

cocycle relation and such that «(g)x = w(g)x + b(g) forallg € G and x € H.
It is straighforward to verify that « is an affine isometric action of G. W

Example 2.2.2 Let 7 be an orthogonal representation of G on H". For each
£ € H°, the mapping

b:G—>H, g m(g)E —¢

is continuous and satisfies the 1-cocycle relation.

Definition 2.2.3 Let m be an orthogonal representation of the topological
group G on a real Hilbert space H°.

(i) A continuous mapping b : G — H such that
b(gh) = b(g) + w(g)b(h), forall g,heG

is called a I-cocycle with respect to .
(ii) A l-cocycle b : G — HO for which there exists &€ € H° such that

b(g) =m(g)s — &, forall ¢eG,

is called a /-coboundary with respect to 7.

(iii) The space Z!(G, ) of all 1-cocycles with respect to 7 is a real vector space
under the pointwise operations, and the set B! (G, ) of all 1-coboundaries
is a subspace of Z! (G, 7). The quotient vector space

HY(G,n)=Z"(G,n)/B (G, )
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is called the first cohomology group with coefficients in 7.
(iv) Let b € Z'(G,n). The affine isometric action associated to a cocycle
b € Z' (G, 7) is the affine isometric action « of G on H defined by

a(@x=m(@x+bg), geG xeH,

where H is the canonical affine Hilbert space associated to .

Example 2.2.4 Let be the trivial representation of G on HO. Then B} (G, )
is reduced to {0} and H' (G, 7) = Hom(G, H°) is the space of all continuous
homomorphisms from G to the additive group of H°.

Remark 2.2.5 Let m be an orthogonal representation = of G. For b €
ZI(G, ), we have

(@) b(e) =0;

(i) b(g™" = —m (g7 Hb(g), forall g € G.

The proof of these assertions is straightforward (Exercise 2.14.1).

We give a first characterisation of the 1-coboundaries in terms of their
associated action.

Lemma 2.2.6 Let 7w be an orthogonal representation of the topological group
G onareal Hilbert space HO. Leth € Z! (G, ), with associated affine isometric
action «. The following properties are equivalent:

(i) b belongs to BY(G,n);
(ii) o has a fixed point in 'H,
(iii) « is conjugate to by some translation, that is, there exists € € H° such
thata(g)x =n(g)(x+ &) —& forallg € G and x € H.

Proof Assume that b € Bl(G,n), that is, there exists £ € HO such that
b(g) =m(g)é — & forall g € G. Then

a(@x =m(g)(x+§) —§
for all g € G, x € H. In particular, —£ 1is fixed by «. This proves that (i)
implies (ii).
Assume that o has a fixed point —&. Then

b(g) = a(g)(=§) —m(g)(=§) =n(g)§ — &

and, hence,
a@x=n(@g)x+§) —§
for all g € G, x € 'H, showing that (ii) implies (iii).
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Finally, if there exists £ € " such that « is conjugate to 77 by the translation
Tg, then b(g) = n(g)§ — & for all g € G. Hence, b € BY(G, ). This shows
that (iii) implies (i). MW

We want to improve the previous lemma by showing that the existence of a
bounded orbit for the affine action « already implies the existence of a fixed
point. The following lemma is standard (compare with a lemma of Serre in
[HarVa—89, Chapitre 3, Lemme 8] and a lemma of Bruhat-Tits [BruTi-72,
2.3.2]). It holds, more generally, for complete metric spaces satisfying suitable
assumptions of non-positive curvature (see [HarVa—89, Chapitre 3, Exemples
10]). The proof given here is that of [Glasn—03].

Lemma 2.2.7 (“Lemma of the centre”) Let H be a real or complex Hilbert
space, and let X be a non-empty bounded subset of H. Among all closed balls
in 'H containing X , there exists a unique one with minimal radius.

Proof Set

r = inf sup ||x — y||.
yeH xex
Observe that r < 00, since X is bounded. We claim that there exists a closed
ball of radius » containing X . Indeed, for ¢ > r, the set

C={yeH :suplx—yl=1

xeX

is non-empty, by definition of r. Moreover, C; is a closed and bounded convex
subset of H. Hence, C; is compact for the weak topology on H. As C; C C; for
t < s, it follows that the set

c=a

t>r

is non-empty. It is clear that, for any y € C, the closed ball with centre y and
radius r contains X and that these are exactly the closed balls with minimal
radius with this property.

We claim that C is reduced to a single point. Indeed, let y;,y» € C. Then

yl% € C, since C is convex. On the other hand, we have, for every x € X,

2 2

yir—y2
2

s

2

H yi+y
x —
2

1 1
= —flx—y*+ Ellx—y2||2 - ‘
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by the parallelogram identity. Therefore,

i+ 1 2 1 2 i =» |
sup [ x — < sup —[lx — y1[I© + sup = [lx — 2" —
xeX 2 xeX 2 xeX 2 2
_ 2 Y1) z
2
yir—y2 2
It follows that > = 0, thatis, y; = y>. This concludes the proof. H

Definition 2.2.8 The centre of the unique closed ball with minimal radius
containing X in the previous lemma is called the centre of X .

The following theorem is a strengthening of Lemma 2.2.6. The fact that (ii)
implies (i) was first proved by B. Johnson, in a more general context and with
a different method (see [Johns—67, Theorem 3.4]).

Proposition 2.2.9 Let w be an orthogonal representation of the topological
group G on a real Hilbert space H. Let b € Z'(G, i), with associated affine
isometric action o. The following properties are equivalent:

(i) b belongs to B (G, );

(ii) b is bounded;
(iii) all the orbits of a are bounded;
(iv) some orbit of a is bounded;

(v) o has a fixed point in 'H.

Proof Properties (ii), (iii) and (iv) are equivalent since, for every g € G and
x eH,

a(g)x =m(gx+b(g) and |m(g)x| = llx].

Properties (i) and (v) are equivalent by Lemma 2.2.6. It is obvious that (v)
implies (iv). It remains to show that (iv) implies (v). Assume that « has a
bounded orbit X. Let xo be the centre of X, as in the previous lemma. For
every g € G, the centre of «(g)X is w(g)xp. Since a(g)X = X, it follows that
a(g)xo = xo. Hence, xp is a fixed point foro. H

The following equivalent reformulation of Property (FH) is an immedi-
ate consequence of Proposition 2.2.9; one further property will be added in
Theorem 2.10.4.
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Proposition 2.2.10 Let G be a topological group. The following properties
are equivalent:

(i) G has Property (FH);
(ii) HY(G,m) = 0 for every orthogonal representation w of G.

Compact groups have Property (FH). Indeed, every affine isometric action of
such a group has bounded orbits and hence fixed points, by Proposition 2.2.9.

We introduced in Definition 1.4.3 Property (T) for a pair (G, H) consisting
of a group G and a subgroup H. Similarly, we define Property (FH) for the pair
(G,H).

Definition 2.2.11 Let H be a closed subgroup of the topological group G.
The pair (G, H) has Property (FH) if every affine isometric action of G on a
real Hilbert space has an H -fixed point.

As in the previous proposition, Property (FH) for the pair (G,H) can be
reformulated in terms of 1-cohomology: (G, H) has Property (FH) if and only
if, for every orthogonal representation 7 of G, the restriction mapping Resg :
HY(G,7) — H'(H, 7 |g) is the zero mapping (Exercise 2.14.7).

Remark 2.2.12 The definition of H'(G, ) carries over with the obvious
modifications to the case of a unitary representation m of a topological group
G on a complex Hilbert space.

2.3 Actions on trees

In this section, we discuss actions of groups with Property (FH) on trees, relate
this property to Serre’s Property (FA) and draw some consequences.

Constructing affine isometric actions

We describe two general procedures to construct affine isometric actions of
groups. The first procedure will be applied to actions on trees in this section as
well as to actions on hyperbolic spaces in Section 2.6. The second procedure is
described in Proposition 2.4.5.

Let G be a topological group. Assume we are given

e an action of G by homeomorphisms on a topological space X,
o an orthogonal representation  of G on a real Hilbert space H, and
e acontinuous mapping ¢ : X x X — 'H satisfying the two conditions:

c(x,y) + ¢c(y,z) = c(x,z) for all x,y,z € X (Chasles’ relation)
m(g)c(x,y) = c(gx,gy) forall g € G and x,y € X (G—equivariance).
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From this data, we construct a family of affine actions of G on H.
Proposition 2.3.1 Let the notation be as above.

(i) For any x € X, the mapping
by:G—>H, g+ cl(gx,x)

belongs to ZYG, n).

(ii) For xo and x1 in X, the affine isometric actions oy, and oy, of G with
linear part 7w associated to by, and by, are conjugate under the translation
Te(xo.x1) 8iven by c(xo, x1). In particular, the cocycles by, and by, define the
same class in HY(G, 7).

Proof (i) Since c is continuous, by is continuous. For g,n € G, we have

by(gh) = c(ghx,x) = c(ghx, gx) + c(gx,x)
= m(g)c(hx,x) + c(gx, x) = m(g)by(h) + by(g),

by Chasles’ relation and the equivariance of c¢. Hence, b satisfies the 1-cocycle
relation.
(ii) We have

Tetao, 0% (@) oy x)§ = T(&)(E — c(x0,x1)) + c(gx0,%0) + c(x0, x1)
= 1(g)§ — c(gxo, gx1) + c(gxo,x1)
= 1(8)§ + c(gx1,x1)
= ay, ()%

forallge Gandé e’ H. N

Actions on trees and Property (FA)

Let X = (V,E) be a graph. Our notation involves the set V of vertices and the
set E of oriented edges of X ; each e € E has a source s(e) € V and a range
r(e) € V. There is a fixed-point free involution e + e on E, with s(e) = r(e)
and r(e) = s(e) for all e € E. The set of all pairs {e, e} is the set E of geometric
edges of X ; if E is finite, then #E = 2#E.

Two vertices x,y € V are adjacent if there exists e € E with x = s(e) and
y = r(e). For x,y € V, we define the distance d (x,y) to be the smallest integer
n (if it exists) such that there are pairs (xo = x,x1), (X1,X2), ... (Xp—1,Xy = )
of adjacents vertices. The graph X is connected if any two of its vertices are at
a finite distance from each other; in this case d defines a distance on V. Graphs
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which appear below have no loop (that is, s(e) # r(e) for all e € [E) and are
simple (that is, for x,y € V, there is at most one edge e € E with s(e) = x and
r(e) =y).

An automorphism of a connected graph X = (V,E) is an isometry of its
vertex set, for the distance defined above. Endowed with the topology of point-
wise convergence, the set Aut(X) of automorphisms of X is a topological
group. An action of a topological group G on X is a continuous homomorphism
G — Aut(X); equivalently, it is an isometric action of G on V such that the
mapping G — V, g +— gx is continuous for all x € V.

A cycle in a graph X = (V,E) is a sequence (e, €2, . . ., e,) of distinct egdes
such that r(e;) = s(ei+1), ei+1 # e; fori € {1,n— 1} and r(e,) = s(e1). Atree
is a simple connected graph without cycle.

We will need the following standard lemma (see [Serre—77, No 1.2.2,
Corollaire to Proposition 10]).

Lemma 2.3.2 Let G be a group acting on a tree X . If G has a bounded orbit,
then G fixes either a vertex or a geometric edge of X .

Proof Let O be abounded G-orbit in X. Consider the convex hull Xo C X of
0. Then Xj is abounded subtree and is G-invariant. Let N € N be the diameter of
Xo. We define inductively a sequence of subtrees X; forj = 1,2,...,M, where
M is the integer part of NT_I in the following way. If we assume that X;_; is
defined, X; is obtained by removing from X;_1 every vertex which is adjacent
to exactly one vertex and by removing the corresponding edge. It is clear that
X; is G-invariant and that the diameter of X; is N — 2j forj = 1,2,...,M.
Hence, X7 has 1 or 2 vertices and this finishes the proof. W

Let G be a topological group acting on a graph X = (V,E). Let H denote
the Hilbert space of functions £ : E — R such that

E(e) = —£&(e), forall ecE

and )", g E(e) |> < oo, with the inner product defined by

1
(&) =3 D _E@n(e).

eckE

The action of G on X involves an action of G on E and induces an orthogonal
representation of G on H, which will be denoted by my.

Let X = (V,E) be a tree. Given two vertices x and y in V, there exists a
unique sequence of vertices xo = x,Xx1,...,X, = y such that d (x, x;) = j for all
Jj = 1,...n. We denote by [x, y] the corresponding interval which is the set of
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edges e € E with source and range in {xg, x1, ..., x,}. Anedge e € [x, y] points
fromxtoyifd(s(e),x) =d(r(e),x) — 1, and points from y to x otherwise. For
a vertex z, we write z € [x, y] if z is the source of some ¢ € [x, y].

Define a mapping ¢ : V x V — 'H by

0 if eisnoton [x,y];
c(x,y)(e) = 1 if e is on [x, y] and points from x to y;

—1 if eison [x,y] and points from y to x.
It is clear that c satisfies the G-equivariance condition
mx (g)c(x,y) = c(gx,gy), forall ge G,x,yeV.

Moreover, ¢ satisfies Chasles’ relation ¢(x, y) +c(y,z) = c(x,z) forx,y,z € V.
Indeed, due to the shape of triangles in a tree, there is a unique vertex ¢ lying
simultaneously on [x, y], [y,z] and [x, z] (see Figure 2.1).

Then the contributions of the edges in [#, y] cancel out in c(x,y) and c(y, z),
that is,

c(x,y)(e) +c(y,2)(e) =0

for every edge e in [#,y]. Hence, c(x,y) 4 ¢(y,z) and c(x, z) agree on edges
in [z,y]. They also agree on edges which are not in [#,y]. This shows that
c(x,y) +c(.2) = ¢lx,2).

/y

Figure 2.1 A triangle in a tree
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Observe that, for all x,y € V, we have

1

leGeyI? = 5D ctoy)(e)? =dy).
eckE

Proposition 2.3.3 Ler G be a topological group acting on a tree X . Assume

that G fixes no vertex and no geometric edge of X. Then, with the notation

above, H' (G, my) # 0. In particular, G does not have Property (FH).

Proof Fix a base vertex xo € V. By Proposition 2.3.1, the mapping
G—H, g c(gxo,x0)

is a I-cocycle with respect to my .
Assume, by contradiction, that H l(G, mx) = 0. It follows from Proposi-
tion 2.2.9 that
g = lle(gxo, x0)I* = d (gx0, x0)
is a bounded function on G. In other words, G has a bounded orbit in V.
By Lemma 2.3.2, G fixes either a vertex or a geometric edge of X. This is a
contradiction to the hypothesis. W

Definition 2.3.4 (Serre) A topological group G has Property (FA) if every
action of G on a tree has either a fixed vertex or a fixed geometric edge.

The acronym (FA) stands for “points fixes sur les arbres”.

Remark 2.3.5 It is proved in [Serre—77, No 1.6.1] that a countable group G
has Property (FA) if and only if the following three conditions are satisfied:

(i) G is finitely generated;
(i) G has no quotient isomorphic to Z;
(iii)) G is not a non-trivial amalgamated product.

Observe that, if (i) is satisfied, then the abelianised group G/[G, G] is a finitely
generated abelian group and, hence, a direct sum of finitely many cyclic groups.
Therefore, we can replace condition (ii) above by the condition

(i) the abelianised group G/[G, G] is finite.

The following result is an immediate consequence of Proposition 2.3.3. It
was proved by Y. Watatani [Watat—82]; it was previously shown by G. Margulis
[Margu—81] that higher rank lattices have Property (FA).

Theorem 2.3.6 Any topological group with Property (FH) has Property (FA).
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Remark 2.3.7 (i) There exist discrete groups with Property (FA) which do not
have Property (FH). An example is given by Schwarz’ group G with presentation

eyl =)0 = () =),

where a, b,c > 2 are integers. Such a group has Property (FA), by [Serre-77,
No 1.6.3.5]. If G is infinite or, equivalently, if

l + l + l <1

a b ¢~
then G contains a subgroup of finite index isomorphic to the fundamental group
of an oriented surface of genus > 1. Such a subgroup has a quotient isomorphic
to Z (Example 1.3.7) and so does not have Property (FH) by Example 2.2.4.
Since Property (FH) is inherited by finite index subgroups (Remark 2.5.8
below), it follows that G does not have Property (FH).

(i) R. Alperin [Alper—82] proved the following strengthening of

Theorem 2.3.6: let G be a separable locally compact group with Property (T).
Then G, viewed as a discrete group, has Property (FA).

2.4 Consequences of Property (FH)
We draw some consequences for the structure of groups with Property (FH).

Proposition 2.4.1 Let G be a topological group which is the union of a strictly
increasing sequence of open subgroups H,, n € N. Let 1, be the quasi-regular
representation of G on 6%{ (G/H,). Then

H' (G, @) # 0.

neN

In particular, G does not have Property (FH).

Proof We define a graph X with set of vertices

v=]]G/H,

neN

the disjoint union of the G/H,, n € N, and with set of edges

E = {(gHn,gHu11), (8Hny1,8H,) : n €N, g € G}.
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The graph X is connected. Indeed, given gH,,, hH, € V, there exists k > m,n
such that g~ !4 € Hy, and hence, gH,, and hH,, are connected to gHj, = hHy.

For every gH,, € V, the vertex gH),+ is the unique vertex in G/H, | which
is adjacent to gH,. This implies that X is a tree.

The action of G by left translations on G/H,, induces an action by automor-
phims of X. Since (H,),eN is strictly increasing, G fixes no vertex and no edge
of X. Hence, with the notation of Proposition 2.3.3, H 1 (G, mx) # 0.

Now, my and @D,y 7. are orthogonally equivalent. Indeed, the G-
equivariant mapping

V — E, gH, — (gHy, gHpv1)
induces a G-equivariant orthogonal bijective linear mapping

P &k (G/H) — M.

neN
where H is the Hilbert space of 7x. W

Corollary 2.4.2 Let G be a o-compact locally compact group with Property
(FH). Then G is compactly generated.

Proof Since G is a o-compact locally compact group, there exists a sequence
(Kn)» of compact neighbourhoods of ¢ in G such that G = [ J,, K,. The subgroup
H, generated by K,, is an open subgroup in G, and, of course, G = | J,, H,.. By
the previous proposition, G = H,, for some n. W

Remark 2.4.3 (i) In particular, a countable group which has Property (FH) is
finitely generated. There are examples of uncountable groups (with the discrete
topology) which have Property (FH), such as the group of all permutations of
an infinite set (see [Cornu—06c¢]).

(i1) Corollary 2.4.2 can also be deduced from the Delorme—Guichardet
Theorem 2.12.4 and the analogous result for groups with Property (T) in
Theorem 1.3.1.

We record for later use the following consequence of Proposition 2.4.1. Recall
that the direct sum
=@a:.

iel
of a family of groups (G;)es is the subgroup of the direct product [[,.; G
consisting of the families (g;);e; with g; = e; for all but finitely many indices
i, where ¢; denotes the neutral element of G;.
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Corollary 2.4.4 Let G = @, Gi be a direct sum of an infinite family of
groups (Gy)ier, with no G; reduced to one element. Then G does not have
Property (FH).

Proof Since / is infinite, there exists a mapping ¢ : I — N which is onto. For
everyn € N, letl, = ¢~ '{1,...,n} and H, = @ieln G;. Then (H;)ueN is a
strictly increasing sequence of subgroups and G = | J,,cn Hy- Proposition 2.4.1
shows that G does not have Property (FH). W

For another proof of the previous corollary, see Proposition 2.8.1.

Almost invariant vectors can be used to construct affine isometric actions.
We are going to apply this procedure to show that Property (FH) implies
Property (T) for o-compact locally compact groups. For the converse, see
Section 2.12.

Let 7 be an orthogonal representation of the topological group G on a real
Hilbert space H. As in the case of unitary representations (Definition 1.1.1),
we say that = almost has invariant vectors if, for every compact subset Q of
G and every ¢ > 0, there exists a unit vector £ € H which is (Q, €)-invariant,
that is, such that

sup [|[7(g)§ — &Il < e.
geQ

Denote by corr an infinite countable multiple of 77, that is, the representation
T®rd---onHOEHD:---.

Proposition 2.4.5 Let G be a o-compact locally compact group, and let w be
an orthogonal representation of G on a real Hilbert space H without non-zero
invariant vectors. If m almost has invariant vectors, then H 1 (G,00m) #0.1In
particular, G does not have Property (FH).

Proof Let (Q,), be an increasing sequence of compact subsets of G such that
G = Un Q. Since 7 almost has invariant vectors, there exists, for every n, a
unit vector &, € H such that

I7(g)8n — &l < 1/2", forall g € Q.

For each g € G, set
b(g) = P n(w ()& — &)
neN
We claim that b(g) belongs to the Hilbert space H@® H & - - - . Indeed, for fixed
g € G, there exists N such that g € Qy and, hence, ||7(g)&, — &,]|*> < 1/2"
forall n > N. It follows that

Y la@n = gal* < Y n?/2" < oo,

n=N n=N
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and b(g) is a well defined element of H @ H @ - - - . The same argument shows
that the series Z;‘;l n? || ()€n — Enll? is uniformly convergent on compact
subsets of G, so that the mapping

b:G>HOHD- -

is continuous. Moreover, it is clear that b satisfies the 1-cocycle relation.
We claim that b is unbounded. Indeed, since 7 has no non-zero invariant
vectors, we can find, for every n € N, an element g, € G such that

7 (8n)én — &nll = 1

(see Proposition 1.1.5). Hence,

”b(gn)” = n”ﬂ(gn)én =&l = n.

This shows that b is not bounded, so that b ¢ B'(G,com). M

Remark 2.4.6 Let 7 be a unitary representation of the topological group G
on the complex Hilbert space H. Let HRr be the space H, viewed as a real
Hilbert space with the inner product

(&,m) — Re(,n), &,neH.

The representation 7, considered as acting on HR, becomes an orthogonal
representation . It is obvious that 7 almost has invariant vectors if and only
if Tr almost has invariant vectors.

The following corollary is a consequence of Proposition 2.4.5 and the
previous remark. It is due to Guichardet [Guic—72a, Théoréeme 1]; see also
Theorem 2.12.4.ii below.

Corollary 2.4.7 Any o-compact locally compact group with Property (FH)
has Property (T).

2.5 Hereditary properties

We investigate the behaviour of Property (FH) under quotients and extensions,
as well as for appropriate subgroups and for abelian groups.
In analogy with Theorem 1.3.4, we have the following proposition.
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Proposition 2.5.1 Let G| and G, be topological groups, and let p : G| — Gy
be a continuous homomorphism with dense image. If G| has Property (FH),
then Gy has Property (FH).

In particular, Property (FH) is inherited by quotients: if G\ has Property
(FH), then so does G1/N for every closed normal subgroup N of G1.

Proof Let o be an affine isometric action of G, on a real Hilbert space H.
Then o o ¢ is an affine isometric action of Gj. By assumption, « o ¢ has a
G1-fixed point £ € H. As the image of ¢ is dense, & is Go-fixed. W

Using Corollary 2.4.7 as well as Theorem 1.1.6, we obtain the following
corollary.

Corollary 2.5.2 Let Gy be a topological group with Property (FH), and let G
be an amenable locally compact group which is o -compact. Every continuous
homomorphism ¢ : G1 — Gy has a relatively compact image.

In particular, every continuous homomorphism ¢ : Gy — R" or ¢ : G| —
77" is constant. If, moreover, G is locally compact, then G is unimodular.

Remark 2.5.3 (i) It has been shown by Alperin [Alper—82, Lemma] that, if
G is a separable locally compact group, then every homomorphism G — Z is
continuous.

(i) The fact that Hom(G, R") = 0 for a topological group G with Property
(FH) can be proved in a direct way: let 7 be the unit representation of G on the
real Hilbert space R”. Then H'(G, ) = Hom(G,R"); see Example 2.2.4.

The following proposition is to be compared with the analogous result for
Property (T) in Proposition 1.7.6.

Proposition 2.5.4 Let G be a topological group, and let N be a closed normal
subgroup of G. If N and G/N have Property (FH), then so does G.

Proof Let o be an affine isometric action of G on the real Hilbert space H.
Since N has Property (FH), the set " of a(N)-fixed points is non-empty. As
N is normal in G, the subspace H" is a(G)-invariant. It is clear that the action
of G on H" factorises through G/N. Since G/N has Property (FH), there exists
a point in HN which is fixed under G/N and, hence, under G. M

We have seen in Theorem 1.7.1 that a closed subgroup H with finite
covolume in a locally compact group G has Property (T) if and only if G
has Property (T). In the next two propositions, we show that the “only if"
part of the corresponding statement for Property (FH) remains true for an
arbitrary topological group G and that the “if" part is true if H has finite
index.
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Proposition 2.5.5 Let G be a topological group, and let H be a closed
subgroup. Assume that the homogeneous space G/H carries a G-invariant
probability measure w defined on the Borel subsets of G/H . Then:

(i) if an affine isometric action a of G on a real Hilbert space H has a H -fixed
point, then it has a G-fixed point;
(ii) if w is an orthogonal representation of G, then the restriction mapping
Rest : H'(G, ) — H'(H,7|p) is injective;
(iii) if H has Property (FH), then so does G.

Proof It suffices to prove (i).
Let & € H be a fixed point under «(H ). Consider the continuous mapping

D:G—>H, g a(g@é.

Since ®(gh) = ®(g) for all g € G and h € H, this mapping factorises to a
continuous mapping, still denoted by ®, from G/H to H. Let v = ®, () be
the image of p under ®. This is an «(G)-invariant probability measure on the
Borel subsets of H.

For R > 0, let Bg denote the closed ball in H of radius R centred at &y. Since
v is a probability measure,

lim v(Bg) = 1.
R—o0
Hence, there exists Ry such that v(Bg,) > 1/2. For every g € G, we have

a(g)BRo n BRO 75 0.
Indeed, otherwise, we would have

1 = v(H) > v («(g)Br, U Br,)
= v («(g)Bg,) + v(Br,)
= 21)(BR0) > 1,

a contradiction.
Now, a(g)Bg, is the closed ball of radius Ry centred at «(g)&p. We deduce
that
le(g)éo — &oll <2Rp, forall g eG.

Therefore, the orbit of £y under « (G) is bounded. By Proposition 2.2.9, it follows
that «(G) has a fixed point. W
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Next, we show that Property (FH) is inherited by subgroups of finite index.
For this, we introduce the notion of an induced affine action, which is analogous
to the notion of an induced unitary representation (see Chapter E).

Let G be a topological group, and let H be a closed subgroup of G. We
assume that H is of finite index in G. Let « be an affine isometric action of H
on a real Hilbert space K. Let H be the space of all mappings & : G — K such
that

£(gh) = a(h~HE(g) forall heH, gedq.

This is an affine subspace of the space of all mappings G — K. Fix no € K,
and let & : G — K be defined by

_Jae™Hne ifgeH
S0(8) = !0 ifg ¢ H.

Observe that & belongs to H. If & and &’ are two elements in 7, then the
function

x> (E() — E0(x), &' (x) — §o(x))

is invariant under right translations by elements of H, so that it factorises to
a function on G/H. We define a Hilbert space structure on the linear space
MO ={& & : & €H}by

(E—&.6' —&)= Y (E®) —&H0).&® — &), &&eH.

xeG/H

In this way, H becomes a real affine Hilbert space. The induced affine isometric
action Ind$« of G on ‘H is defined by

(Ind§a()8)(x) =£(g'%), gxeG, &eH.

Observe that Indga is indeed isometric, since

Indfjar(g)€ — Indfje()&'[1> = Y (e~ x) —&'(¢" "0
xeG/H
= Y lE@ —EWI* =1l - &%

xeG/H

for every g € G. Observe also that Indga is continuous, since H is open in G.
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Remark 2.5.6 When G is a locally compact group, induced affine isometric
actions can be defined if H is a cocompact lattice in G (see [Shal-00b, Section
3.110]).

Proposition 2.5.7 Let G be a topological group and let H be a closed sub-
group of G with finite index. If G has Property (FH), then H has Property
(FH).

Proof Let « be an affine isometric action of H on K. Since G has Property
(FH), the induced affine isometric action Indga has a fixed point £ in the affine
Hilbert space H of Indga. Thus, we have

£(g'x) = £(), forall g,xeG.

In particular, E(h_l) = &(e) forall h € H. Since E(h_l) = a(h)&(e), it follows
that £(e) is a fixed point foroe. W

Remark 2.5.8 Assume that G is a o-compact locally compact group. By the
Delorme—Guichardet Theorem 2.12.4 and Theorem 1.7.1, the previous propo-
sition holds for every closed subgroup of finite covolume in G, that is, Property
(FH) is inherited by any such subgroup.

It is a particular case of Corollary 2.5.2 that a o-compact locally compact
amenable group with Property (FH) is compact. Using some structure theory of
abelian groups, we show that this result remains true for soluble groups without
the o -compactness assumption.

Proposition 2.5.9 Let G be a locally compact soluble group with Property
(FH). Then G is compact.

Proof The proof proceeds in two steps.

e First step: Let G be a discrete abelian group with Property (FH). We claim
that G is finite.

Let H be a maximal free abelian subgroup of G. Then G; = G/H is an
abelian torsion group and has Property (FH). For each n € N, set

T,={xeG : X" =e).

Then (T,)neN is a non-decreasing family of subgroups of G; and G| =
U,en T By Proposition 2.4.1, it follows that G; = T, for some n € N,
that is, G is a periodic abelian group. By the structure theory of such groups,
G is a direct sum of finite cyclic groups (see, e.g., [HewRo—63, Appendix,
Theorem A.5]). Since G| has Property (FH), it follows from Corollary 2.4.4
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that G is finite, that is, H is of finite index in G. Hence, H has Property (FH)
by Proposition 2.5.7. This implies that H = {e}. Indeed, a non-trivial free
abelian group has Z as quotient and therefore does not have Property (FH).
Consequently, G = G is finite, as claimed.

e Second step: Let G be a locally compact soluble group with Property (FH).
We claim that G is compact. By Corollary 2.5.2, it suffices to show that G is
o -compact.

Since G is soluble, there exists a sequence of closed normal subgroups

e} =G, CcGp1 C---CGLCGy=G

with abelian quotients G;/G,y fori =0,...,n — 1; see [Bou—GLie, Chapitre
111, §9, Corollaire 1].

Let Q be a compact neighbourhood of e in G and let H be the subgroup
generated by Q; notice that H is o-compact. It is clear that HG;y is an open
normal subgroup of HG; with abelian quotient, for every i € {0,...,n— 1}. In
particular, HG is an open normal subgroup of G and the quotient G/HG] is a
discrete abelian group with Property (FH). Hence HG| has finite index in G, by
the first step. Consequently, HG has Property (FH), so that the discrete abelian
group HG1/HG, has Property (FH). As before, this implies that HG/HG>
is finite and that HG; has Property (FH). Continuing this way, we see that
HG;/HGi4 is finite for every i = 0,...,n — 1. It follows that G/H is finite
and G is o-compact. W

The following result is an immediate corollary of the previous proposition. In
the case where G is o-compact, it is also a consequence of Corollary 2.5.2. For
the analogous result concerning groups with Property (T), see Corollary 1.3.6.

Corollary 2.5.10 Let G be alocally compact group with Property (FH). Then
the Hausdorff abelianised group G /|G, G] is compact.

2.6 Actions on real hyperbolic spaces

Let G = O(n, 1) be the subgroup of GL,+1(R) preserving the quadratic form

n
(6,Y) = —Xnp1Yntl + ) Xiyi
i=1
on R"*!. Let H*(R) be the real n-dimensional hyperbolic space, that is, the
open subset of the projective space P*(R) which is the image of the set

(xeR™ : (x,x) <0}
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For x € R""!, we denote by [x] its image in P"(R). The geodesic distance
d([x], [y]) between two points [x], [y] € H*(R) is defined by

| {x, )
[ Ce, ) 12y, ) V2

Observe that d ([x], [y]) is well defined since the right hand side is > 1. Indeed,
we have

coshd([x],[y]) =

n n
(xx) (3. y) = (—x,%+1 + Zx%) (_ng + Zy?)
i=l1 i=1
n n
2 2 2 2
; (— +2x,-) (—ynﬂ +zyl-)
i=1 i=1

= | Xn+1Yn+1 —

IA

Xn+1Yn+1 — th)’z

where we have used Cauchy—Schwarz inequality together with (x,x) <0 and
(y,¥) <0. For a proof of the triangle inequality, and more generally for an
introduction to real hyperbolic spaces, see, e.g. [BriHa—99, Chapter 1.2].

The group G = O(n, 1) acts isometrically and transitively on H"(R). The
stabiliser of the point xo = [(0,...,0, 1)] is the compact group

K =0(n) x 0(1),

so that H"(R) can be identified with the homogeneous space G/K.

A hyperplane in H"(R) is a non-empty intersection of H"(R) with the image
of an n-dimensional subspace of R"*!. A hyperplane is isometric to H"~! (R).
The subset Hy of H" (R) consisting of the image of all points with first coordinate
equal to zero is a hyperplane, and every hyperplane is a translate of Hy under
some element of G. Hence, the space S of all hyperplanes in H"(R) can be
identified with the homogeneous space G/Gp,, where Gy, = O(1) xO(n—1,1)
is the stabiliser of Hp in G.
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Lemma 2.6.1 Let g,h € G. The point x = gxog € H"(R) lies on the
hyperplane hHy if and only if h € gKGp,.

Proof Indeed, gxg € hHj if and only if B! gxo € Hy. Using the fact that G,
acts transitively on Hy, we have h! gxo € Hy if and only if Kl gxo = goxo for
some go € Gp,. This is the case if and only if g 'hgo € K for some gg € Gh,,
thatis, h € gKGp,. W

Since G and Gy, are both unimodular (Example A.3.5.x), the locally compact
topological space S = G/Gp, carries a non-zero positive O(n, 1)-invariant
regular Borel measure v (Corollary B.1.7).

For x,y € H"(R), let [x, y] denote the geodesic segment between x and y.

Lemma 2.6.2 (i) Forall x,y € H'(R), the set
{HeS : HN[x,y] # ¥}

is compact and therefore has finite measure.
(ii) Forallx € H'(R), the set {H € S : x € H} has measure 0.

Proof (i) Since [x,y] is a compact subset of H"(R), there exists a compact
subset Q of G such that [x,y] = Qxg (Lemma B.1.1). Consider 2 € G and
H = hHj € S, by the previous lemma, there exists ¢ € Q such that gxo € H
if and only if 7 € QKGp, . This proves (i).

(i) Let g € G besuch thatx = gxg. Consideragainh € Gand H = hHy € S;
then x € H if and only if & € gKGp,. As v is G-invariant, we have

v({H €8 : x € H)}) =v(gKGp,/GH,) = v (KGr,/GH,) -

Observe that KGp,/Gp, is a submanifold of G/Gp,, as it is the orbit of Gy,
under the compact group K. To show that v (KGHO / GHO) = 0, it suffices to show
that dim (KGp,/Gr,) < dim (G/Gg,) = n; but KGp,/Gh, = K/K N Gy,
and

dim(K /K N Gy,) = dim K — dim(K N Gy,)
=dimO(n) —dimO(n — 1)
=n—1l<n N
The complement of a hyperplane in H*(R) has two connected components.

Such a connected component is called a half-space. We denote by Q2 the set of
all half-spaces in H*(R).
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The subset wy of H"(R) consisting of all points with first and last coordinates
of the same sign is a half-space, and every other half-space is a translate of wg
under some element of G. Hence, 2 can be identified with the homogeneous
space G/G,,, where G,,, = O(n— 1, 1) is the closed subgroup of G consisting
of all elements which leave wg globally invariant.

Since G and G, are both unimodular, €2 carries a non-zero positive G-
invariant regular Borel measure w. The canonical projectionp : 2 — S, which
associates to a half-space its boundary, is a double covering. Since the measures
w and v on 2 and S are unique up to a positive multiple (Corollary B.1.7), we
can assume that v is the image of p under p.

For a point x in H*(R), let 3, denote the set of half-spaces containing x.
Observe that, for x, y € H?(R), the set of half-spaces separating x from y is the
symmetric difference £, AX,.

Lemma 2.6.3 (i) Forall x,y € H*(R), we have
w(EAX) =v({H €S : HN[x,y] #¥}) < oo.

(ii) Forallx € H*(R), we have u({w € Q : x € p(w)}) = 0.
(iii) Forall x,y € H"(R) withx #y, we have u(3;AX%,) > 0.

Proof Observe that
A8, =p ' ({HeS : HN[x,yl # Wand [x,y] ¢ H}).
Since, by (ii) of the previous lemma, v ({H € § : [x,y] C H}) = 0, we have
nw(EAL) =v({H eS8 : HN[x,y] #0}).

It is now clear that (i) and (ii) are consequences of the previous lemma.

To show (iii), we follow an argument shown to us by Y. de Cornulier. Let
x,y € H"(R) with x # y. Consider the subset X, , of £,AX, consisting of
the half-spaces w such that x belongs to w and such that y does not belong to
the closure of w in H"(R). We claim that X, , is a non-empty open subset of
2. Once proved, this will imply that (X ,) > 0 (see Proposition B.1.5) and
therefore pu(X,AXy) > 0.

Every half-space is of the form gwq for some g € G, where wy is the half-
space introduced above. By continuity of the action of G on H"(R), the subset

{geG:xega)o}:{geG:g_lxea)o}
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is open in G, since wy is open in H*(R). This shows that {w € Q2 : x € w}is
an open subset of 2. The same argument shows that {® € Q : y ¢ @} is an
open subset of 2. Therefore X, , is open in 2.

It remains to show that X, is not empty. The space H"(R) is two-point
homogeneous, thatis, G acts transitively on pairs of equidistant points in H” (R);
see [BriHa—99, Part I, Proposition 2.17]. It therefore suffices to prove that
Yyy # ¥ for

x=[(r0,...,0,1)] and y=1[(—r,0,...,0,1)],

for some 0 < r < 1. But this is clear since wg € Zyy. W

The following formula for half-spaces is a variant of the Crofton formula
for hyperplanes; see [Roben-98, Corollary 2.5] and [TaKuU-81, Proof of
Theorem 1].

Proposition 2.6.4 (Crofton formula) There is a constant k > 0 such that
W(ExAZy) = kd(x,y),

forall x,y € H*(R).

Proof By the previous lemma, (X AX)) is finite for all x,y € H*(R). We
claim that the function

H'R) x H'R) = Ry,  (x,) > pn(EcAZ))
is continuous. Indeed, let x,x’,y,y" € H"(R). Since
TAT C (EAZ) U(Z,AL),
the function
(x,y) > n(ExAXy)
satisfies the triangle inequality. In particular, for x,y,x’,y’ € H*(R), we have

[W(B:AZy) — w(EvAZy)

< n(ExAXy) + u(EyAXy).
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Hence, it suffices to show that, for x € H"(R),

Ilim pu(EAXy) =0.
X' —x

This follows from (i) and (ii) of Lemma 2.6.2, since by regularity of the
measure v, we have

lim u(Z,A%y) = lim v ({H € S : HN[x,x] #0})
X' —x X' —x
=v({HeS : xeH}).
Moreover the function (x,y) > u(X;AX,) is G-invariant, that is,
W(EgxAXgy) = u(E,A%y) forall x,y e H'(R), g € O(n,1).

Since H" (R) is two-point homogeneous, it follows that there exists a continuous
function ¢ : Ry — Ry such that

n(ExA%y) = @(d(x,y))

for all x,y € H*(R).
Fix now rq,r > 0. Choose three collinear points x, y, z in H*(R) such that

dx,y)=r1, d(y,z) =ry,andd(x,z) = r; + .

The set £, AX, of half-spaces separating x and z is the disjoint union of three
sets: the set XA X, of half-spaces separating x and y, the set X, AX of half-
spaces separating y and z, and the set of all half-spaces containing y on their
boundaries. Since, by the previous lemma, the latter set has measure 0, we have

o(r1 +r2) = o(r) + o(r2),

that is, ¢ is additive. Extend ¢ to a continuous group homomorphism ¢ :
R — R by setting ¢(x) = —¢@(—x) for x < 0. It is well known that such a
homomorphism must be linear (Exercise C.6.12), that is, there exists k > 0
such that ¢(r) = kr for all r € R4.. By (iii) of the previous lemma, ¢ # O.
Hence, k > 0 and this concludes the proof. W

Let now L be a topological group, and let o : L — O(n, 1) be a continuous
homomorphism. Then L acts by isometries on H”(R) and hence on €2, preserv-
ing the measure p. This gives rise to an orthogonal representation , of L on
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L%{(Q, W), the real Hilbert space of real valued square integrable functions on
2 (Proposition A.6.1).

Proposition 2.6.5 Let L be a topological group, andleto : L — O(n, 1) be a
continuous homomorphism. Let 7, be the associated orthogonal representation
of Lon L%{ (2, w). If o (L) is not relatively compact in O(n, 1), then HY (L, 7y) *
0. In particular, L does not have Property (FH).

Proof For x € H*(R), let x, denote the characteristic function of the set X,
of half-spaces containing x.
Letx,y € H*(R). By the Crofton formula,

Lumm—mwﬁmm»=mamw=mmw.

Hence, the function x, — x, belongs to L%{ (22, u) and

I3 — xylI> = kd (x, ).

Define
c:H'(R) x H'(R) — L& (2, 1)

by c(x,y) = xx — xy. It is clear that ¢ satisfies Chasles’ relation and
L-equivariance. Therefore, the mapping g +— c(gxp,xp) is a 1-cocycle on L
with respect to 7, .

Assume, by contradiction, that H YL, 75) = 0. Then the above cocycle is
bounded, that is,

g > llc(gxo, x0)|I*> = kd (gx0,x0)

is a bounded mapping on L. We deduce from this that the o (L)-orbit of x¢ in
H"(R) is bounded and hence relatively compact. On the other hand, since the
stabiliser K = O(n) x O(1) of xp in O(n, 1) is compact, the action of O(n, 1)
on H*(R) is proper (Exercise 2.14.5). Hence, o (L) is relatively compact in
O(n, 1), contradicting our assumption. [l

Remark 2.6.6 As we will see next, Proposition 2.6.5 has an analogue for the
group U (n, 1), the adjoint group of which is the isometry group of the com-
plex hyperbolic space H"(C). However, the proof given for O(n, 1) does not
carry over to U(n, 1), since H”’l(C) does not separate H"(C) in two con-
nected components. It is an open problem to find a proof for U (n, 1) using real
hypersurfaces which disconnect H*(C).
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2.7 Actions on boundaries of rank 1 symmetric spaces

Recall that the rank of a Riemannian symmetric space X is the dimension
of a flat, totally geodesic submanifold of X. By Cartan’s classification (see
[Helga—62, Chapter IX, §4]), there are four families of irreducible Riemannian
symmetric spaces of the non-compact type and of rank one:

¢ X = H"(R), the real hyperbolic space, for n > 2;

¢ X = H"(C), the complex hyperbolic space, for n > 2;

¢ X = H"(H), the hyperbolic space over the quaternions H, for n > 2;
e X = H?(Cay), the hyperbolic plane over the Cayley numbers Cay.

For the sake of simplicity, we will not treat the exceptional case, and give one
model for each of the classical cases.

Let K denote one of the three real division algebras R, C, H. Equip the right
vector space K1 with the hermitian form

n
(W) = —Zapiwars + Y Zwi,
i=1

where x — X is the standard involution on K.

The hyperbolic space X of dimension n over K is defined as the open subset
of the projective space P"(K) consisting of all points [z] € P*(K) such that
(z,z) < 0, where [z] is the image in P*(K) of z € K"*!. The group of all
K-linear mappings from K"*! to K"*! preserving the given hermitian form
is G = O(n,1) in the case K = R, G = U(n, 1) in the case K = C, and
G = Sp(n, 1) in the case K = H. The manifold X is diffeomorphic to K" =
R"™  where d = dimg K, and has a G-invariant metric for which the geodesic
distance d(z, w) between two points [z], [w] € X is defined by

[{z, w)|

coshd([z], [w]) = 2w w) [ 2

(Observe that d ([z], [w]) is well-defined since the right hand side is > 1; com-
pare with the beginning of Section 2.6.) The boundary of X, denoted by 9X,
is the closed subset of P"(K) consisting of all points [z] € P"(K) such that
(z,z) = 0. It is a sphere S¥"~! and G acts on 9X by diffeomorphisms.

P. Julg has constructed a canonical affine action of G associated with its action
on dX (see [CCJIV-01, Chapter 3]). This action is on an affine real space whose
associated vector space is endowed with a quadratic form Q invariant under the
linear part of the affine action. The positive-definiteness of Q will be an issue,
and we will see that Q is positive-definite for K = R, C, but not for K = H.
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We now sketch Julg’s construction and refer to his original work for more
details. Let E be the real vector space of maximal degree smooth differential
forms with integral O on 0X . Denote by 7 the representation of G on E induced
by the action of G on 9X.

Proposition 2.7.1 (i) There exists a non-zero mapping ¢ : X x X — E which
is G-equivariant and satisfies Chasles’ relation (as defined in the beginning of
Section 2.3).

(ii) There exist a quadratic form Q : E — R which is G-invariant and a
function ¢ : Ry — R with lim,— o0 ¢ (r) = +00 such that

Q(c(x,y)) = ¢d(x,y)), forall x,yeX.
(iii) For K = R or C, the quadratic form Q is positive definite.

Sketch of proof The cocycle c is easy to describe. For x € X, the unit sphere
S, in the tangent space 7,X can be identified with 0X by means of the visual
mapping (see [BriHa—99, Part II, 8.11]). We denote by . the push-forward,
under the visual mapping, of the canonical volume form of volume 1 on ).
Then 1, is a maximal degree differential form of volume 1 on X, and we set

c(x,y) =ty — by, X,y €X.

It is straightforward to check that the mapping c satisfies the conditions of (i).
Let A be the diagonal in X x 9X. For every x € X, define a function f; on

(0X x 0X)\ A by

(P, q) (x,x)

(p,x){q,x)

Observe that f; (p, ¢) diverges like log | (p, ¢)|, when p tends to ¢. For x,y in X,

the Busemann cocycle yyy is the smooth function on X defined by

0.p) <<x,x>>‘/2
(e p) \ (v, »)
It clearly satisfies Chasles’ relation yx, + ¥y, = ;. Geometrically, yyy,(p) is

the limit of d(z,y) — d(z,x), when z € X tends to p € 3X. For x,y € X and
p,q € 30X, p # q, we have

ﬁV(p’ f]) = lOg

Yay(p) = log

L@, =/ @) = vy (P) + vy (@)

Fixing x € X, we define then a quadratic form Q on E by

Q(Ot)=—/ /fx(p,q)a(p)a(q), o €E.
0X JoX
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This integral makes sense because of the logarithmic divergence of f; on the
diagonal of X x 90X . The form Q does not depend on the choice of x. Indeed,
fora € E and x,y € X, we have

/ax /axfx(p,q)a(p)a(q) _/BX /axfy(lﬂ,q)a(p)a(q) =

/ / Yo P)a@)a(q) + / / Yo (@apal(g) =0,
X JoX X JoX

since [,y o = 0. This implies

O(r(g)a) = / / S (0 Pa(p)a(q)
X JoX
= Q0(a)

for all g € G. Hence, Q is G-invariant.

Since X is two-point homogeneous, it follows that Q(c(x,y)) only depends
on the distance d(x,y). Hence, there exists a function ¢ : Ry — R
such that

Q(c(x,y)) = o(d(x,y)), forall x,yeX.

An explicit computation given in [CCJJV-01, Proposition 3.2.4] shows that,
denoting by S the unit sphere in K", we have

p(r) = 2/ log | cosh r — uy sinh r|dv(u),
s

where dv is the normalised volume on S and u is the first coordinate of u € S.
It can be checked that ¢(r) behaves asymptotically as log cosh r for r — oo,
in particular that lim,_, o, ¢(r) = +00, so that (ii) holds.

It remains to show that Q is positive-definite when K = R or K = C. In
order to perform the computation, choose x € X C P"(K) to be the class of
(0,...,0,1) € K"*!. Then

(P, q) {x, x)
{p,x){q,x)

P:q)

Pn+19n+1

=1 = {z|w)l,

where

2= P1/Pnt1s- - Pn/Pnt1)s W= (q1/qnt1,- -+ qn/qn+1) € K"

and (zlw) = Y I ,Zw; So, identifying X and S by means of the
diffeomorphism p +— z, it is enough to show that, for any differential form
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« with integral O on the unit sphere S of K”,

—//log 11— (zlw)|a(@)a(w) = 0.
s Js

Since
o0

1
—log |1 = {elw)| = 3 +Re((zlw)"),
k=1
it suffices to show that

//Re((zlw)k)ot(z)ot(w) > 0.
sJs

Now, the kernel (z, w) — (z|lw) on K" = R" or K" = C" is of positive type,
and hence the same is true for the kernels

(z.w) > Re((zlw)")
(see Example C.1.3 and Proposition C.1.6). This shows that Q is a positive-
definite quadratic form on E, and completes the sketch of proof. W

Let K = R or K = C. Then, after completion, the pair (£, Q) as in the previ-
ous theorem becomes a real Hilbert space H with an orthogonal representation
7 of G. Fix an origin x9 € X. By Proposition 2.3.1, the mapping

b:G—E, g c(gxo,xo)
belongs to Z' (G, 7). As

lle(gx0, x0) 1> = Q(c(gxo,x0)) = ¢(d (80, X0))s

and lim,_, o, ¢ (r) = 400, the cocycle b is a proper cocycle on G, that is, for
every bounded subset B of H, the set b~ (B) is relatively compact in G. As in
the proof of Proposition 2.6.5, we obtain the following result.

Theorem 2.7.2 Let L be a topological group and o : L — G a continuous
homomorphism, where G = O(n, 1) or G = U (n, 1). Assume that o (L) is not
relatively compact in G. For the orthogonal representation w of G as above,
we have H' (L, o o) # 0. In particular, L does not have Property (FH).

Here is a straightforward consequence of the previous theorem (compare
Theorem 2.3.6).

Corollary 2.7.3 Any continuous isometric action of a topological group with
Property (FH) on a real or complex hyperbolic space has a fixed point.



104 Property (FH)

Remark 2.7.4 (i) The proof of the positive definiteness of Q in Proposi-
tion 2.7.1 fails for K = H. Indeed, due to the non-commutativity of H, the
kernels (z, w) — Re ((Z, w)k) are not of positive type.

(i) For another proof of the last statement of Theorem 2.7.2, see
Remark 2.11.4.

(i) We will see later (Theorem 2.12.7) that the previous theorem implies
that O(n, 1) and U (n, 1), as well as their closed non-compact subgroups, do not
have Property (T). On the other hand, we will also see that Sp(n, 1) does have
Property (T) for n > 2 (Section 3.3). This implies that, in the case of K = H,
the quadratic form Q defined above cannot be positive-definite.

There is a class of groups generalising those appearing in Theorem 2.7.2.

Definition 2.7.5 A topological group G has the Haagerup Property, or is a-
T-menable in the sense of Gromov, if there exists an orthogonal representation
7 of G which has a proper 1-cocycle b € Z'(G, 7).

By what we have just seen, closed subgroups of O(n, 1) or U (n, 1) have the
Haagerup Property. The class of groups with the Haagerup Property is a large
class containing, moreover, amenable groups, free groups, Coxeter groups,
and groups of automorphisms of locally finite trees [CCJJV-01]. Concerning
Coxeter groups, see also Example 2.10.5 below.

2.8 Wreath products

In this section, we characterise wreath products which have Property (FH).
Let (H;);c; be a family of groups, and let

N=DH.
iel
be the direct sum of the H;’s. For i € I, denote by p; : N — H; the canonical
projection, and set
T = @ )‘H,- opi,
iel
this is a unitary representation of N on the Hilbert space H = @,; 02 (H;).

We define a 1-cocycle b € A (N, ) as follows. For n = (h;);c; € N, set

b(n)i = 8;,[. — 361..
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Since h; = e; and therefore b(n); = 0 for all but finitely many indices n, we
have b(n) = (b(n);)ie; € H. To see that b is a 1-cocycle, consider the vector

x = (e)ics € [ [ P (H).
iel
Clearly x ¢ H if I is infinite but, formally, we have
b(n) = w(n)x — x,
showing thatb € Z 1 (N, ). As we now see, the 1-cocycle b is not a coboundary,
unless the index set / is finite.
Proposition 2.8.1 The following conditions are equivalent:

(i) b e B'(N,m);
(ii) H; = {e;} for all but finitely many indices i € I.

Proof Assume that there exists a finite subset F of I such that H; = {e;} for

everyi ¢ F. Let
t=Ds, e
ieF
Then b(n) = w(n)é — & foralln € N, sothat b € BY(N, 7).
Conversely, assume that H; # {e;} for infinitely many i € I. For n =
(hi)ier € N, define the support of n as

supp(n) ={i € I : h; # e;}.
Then clearly
Ib()|I> = 2#supp(n).
This shows that b is unbounded on N, so that b cannot be a coboundary. M

Let H and I" be two (discrete) groups. The wreath product T" : H is the
semidirect product

I x @H ,
yel

where I" acts on the direct sum @V <r H by shifting on the left:

g(hy)yer = (hy-1))yer  for geT and (hy)yer € @PH.
yel’
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The following result was obtained independently by F. Martin and
M. Neuhauser, with different proofs.

Proposition 2.8.2 Let H be a group not reduced to one element. The following
conditions are equivalent:

(i) the wreath product T * H has Property (FH);
(ii) H has Property (FH) and T is finite.

The non-trivial part of the proof is based on the following lemma. For the
notion of Property (FH) for pairs, see Definition 2.2.11.

Lemma 2.8.3 Let H be a group which is not reduced to one element, and let
I" be an infinite group. Let N = @yer H. Then the pair (I' : H,N) does not
have Property (FH). In particular, I * H does not have Property (FH).

Proof Let m be the unitary representation of N on H = EB},GF €2(H) defined
by
s ((hy)yel") ((Ey)yel") = ()\H(hy)éy)yep

forn = (hy)yer € N and § = (§))yer € H. Let b € ZY(N,7) be the
1-cocycle described before Proposition 2.8.1:

b(n), =8, — 38, forall n=(h,)yer €N.

Denote by « the associated affine isometric action of N on H.
Let X be the unitary representation of I" on H defined by

M) (&) yer) = (54-1,)yer forall geT.

Forn = (hy)yer € N, g eI',and & = (§,)yer € H, we have

a(gng~Hr(g)E = m(gng~HA(g)E + blgng™")
= 7 ((hg-1)yer) (m1ydyer) +b((g-1,)yer)
= (Mg g, + 80, — 86))/61"

=A(g) ()LH (hy)§y + Shy - 5@)

= rgla(nm§

yel

that is, oz(gng’l) = )L(g)a(n)k(g’l). It follows that o extends to an affine
isometric action & of I" : H on H. By Proposition 2.8.1, the orbits of « are
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unbounded. Hence, & has no N-fixed point. This shows that (I" ? H,N) does
not have Property (FH). W

Proof of Proposition 2.8.2 If H has Property (FH) and T" is finite, then N =
@y <r H has Property (FH), by Proposition 2.5.4. Since N has finite index in
I' 1 H, it follows that I" : H has Property (FH).

To show the converse, assume that I" ¢ H has Property (FH). The previous
lemma shows that I is finite. Hence, the finite index subgroup N = @yer H
has Property (FH) by Proposition 2.5.7, and H has Property (FH) since it is a
quotientof N. M

Remark 2.8.4 Itis anatural question to ask if, more generally, Property (FH)
for a semidirect product I' X N of two discrete groups I and N implies that N
is finitely generated. The answer is negative. Indeed, the group SL3(Z[1/p]) X
(Z[1/p))? has Property (FH) since it is a lattice in the Kazhdan group

(SL3(R) x R?) x (SL3(Qp) x Qp),

but the normal subgroup (Z[1/p])? is not finitely generated. (This example was
drawn to our attention by Y. de Cornulier.)

2.9 Actions on the circle

Let S' be the unit circle in R?, parametrised by angle # € [0, 277). We denote by
Homeo (S!) the group of orientation preserving homeomorphisms of S'. Since
R is the universal covering space of S', every f € Homeo, (S!) can be lifted to a
strictly increasing mapping f :R — R withthe propertyf(x+2n) = f(x) +2r
for all x € R. Observe thatf is determined by f up to translations by integral
multiples of 27r. By abuse of notation, we will not distinguish between f andf.

A diffeomorphism f of S! s said to be of class 1 + « for a real number o > 0
if the first derivatives f’ and (f ')’ are Holder continuous with exponent c,
that is, if

/ IF'©) —f'(p)l
If lle = sup =——————— < o0
0+ 10 —0l¥

and if |(f7")|le < oo, where |# — ¢| denotes the arc length on S'. Let
Diff f"‘ (S") be the subgroup of Homeo_ (S') consisting of all orientation pre-
serving diffeomorphisms of S! of class 1+ a. The aim of this section is to prove
the following theorem due to A. Navas [Nava—02a]. This theorem generalises
work by D. Witte [Witte—94], E. Ghys [Ghys—99, Théoreme 1.1], and M. Burger
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and N. Monod [BurMo-99, Corollary 1.5] on higher rank lattices as well as a
result of A. Reznikov [Rezni—00, Chapter II, Theorem 1.7].

Theorem 2.9.1 Let I" be a group with Property (FH), and let o« > 1/2. If
o : I' — Diff f“ (SY) is any homomorphism, then ®(T') is a finite cyclic
group.

The proof will be given after some preliminary steps.

1-cocycles associated to actions on the circle

We consider the cartesian product S! x S' endowed with the Lebesgue measure
dOdy.LetH = L%{ (S' x S!) be the real Hilbert space of square-integrable real
valued kernels on S' (that is, square-integrable real valued functions on S' xS1).
Let m be the orthogonal representation of Diff f"‘ (S!) on H given by

(DK 0.9) = (YO @K O).f ).

for f € Diff f“ (S") and K € H. Consider the kernel F on S' (which is not
square integrable) given by

1

1 1
T @D’ ®,9) €S xS

F0.¢) =

For f € Diff}*%(S"), we define a kernel b(f) on S formally by
b(f)=n(f)F - F

or, more precisely, by

VYO (@) 1

b(f)(0,¢) = 2tan((F~1©0) — ) /2) 2tan((® — ¢)/2)"

In the proof of the following lemma, the main point is to show that the
kernels b(f) are square summable. The argument appears in Proposition 1.1 in
[Rezni—00, Chapter 2] and is essentially that of Proposition 6.8.2 in [PreSe—86]
(see also [Sega—81]).

Lemma 2.9.2 [fa > 1/2, then b(f) € H for every f € Diff \7*(S"), and b
is a I-cocycle with coefficients in 1, that is,

b e Z'(Diff L (Sh), 7).
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Proof It is clear that b satisfies the 1-cocycle relation. We only have to show
that b(f) is square-integrable, for f € Diff " (S') if & > 1/2.

The notation (0, ¢) — 6 — ¢ does not make sense as a function on S! x s,
but it does on a small enough neighbourhood of the diagonal. We will write
abusively 9 for the value of a function S! x S! — R U {oo} which is 9
near enough the diagonal, 0 far enough from the diagonal, and smooth out51de
the diagonal. Then

1
F@,9) = m + Ko(8, ),

where K is a continuous kernel on S!. Hence, we have to show that the function

VI'OFf' (@) 1
fO) —flp) 0O—-9

@,9) —

is square-integrable on an appropriate neighbourhood of the diagonal.
For (0, ¢) in this set, 6 # ¢, we find by the mean value theorem some
belonging to the shortest arc between 6 and ¢ such that

FO) —f@) =1 )0 - 9).

Then

JOF @ 1
FO —fl@) -9

f(we Fa ol VTOF@ 1 )|

L ey @ W
P00 = ¢l (Jr@r e +1w))

< m (lf @) =1 (WO (@) +f (WIf (o) —f (¢)|)

sup(f ) If lla . .
< Tt (20 — g U6 VI F e V),

since f’ is Holder continuous of exponent .
Since |0 — Y| 4+ |¢ — Y| = |¢ — 6], it follows that, for some constant C
(depending on « and f), we have

JOF@ 1| e
FO—fg) -9/~ '
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As o > 1/2, the kernel
(@.0) > lo — 01"

is square-integrable on S! x S!. This concludes the proof. W

A cohomological criterion for the existence of invariant measures

Let G be a o-compact locally compact group, acting in a measurable way on a
measure space (€2, 3, v) such that v is quasi-invariant. Assume that v is o -finite
and that 55 is generated by a countable family of subsets. The Hilbert space
L%(Q, v) of square-integrable real-valued functions on €2 is separable and an
orthogonal representation ), of G on L%{(Q, v) is defined by

(@) (@) = ey (g7 , @) f (g7 w), forall feljx(Qv),geG, weg,

where ¢, (g, w) = %(w) and ”ff—j is the Radon—-Nikodym derivative of the
image gv of v under the action of g € G (see Section A.6).

The following proposition gives a criterion for the existence of a G-invariant
measure 1 on 2 which is absolutely continuous with respect to v (that is,
uw(A) = 0forall A € B such that v(A) = 0).

Proposition 2.9.3 With the notation as above, assume that there exists a mea-
surable real-valued function F on Q, not in L%(Q, V), such that for every g € G
the function

w > ¢y(g,0)*F(gw) — F(w)

belongs to L% (2,v). Ile (G, my) = 0, there exists a positive measure [L on
(2, B) which is G-invariant and absolutely continuous with respect to v.

Proof Forg € G,letb(g) € L%{(Q, v) be defined by
b(g)(w) = cy(g, ) /*F(gw) — F(w), forall e Q.
Since we can formally write
b(g) =m,(g)F — F, forall gegG,

we see that b is a 1-cocycle on G with respect to m,. Moreover, for every
S L%(Q, v), the function

G= R g b6 = [ (0)F0) — F@) v
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is measurable. Hence, the 1-cocycle b : G — L%{(Q,v) is continuous
(Exercise 2.14.3).

Since H'(G,m,) = 0 by assumption, there exists & € Lﬁ(Q, v) such that
b(g) = m,(g)é — & forall g € G, thatis,

(g, ) ’F(gw)—F (0)=cy (g, ) ?E (gw)—E(w), forall g € G, we Q.

Hence, we have
d
di”(w) (F — €)% (gw) = (F — £)2 (w), forall geG,weQ,
v

so that the measure
dp(@) = (F — £)*(w)dv(w)

is G-invariant. Finally, p is non-zero since & € L%{(Q,v) and F ¢
[A(Q2,v). W

Geodesic currents

Recall that the Poincaré disc, which is the unit disc in R? with the Riemannian
metric

ax* + dy?
(1 =x2—yH?’
is a model for the real hyperbolic plane H2(R). The groupSU(1,1) = SL(2,R)
acts isometrically on the Poincaré disc by M&bius transformations

ds®> =2

_ o _(a B
zr—>gZ—B Y zeS,g—<E a>ESU(1,1)

where o, B € C are such that |«|> — |8]> = 1. Let A be the diagonal in S! x S!.
For the action of the two-element group Z/2Z on (S' x S!) \ A, given by

0,9) — (¢,0),
we observe that the quotient space
(' x S\ A)/(Z)27)

(that is, the set of unordered pairs in (S' x 81\ A) can be identified with the
space of unoriented lines in the Poincaré disc. This motivates the following
definition.
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Definition 2.9.4 A geodesic current is a positive regular Borel measure  on
(S' x SN\ A such that

u(la, bl x [e,d]) = p([c,d] x [a, b])

whenever a, b, ¢, d are pairwise distinct and cyclically ordered points on S!.

Example 2.9.5 Let
K:S'x8H\A - R,

be locally integrable and symmetric (that is, K (6, ¢) = K(¢, 0)). Then
du(0,9) = K(0,9)d0dy

is a geodesic current. In particular, this is the case for the measure

dody

duo0.¢) = — 204
Ho(®. ¢) 45in2((6 — 9)/2)

We claim that the geodesic current (i is invariant under SU (1, 1) for the induced
action on (S! x S!) \ A. Indeed, since

i (110g<1|ef9_ew|2))= i (llogsin%(e—w)/z))
9000 \2 °4 9009¢p \ 2

1
4sin%((0 — ¢)/2)’

we have,for0 <a <b<c <d <2m,

dod 1 1 .
/ / (ﬂ = —log <_|610 t(pl ) o= dz Z
4sin®((0 —¢)/2) 2 4

|eih _ eid”eia _ eicl

|eib _ eic”eia _ eia'l‘

The argument let — eid||eie — ¢i|/|e? — ei€||e!® — ¢!]is the cross-ratio of the
four points (ei“, el el eid) and is invariant by Mobius transformations (see
[Conwa—98, Chapter III, Proposition 3.8]). Since the rectangles [a, b] X [c,d]
generate the Borel subsets on (S' x S' \ A)/(Z/2Z), this proves the claim.

Now, letI" be a groupandlet ® : I' — Diff f"‘ (S") be ahomomorphism. Let
7 be the orthogonal representation of Diff f“ (S") defined before Lemma 2.9.2.
Then
e =m0®:y > a(d(y))
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is an orthogonal representation of I" on H, and, for « > 1/2, the mapping
bp=bo®:y > b(P(y))

is a 1-cocycle on I" with coefficients in 7.

Proposition 2.9.6 Let I' be a group, let « > 1/2, and let ® : ' —
Diff i_+a (SYHbea homomorphism such that H (I, we) = 0. Then there exists a
geodesic current (L which is invariant under ® (I') and which has the following
properties:

(x) wu(la,a] x[b,c]) =0
(k) p(la,b) x (b,c]) = +o0,
whenever a, b, ¢ are pairwise distinct and cyclically ordered points on S'.

Proof Let K be the closed subspace of H = L%{ (S! x S') consisting of the
antisymmetric kernels, that is, the kernels K on S! with the property

K@©®,9) = —K(p,0), foralmostall (8,¢) € S' xS

Observe that K is invariant under ¢ (I"). Observe also that the cocycle bg
takes its values in /C since the kernel F is antisymmetric.

By Proposition 2.9.3 and its proof, there exists K € C such that the positive
measure i on (S! x S') \ A given by

du(8,9) = (F — K)*(0,9)d0dg

is invariant under ®(I"). Since (F — K)? is a symmetric kernel, 11 is a geodesic
current.

As p is absolutely continuous with respect to the Lebesgue measure d0d ¢,
the relation (x) above is obvious.

To verify relation (xx), let a,b,c € [0,27) witha < b < c. Choose x,y €
[0,27) witha < x <band b <y < c. Then

X c 1 2 1/2
12 _ B
u(la,x] x [y,e])/* = (/a /‘ <—2tan((9 72 K(9,<p)> d@d(p>
(/ / dodg >‘/2
) 4tan2((9 - 9)/2)
X pc 1/2
- ( / f K(e,@zdedw) ,
a y
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by the Minkowski inequality in L2([a, x] x [y, c]). Hence

e dody 12
12 _
(la.x] x [y.c) 2</a/y4tan2((0—<p)/2)) IK.

and it suffices to show that

. /" /C dédy
lim 2— = 4-00.
@y—=b) Ja Jy 4tan((0 — ¢)/2)

To prove this, write, as in the proof of Lemma 2.9.2,

I I
2an(@ —g)/2) 6 0@

where Ky is continuous on S' x S!. Since

¥ e dode
[ G = toxt = 4 oxte -0 + gt - ) - o~
a Jy

the claim follows. M

The geodesic current (o appearing in Example 2.9.5 is, as we saw, invariant
under SL(2, R). On the other hand, it is a standard fact that a M&bius transfor-
mation is determined by its action on three arbitrary points in the projective line
R U {oo} ~ S!. In particular, an element of SL(2,R) fixing three points of S
acts as the identity. The next lemma, due to A. Navas [Nava—(02a], generalises
this fact.

Lemma 2.9.7 Assume that h € Homeo® (S!) fixes three points of S' and
leaves invariant a geodesic current with the properties (x) and (xx) of the
previous proposition. Then h is the identity on S'.

Proof Assume, by contradiction, that & fixes three points a, b, ¢ € S! and that
h is not the identity on S!. Let 7 be a connected component of the set

{xeS' : hx) #x}.

Then I = (r,s) for some points r,s € S'. We can assume that a, b, c, r, s are
cyclically ordered.

Note that r and s are fixed under & and h[r, s] = [r, s]. Since & has no fixed
points in [r, 5], except r and s, it follows that, for all x € [r, s],

either lim A'(x) =s or lim A"(x) =r.
n— oo n— oo
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Figure 2.2 The cyclically ordered points a, b, c, 7, s
Fix x € (r,s). Upon replacing, if necessary, h by h~1, we can assume that the
first case occurs:
lim A"(xX) =s and lim A7 "(x) =r.
n— 00 n—oo

Let © be an h-invariant geodesic current with Properties () and (). Since
h(r) = r and h(s, b] = (s, b], we have by h-invariance of w:

w([r,x) x (s,0]) = p ([r, h(x)) x (s,b]) .
Since [r,x) & [r, h(x)), we have
w ([x, h(x)) x (s,b]) = 0.

Thus
p (1" C0LH™ (0) x (5,51) = 0

by h-invariance of u and, since (r,s) = U,z [1" (x), ),
w((r,s) x (s,0]) =0

by o-additivity of w. Since r, s, b are cyclically ordered and pairwise distinct
(it is here that we use the fact that & fixes three points), we have

u(r,r] x (s,b]) =0
by Condition (x). It follows that
wm([r,s) x (s,b]) =0.

This contradicts Condition (*x), and this ends the proof. W
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Groups acting freely on S!

We intend to prove that, if a group G acts freely on S!, then G has to be abelian.
This will follow from a result of Holder about bi-orderable groups.

A group G is bi-orderable if there exists a total order relation < on G which
is bi-invariant, that is, such that x < y implies axb < ayb for all x,y,a,b € G.
This order is said to be archimedean if, for any pair of elements a,b € G with
a > e and b > e, there exists an integer n > 1 such that a” > b.

Example 2.9.8 Let Homeo, (R) denote the group of orientation preserving
homeomorphisms of the real line. Let G be a subgroup of Homeo_ (R) acting
freely on R. Then G is bi-orderable, with an archimedean order. Indeed, fix
a base point xp € R. For f,g € G, setf < g if f(xo) < g(xp). Since G
acts freely, this defines a total order < on G. It is clear that this order is left
invariant. Moreover, this order is independent of the choice of xg, again by
freeness of the action of G. It follows that < is right invariant. We claim that
< is archimedean. Indeed, let f, g € G with f > e. Since f (x9) > xg, we have
lim;,— 00 f"(x9) = 400 and hence f” > g for n large enough.

The following result is a weak version of a theorem due to Holder. For a more
general statement, see [BotRh—77, Theorem 1.3.4], or [HecHi—00, Theorem
3.1.6], or [Ghys—01, Theorem 6.10].

Proposition 2.9.9 Let (G, <) be a bi-ordered group. Assume that the order <
is archimedean. Then G is abelian.

Proof We follow a proof shown to us by A. Navas. We first claim that, for
any a € G with a > e, we have

(%) a?<beb ¢ <4d® forall b,ceG.

Indeed, since < is archimedean, there exist integers m, n such that

+1 n+1

a" <b<ad" and d'"<c<a

Since < is bi-invariant, we have

am—i—n m—+n+2 m—+n m—+n+2

<bc<a and a <cb<a

and (x) follows.

e First case: there exists a minimal element a € G with a > e. Then G is
generated by a and therefore G = Z. Indeed, for every b € G, there exists
m € Z with a” < b < "t and hence b = ™ by minimality of a.
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e Second case: there exists no minimal element x € G with x > e. Assume,
by contradiction, that G is not abelian. Then there exist b,c € G such that
beb™'e™! > e. Seta = beb~'c!. By assumption, we can find ¢ € G with
@ > a > e. Inequality (%) above shows that @ < a?. Hence, aa~!
therefore a—'aa~! < e. It follows that

< a and

(aa™ )—a(a aa )<a—bcb]71

This is a contradiction to (x) applied to @a~! in place of a. W
Corollary 2.9.10 Ifa group G acts freely on the circle S, then G is abelian.

Proof The group G can be seen as a subgroup of Homeo, (S!). Let G be the
subgroup of Homeo.(R) consisting of all orientation preserving homeomor-
phisms f of R which are obtalned by lifting some f € G. There is a canonical
surjective homomorphism G — G.1Itis clear that G acts freely on R. In view
of Example 2.9.8, it follows from Proposition 2.9.9 that G is abelian. Hence, G
is abelian. W

Proof of Theorem 2.9.1

e First step: We claim that ®(I") acts freely on S! that is, if d(y) fixes some
point of S', then ®(y) is the identity on S'.

To see this, we follow an argument due to D. Witte. Consider the triple
covering mapping

p:Sl—>S1, 7 7.
Let Aut(p) be the group of automorphisms of the covering p, that is,
Aut(p) = (h € Diff . **(S') : poh=hop forsome h e Diff *(S")).
By standard covering theory, there is a central extension
0 — Z/3Z — Aut(p) — Diff!7*(S") — 1
where the generator of Z/3Z acts by
2Lz,

¢ being a non-trivial third root of unity. This gives rise to a pull-back diagram

0 — Z/3Z — Aut(p) — Diff™*@ShH — 1
+1d ) )
0 - Z/3Z — r — r - 1
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The group T has Property (FH) since it is an extension of I" by a finite group
(Proposition 2.5.4). Let bq) € Zl(l" ) be the 1-cocycle associated to o
by Lemma 2.9.2. Since I has Property (FH), we have bg € B'(T, 7). By
Proposition 2.9.6, it follows that CD(F) preserves a geodesic current jt such that

w(la,al x [b,c]) =0 and [t([a,b) x (b,c]) = +o0

whenever a, b, ¢ are cyclically ordered on S!.

Assume that, for y € T, the dlffeomorphlsm ®(y) fixes the point zg € S!.
Then all the three inverse images of y in r preserve the fibre p_1 (z0), and act
on it by cyclically permutlng its elements. Hence, one of these inverse images,
call it ¥, is such that CI>()/) fixes all three points of p_l (zo). By Lemma 2.9.7,
the diffeomorphism CI>()/) is the identity, so that ®(y) is the identity.

e Second step: We claim that ®(I") is a finite cyclic group. Indeed, since
@ (I') acts freely on the circle, it must be abelian by Corollary 2.9.10. On
the other hand, as I' has Property (FH), its abelianisation I'/[I",T'] is finite
(Corollary 2.5.10). Hence, ®(I") is a finite abelian group.

It remains to show that ®(I") is cyclic. This is true for every finite group of
diffeomorphisms of S' as shown in the next lemma. W

Lemma 2.9.11 Let T be a finite group of orientation preserving diffeomor-
phisms of S'. Then T is conjugate in Homeo™t (S) to a subgroup of SO(2) and
is hence cyclic.

Proof If d6 is the normalised Lebesgue measure on S!. then the measure

= LS y.a6)

yel

is a probability measure on S! which is preserved by I' and equivalent to d6.
Hence, by the Radon—Nikodym theorem, there is an orientation preserving
homeomorphism f of S! which transforms v into d6. Then f o y of ~! belongs
to the stabiliser of d6 in Homeo™ (S!), for every y € I'. Now (Exercise 2.14.11)
this stabiliser is exactly SO(2). Thus, I" is isomorphic to a finite subgroup of
SO(2), and so it is cyclic. W

Example 2.9.12 Let I be the group of R.J. Thompson (see [CaFIP-96], where
this group is denoted by 7'), namely the group of piecewise linear orientation
preserving homeomorphisms f of R/Z such that:

e f’ has finitely many discontinuity points, which are all rational dyadics,
o the slopes of f are powers of 2,
e f(0) is a rational dyadic.
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It is known that I" is a simple, infinite group with finite presentation. It has
been shown by E. Ghys and V. Sergiescu [GhySe—87, Theorem A] that T is
conjugate to a subgroup of Diff ®(S!). The question was asked in [GhySe—87]
(and repeated in [HarVa—89]) whether I' has Property (T). Since I' can be
viewed as a subgroup of Diff f“ (S!), we see that the answer is negative. It has
recently been shown by D. Farley [Farle—03] that I" has the Haagerup Property
of Definition 2.7.5.

2.10 Functions conditionally of negative type

Recall that a continuous real valued kernel W on a topological space X is
conditionally of negative type if W(x,x) = 0, ¥(x,y) = W(y,x) for all x,y in

X, and
n n

Z Z C,'C/'\L’(xi,)q/) <0

i=1 j=1
for any elements x1, . . . x, in X, and any real numbers cy, . . ., ¢, with Z?:l ci =
0. Recall also that a continuous real valued function ¥ on a topological group G
is conditionally of negative type if the kernel on G defined by (g, 7) > ¥ (h~'g)
is conditionally of negative type. See Section C.2.

Example 2.10.1 Let G be atopological group, and let « be an affine isometric
action of G on a real Hilbert space H. It follows from Example C.2.2.ii that,
for any & € H, the function

v:G—R, g lla@E —E&|*

is conditionally of negative type. In particular, for any orthogonal representation
7 on H and for any b € Z'(G, ), the function g — ||b(g)||? is conditionally
of negative type. Indeed, if « is the affine isometric action of G associated to
m and b, then b(g) = a(g)é — & for& = 0.

It is a natural question to ask if, conversely, any function on G which is
conditionally of negative type is of the form g — ||b(g)||>. Our next proposition
provides the answer.

Proposition 2.10.2 Let v be a function conditionally of negative type on a
topological group G. There exists a pair (Hy , oy, ), where Hy, is a real Hilbert
space and oy is an affine isometric action of G on Hy, with the following
properties:

(i) ¥(g) = llay (8)(0)|1* for every g € G;
(ii) the linear span of {ay (g)(0) : g € G} is dense in Hy.
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The pair (Hy,, oy ) is unique in the following sense: if (H, ) is a pair with
Properties (i) and (ii), then there exists a G-equivariant affine isometry from

Hy onto 'H.

Proof By the existence part of Theorem C.2.3, there exists a real Hilbert space
‘Hy and a mapping f : G — ‘Hy with the following properties:

@ YO0 =lIf ) —fI?*forallx,y € G;
(b) the linear span of {f (x) —f (xo) : x € G}is dense in Hy forevery xg € G.

Replacing, if necessary, f by f — f (e), we can assume that f (¢) = 0. For every
g € G, the mapping
G— Hy, x> f(gx)

has the Properties (a) and (b) above. By the uniqueness assertion of
Theorem C.2.3, it follows that there is a unique affine isometry ay (g) : Hy —
Hy such that

f(gx) =ay(g)f(x) forall xeG.

We claim that ay is an affine isometric action of G on Hy. To show this,
observe first that g — oy (g) is a homomorphism from G to Isom(Hy ), again
by the uniqueness assertion. Moreover, the mapping G — Hy,, g = ay (g)é
is continuous for every § € Hy, . Indeed, as the linear span of

) : xeGl={{(x)—f(e) : xeG}

is dense in Hy,, it suffices to show this when & = f (x) for some x € G. Since

lloey ()f (x) — oty (WF Q)12 = IIf (gx) — f (h0) |12
=y h g,

for g, h € G, the claim follows from the continuity of .
The affine isometric action oy, satisfies Properties (i) and (ii) of the present
proposition since

Y(g) = If (&) —f@I* = IF (@I = llay (2)(O) ]|

for every g € G and since the linear span of

{ay (8)(0) : g€ Gl ={f(g) : g €G]}

is dense in Hy,.
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We leave the proof of the uniqueness statement as Exercise 2.14.6. W

As a consequence, we obtain the following characterisation of bounded
functions conditionally of negative type.

Corollary 2.10.3 Let v be a function conditionally of negative type on
the topological group G, and let (Hy,ay) be the pair associated to v by
Proposition 2.10.2. The following properties are equivalent:

(i) ¥ is bounded on G;
(ii) ay has a fixed point;
(iii) there exists a real valued function of positive type ¢ on G and a constant
¢ > 0 such that = ¢ — ¢.

Proof The equivalence of (i) and (ii) follows from Propositions 2.10.2 and
2.2.9. Since functions of positive type are bounded, it is obvious that (iii)
implies (i).

Assume that oy, has a fixed point x € Hy,. Let 7y denote the linear part of
ay . By (i) of Proposition 2.10.2 we have, for every g € G,

¥ (g) = lly ()0
= || (g ()0 — x) + x|
= || (g ()0 — ety (g)x) + x|
= || — 7y (@)x + x|
= 2[|x|1> — 2{my (g)x.x).

Since g +> 2(my (g)x,x) is a function of positive type, this shows that (iii)
holds. M

We give now a reformulation of Property (FH) in terms of functions
conditionally of negative type:

Theorem 2.10.4 Let G be a topological group. The following statements are
equivalent:

(i) G has Property (FH);
(ii) H'(G,m) = 0 for every orthogonal representation 7t of G;
(iii) every function conditionally of negative type on G is bounded.

Proof The equivalence of (i) and (ii) is Proposition 2.2.10; the equivalence
of (ii) and (iii) is a consequence of Proposition 2.10.2 and Example 2.10.1. W
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Example 2.10.5 LetI" be a group generated by a finite set S, and let ds denote
the word distance on I with respect to S (see Section G.5).

(1) If " is free on S, the kernel ds is conditionally of negative type, as first
shown in [Haage—78]. This can be reformulated in terms of the distance kernel
on a regular tree. See Example C.2.2.iii.

(i1) Let (W, S) be a Coxeter system. It was proved by Bozejko, Januszkiewicz,
and Spatzier that ds is a kernel conditionally of negative type [BoJaS—88]. It
follows that a Coxeter group has the Haagerup Property (see Definition 2.7.5).
In particular, an infinite Coxeter group does not have Property (FH).

2.11 A consequence of Schoenberg’s Theorem

Let G be a topological group. Recall Schoenberg’s Theorem (Corollary C.4.19):
a real valued continuous function ¥ on G with ¥ (¢) = 0 and ¥ (g~!) = ¥ (g)
for all g € G is conditionally of negative type if and only if the function
exp(—ty) is of positive type for every ¢+ > 0. We single out an important
consequence of Schoenberg’s Theorem.

Proposition 2.11.1 Let & be an orthogonal representation of G on a real
Hilbert space H. Let b € Z' (G, ). Denote by « the affine isometric action of
G associated to w and b.

Fix t > 0. Then there exists a complex Hilbert space H;, a continuous
mapping ®; from 'H to the unit sphere of 'H;, and a unitary representation m;
of G on H;, with the following properties:

(i) (D), D;(n)) = exp(—t]|& — nl|?) forall €, n € H;
(ii) 7 (g)Pi(§) = Pr((8)§) forallg € Gand§ € H;
(iii) the linear span of ®,;(H) is dense in H,.

The pair (H;, 7ty) is unique up to unique isomorphism. Moreover:

(iv) if (&2)n is a sequence in 'H tending to infinity (that is, lim, ||&,] = 00),
then (®,(&,))n tends weakly to 0 in Hy;

(v) the action o has a fixed point in 'H if and only if the representation wt; has
a non-zero fixed vector in H;.

Proof Let G be the semidirect product G x H of G with the additive group
of H, with the product

(&.6)(h,n) = (gh,w(gn+§&), gheG, &neH.
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Let IT be the orthogonal representation of G on H given by

Mg,&) =n(g), (.8 eG.

Define a 1-cocycle B on G by

B(g.§) =b(e) +§, (8.6) €G,

and let W be the corresponding function conditionally of negative type on G

W(g,&) = B(g.&I* = lb(g) +£I°, (g.6) €G.

By Schoenberg’s Theorem, the function exp(—#W) is of positive type on G. Let
(H;, 1, &) be the GNS triple associated to exp(—tW¥); see Theorem C.4.10.
Recall that IT; is a unitary representation of G in a Hilbert space H; and &; is a
cyclic unit vector in H; such that

exp(—1W)(g.§) = (I1:(8,6)61, &), (8.8) € G.

Let 7r; be the unitary representation of G obtained by restriction of I1; to G,
that is,
m(g) =11:(g,0), ge€G.

Define ®; : H — H; by

D,(§) =i(e.8)(&). & eH.

Then, for &, n € H, we have

(@1(8), D) = (T, (e, £) (&), T, (e, ) (&)
= (My(e. )~ ' T (e, &) (&), &)
= (i(e.& — m)(&). &)
= exp(—1W)(e.& — n) = exp(—t[|§ — n|?).

This proves (i).
Observe first that, for g € G, we have

(@(b(2)). 1 (9)&) = (T1(g.0) ™ ' T, (e, b()) (&) &)
= (g~ (g™ Hb()(&). &)
= (Mg~ —bg~ N E). &)
=exp(—1W)(g~ !, —b(g™)) =1,
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since W(g~!, —b(g~1)) = 0. Hence, as ®,(b(g)) and 7,(g)&, are unit vectors,

it follows from the equality case of the Cauchy—Schwarz inequality that

(%) Q;(b(g)) = mi(g)§, forall geG.

From this, we deduce that, forg € Gand &€ € 'H,

7 (g) P (&) = (g, 01, (e, €) (&)
= I1;(8, 7 (8)§) (&)
= I (e, m(g)5) (g, 0) (&)
= I (e, m(8)5)m:(8)é:
= (e, w(8)§) 1 (b(g))
= (e, w(8)§) (e, b(g)) (&)
= i (e, m ()& + b(g))é = Pr((g)é).

This proves (ii).
From (%), we compute also:

I1;(g.8)& = (e, §)m,(g)s = (e, &) P, (b(g))
= [;(e, §)I (e, b(g))& = (e, b(g) + )&
= O (b(g) + §).

Since & is a cyclic vector for I1;, it follows that the linear span of &,(H) is
dense in H; and this proves (iii). The uniqueness of the pair (H;, ;) follows
from the uniqueness of the GNS-construction (Theorem C.4.10).

Let (&,), be a sequence in H such that lim, ||§,|| = oco. Then, by (i), we
have, for every & € H,

(®(&n), @r(8)) = exp(—t[|&, — &%)

and hence lim, (®,(&,), ®,;(§)) = 0, because t+ > 0. Since the linear span of
{®,(&) : & € 'H} is dense in H; by (iii) and since (P;(&,)), is bounded, it
follows that lim,,(®;(&,), ¢) = 0 for any ¢ € H;. This proves (iv).

Assume that o has a fixed point & € H. Then &;(€) is a fixed unit vector
for ;(G), by (ii). Conversely, assume that & has no fixed point in . Then, by
Proposition 2.2.9, all orbits of « are unbounded. Let { € H; be a fixed vector
for m:(G). We want to show that ¢ = 0. Fix an arbitrary £ € H, and let (g,)n
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be a sequence in G such that
lim [l (g)§ | = oo,
By (iv), the sequence (®;(a(g,)&)),, converges weakly to 0. Hence,
(@4(6). ¢) = lim(®,(£), mi (8, )¢
= lim (e (g0) P1(). ¢)
= lim(®, (e(g,)8). ¢) =0,

as ¢ is 1;(G)-fixed. Since the linear span of the ®,(£)’s is dense in H;, it follows
that; =0. M

For later use (proofs of Theorem 2.12.4 and Theorem 2.12.9), we record the
following fact.

Proposition 2.11.2 Let o be an affine isometric action of the topological
group G. Fort > 0, let (O, H;, ;) be the triple associated to o as in Propo-
sition 2.11.1. If (t,), is a sequence of positive real numbers with lim, t, = 0,
then EBn 7, weakly contains 1.

Proof Setw =P, n;, and let &, = ®;,(0) € H;,. Then, using (i) and (ii) of
Proposition 2.11.1, we have ||§,|| = | and

172, (9)En — &nll* = [Py, (2(8)(0)) — Py, (0) )12
=2 (1 - exp(—tle()O)])) .

It follows that
lim |77, (8)8n — &all = 0O

uniformly on compact subsets of G. Viewing each &, as a vector in the Hilbert
space of 7, we see that, if Q is a compact subset of G and ¢ > 0, then &, is
(Q, e)-invariant for n large enough, so that 7 almost has invariant vectors. W

We give an application of Schoenberg’s Theorem to real and complex
hyperbolic spaces.

LetK = Ror K = C. Recall that the n-dimensional hyperbolic space H" (K)
over K can be realized as the subset of the projective space P"”(K) defined by
the condition (z,z) < 0, where

n
(z, W) = —Zpr1Wpy1 + Zz_iwi

i=1
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(see Section 2.7). The distance between [z], [w] € H"(K) is given by

[z, w)|

sz LoD = v w72

We will assume that z, w € K"t! are always choosed so that
coshd ([z], [w]) = [{z,w)].

The following result is due to J. Faraut and K. Harzallah [FarHa-74,
Proposition 7.3].

Theorem 2.11.3 Let K = R or K = C. The kernel on the hyperbolic space
H"(K) defined by
(x,y) — log(coshd(x,y))

is conditionally of negative type.

Proof Let
X ={zeK" : (z,z) <0}

By Schoenberg’s Theorem (Theorem C.3.2), we have to show that the kernel
on X

(z,w) = Kz, w)| ™'

is of positive type for all # > 0. We have

—t

n
—t —t — -1 =
[z W)™ = (znttllwar1 D™ |1 = Grrwar) ™ ) Zowy

i=1

(Observe that [z,4+1] # O for z € X.) Since the kernel (z,w) >
(Izn+1!lwns1]) " is obviously of positive type, it suffices to show that the kernel
® defined by

—t

n
_ 1 —
1= Grrwas )™ Y Ziw;

i=1

D(z,w) =

is of positive type for all + > 0. Set

n
S —1 —
Do(z, w) = (Tpr1Wnt1) E Ziw;.
i=1
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The kernel @ is of positive type, since o (z, w) = (f (z),f (w)) for the mapping

f:X—=>K", 20 @1/2ut1s- 20/ Tng1)-

(Here, (-, -) denotes the usual inner product on K".) Moreover, by the Cauchy—
Schwarz inequality, we have

Vi laPViic il

|Po(z, w)| <
|Zn+1 w1l

5

for all z,w € X. By Lemma C.1.8, it follows that the kernels
Py (z,w) > (1 — Dolx,y) /2 and @3 : (z,w) > (1 — Bolx,y)) "/

are of positive type. Therefore, ® = &, is of positive type. MW

Remark 2.114 LetG = O(n,1)orG = U (n, 1). The kernel ¥ = log cosh d
on H"(K) is G-invariant. It therefore defines a function conditionally of neg-
ative type on G, denoted by i (see Remark C.4.18). Since i is proper, it is
unbounded on every closed and non-compact subgroup L of G. It follows from
Proposition 2.10.2 that such a subgroup has the Haagerup Property (see Defi-
nition 2.7.5), and in particular it does not have Property (FH); for another proof
of this fact, see Theorem 2.7.2.

2.12 The Delorme—Guichardet Theorem

1-cohomology and weak containment

Recall that we defined in Section 2.4 the notion of “almost having invariant
vectors” for orthogonal representations of a topological group.

Remark 2.12.1 (i) Let 7 be an orthogonal representation of the topological
group G. Let ¢ be the complexification of 7 (see Remark A.7.2). The orthog-
onal representation 7 almost has invariant vectors if and only if the unitary
representation ¢ almost has invariant vectors.

Indeed, let £ € H be a (Q, &)-invariant unit vector for 7. Then £ ® 1 € Hc
is a (Q, &)-invariant unit vector for rc. Conversely, let n € Hc be a (Q, £/2)-
invariant unit vector for rc. Wehave n = £, ® 1 + &, ®i for vectors &1, & € H,
where, say, ||£1]| > 1/2. Then

(@) E/lED = E/1EDI < e/ Ql&l) <&, forall geQ

that is, &1 /||&1 ]| be a (Q, €)-invariant unit vector for 7.
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(i1) Let o be an affine isometric action of the topological group G on a
real Hilbert space. For t > 0, let (&, H;, m;); be the associated triple as in
Proposition 2.11.1. The unitary representation 7; is the complexification of an
orthogonal representation. Indeed, r; is associated by GNS-construction to the
real-valued function of positive type g +— exp(—t||a(g)(0)||2).

Recall that, for an orthogonal representation of a topological group G, the real
vector space Z! (G, ) is endowed with the topology of uniform convergence
on compact subsets of G, that is, with the locally convex topology given by the
family of seminorms

po(b) = sup [[b(),
g€Q
where Q runs over all compact subsets of G. Assume that G is o -compact, that
is, G is the union of an increasing sequence (Q,), of compact subsets. Then
the topology of G is given by the separating sequence of seminorms (pg, ),
and is therefore metrisable. Clearly, ZYG, ) is complete, so that ZNG, ) is
a Fréchet space.

The following result establishes a link between 1-cohomology and Fell’s

topology and is due to A. Guichardet (see [Guic—72a, Théoréme 1]).

Proposition 2.12.2 Let G be a locally compact group, and let & be an orthog-
onal representation of G on a real Hilbert space 'H, without non-zero invariant
vectors.

(i) If m does not almost have invariant vectors, then BY(G,n) is closed in
ZY G, n).

(ii) If G is o-compact, then the converse holds, namely: if m almost has
invariant vectors, then BL(G, 1) is not closed in ZY(G, 7). In particular,
HY(G,n) #0.

Proof Consider the mapping
®:H— BY(G,n), &> n()E—E.

It is clear that @ is linear, continuous and surjective. Since 7 has no non-zero
invariant vectors, @ is also injective.

(i) Assume that 7 does not almost have invariant vectors. Then there exist a
compact subset Q of G and ¢ > 0 such that

() po(®(§)) = sup |7 (g)§ — &Il = €&l

8€0



2.12 Delorme—Guichardet Theorem 129

for all £ € H. Let (§;); be a net of vectors in H such that (®(&;)); converges to
some b € Z'(G, 7). Then there exists a subsequence (&), such that

lim po(® (&) — b) = 0.

By (%) above, (§,), is a Cauchy sequence and, hence, converges to some vector
£ € H. Itis clear that ® (&) = b, showing that B! (G, ) is closed.

(ii) Assume that B'(G, ) is closed in Z'(G, ). Since G is o -compact,
Z'(G, ) and, hence, B' (G, ) is a Fréchet space. The open mapping theorem
(see [Rudin—73, Corollaries 2.12]) shows that ® is bicontinuous. Therefore,
there exists a compact subset Q of G and ¢ > 0 such that

po(®(§)) = sup [l (g)§ — &Il = el&]l

g€0
for all £ € H. This implies that 7 does not almost have invariant vectors. [l

Example 2.12.3 (i) Let G be a non-amenable locally compact group, and
let Ag be the left regular representation of G on L%{ (G). Then A does not
almost have invariant vectors (Theorem G.3.2). Therefore, B' (G, A¢) is closed
in Z'(G, rq).

(ii) Let G be a o -compact locally compact group. Assume that G is amenable
and non-compact. Then Ag almost has invariant vectors, but no non-zero
invariant ones. Hence, B! (G, A¢) is not closed in Z! (G, 1¢).

The Delorme-Guichardet Theorem

The following theorem shows that Property (T) and Property (FH) are
closely related. Part (i) is due to P. Delorme [Delor-77, Théoreme V.1]; see
also [Wang—74, Theorem 1] for the finite dimensional case. Part (ii) was
already shown in Corollary 2.4.7. We give here a different proof based on
Proposition 2.12.2.

Theorem 2.12.4 (Delorme—Guichardet) Let G be a topological group.

(i) If G has Property (T), then G has Property (FH).
(ii) If G is a o-compact locally compact group and if G has Property (FH),
then G has Property (T).
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Proof (i) Assume that G does not have Property (FH). Then there exists an
affine isometric action « of G without fixed points. For ¢ > 0, let (H;, ®;, ;)
be the triple associated to « as in Proposition 2.11.1. Set

o
= B
n=1

By (v) of Proposition 2.11.1, the representation 7; has no non-zero invariant
vectors, for every ¢+ > 0. Hence, 7 has no non-zero invariant vectors. On the
other hand, 7 almost has invariant vectors, by Proposition 2.11.2. It follows
that G does not have Property (T).

(i) Assume that G is a o-compact locally compact group and that G does
not have Property (T). Then there exists a unitary representation = of G an
a Hilbert space H which almost has invariant vectors, but has no non-zero
invariant vectors. Let HR be the space H viewed as real Hilbert space and g
the representation 7 considered as orthogonal representation on Hg. Then g
almost has invariant vectors (see Remark 2.4.6). Hence, H' (G, 7r) # 0, by
Proposition 2.12.2.ii. M

Remark 2.12.5 (i) The assumption that G is o-compact in Part (ii) of
the Delorme—Guichardet Theorem is necessary. Indeed, as mentioned in
Remark 2.4.3, there are examples of uncountable discrete groups which have
Property (FH). Such groups do not have Property (T), since they are not finitely
generated.

(ii) The Delorme—Guichardet Theorem extends to pairs (G, H) consisting of
a group G and a subgroup H; see Exercise 2.14.9.

Combining the previous theorem with Theorems 2.3.6 and 2.7.2, we obtain
the following consequences.

Theorem 2.12.6 Let G be topological group with Property (T). Every action
of G on a tree has either a fixed vertex or a fixed geometric edge.

Theorem 2.12.7 Let G be a topological group with Property (T). Any contin-
uous homorphism G — 0O(n, 1) or G — U (n, 1) has relatively compact image.
In particular, a closed non-compact subgroup of O(n, 1) or U (n, 1) does not
have Property (T).
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Remark 2.12.8 As SLy(R) = SU (1, 1), we obtain another proof that SL, (R)
does not have Property (T); compare with Example 1.3.7, Example 1.7.4, and
Proposition 2.6.5.

Another characterisation of Property (T)

The following characterisation of o -compact locally compact groups with Prop-
erty (T) is Theorem 1 in [BekVa—93]. It is based on the Delorme—Guichardet
Theorem and will be used in Chapter 6 (see Theorem 6.3.4).

Theorem 2.12.9 Let G be a o-compact locally compact group. The following
statements are equivalent:

(i) G has Property (T),
(ii) any unitary representation (7, H) of G which weakly contains 1g contains
a non-zero finite dimensional subrepresentation.

Given an affine action @ of G on a real Hilbert space H, we first identify the
family of unitary representations associated to the diagonal action o @ o of G
on H@ H.

Lemma 2.12.10 Let o be an affine isometric action of the topological group
G on the real Hilbert space H. Let A = o @ o be the diagonal affine
isometric action of G on H @& H. Let (7;);=0 and (I1;);=o be the fami-
lies of unitary representations of G associated respectively to o and A as
in Proposition 2.11.1. Then T1; is unitarily equivalent to w; ® m; for every
t>0.

Proof Fixt > 0. Let &, : H — H,; be as in Proposition 2.11.1. Define a
mapping
‘-Ijt:H®H_> H[®H[

by W, (§,8") = ®,(&) @ D;(¢'). Forall g € Gand &,&, 1,1’ € H, we have

(W&, &), W, (n, 1)) = exp(—t]1& — nll*) exp(—t[IE" — 1[I
=exp (~1lE.8) — ..
and

V(A8 = (m ®m)()Vi(6.8),  §& en.

Moreover, the image of W, is total in H; ® H;. By the uniqueness statement in
Proposition 2.11.1, it follows that I1; and 7; ® 7; are unitarily equivalent. W
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Proof of Theorem 2.12.9 It is obvious that (i) implies (ii).

Assume that (ii) holds. By the Delorme—Guichardet Theorem, it suffices to
show that G has Property (FH). Let « be an affine isometric action of G on a
real Hilbert space H. For each ¢ > 0, let (®;, H;, ;) be the associated triple.
Fix a sequence of positive real numbers with lim,, #, = 0, and write 7, for 7;,.

Let
T = @nn.
n

By Proposition 2.11.2, the representation = weakly contains 1g. Hence, by
Assumption (ii), 7 contains a non-zero finite dimensional subrepresentation,
that is, 7 ® 7 contains 1. Since

TRT = @nnl ® Tny»

ny,ny

it follows that there is a pair (n1, np) such that 7,, ® @,, contains 1. Observe
that, for every + > 0, the representations m; and 7, are unitarily equiv-
alent since m; is the complexification of an orthogonal representation (see
Remark 2.12.1.ii). Hence, 7, ® m,, contains 1g. It follows that m;,, con-
tains a non-zero finite dimensional subrepresentation, and in turn, this implies
that ,, ® m,, contains 1 (see Proposition A.1.12). By the previous lemma,
7T, 7y, is associated to the diagonal action e @a. Proposition 2.11.1.v applied
to o @ « shows that @ @ « has a fixed point in H & H. Hence, « has a fixed
pointin’H. W

Remark 2.12.11 Let G be a o-compact locally compact group without Prop-
erty (T). The proof above shows that there exists a unitary representation
of G with the following properties:  is the complexification of an orthogonal
representation, 7 contains weakly 15, and 7 has no non-zero finite dimensional
subrepresentation.

2.13 Concordance

There is some overlap between Chapter | on Property (T) and Chapter 2 on
Property (FH), as a consequence of our choice to write large parts of them
independently of each other. The following concordance table is designed to
help the reader find corresponding facts. Notation: G is a topological group, H
a closed subgroup of G, and ¢ a continuous homomorphism from G to some
other group.
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Item Property (T) Property (FH)
Definition for G 1.1.3 2.14
Equivalent definitions 1.2.5 2.2.10,2.10.4
Definition for (G, H) 1.4.3 2.2.11
G compact 1.1.5 2.2.9
G amenable 1.1.6 2.5.2
Compact generation 1.3.1 242
¢ : G1 — G, with dense image, 1.3.4 2.5.1

quotients

¢:G—R'orZ" 1.3.5 252
G/[G,G] 1.3.6 2.5.10
Closed subgroups 1.7.1 2.5.7
(G,N) and N 1.8.12 2.14.8
Overgroups 1.7.1 2.5.5
Short exact sequences 1.7.6 254
Property (FA) 2.12.6 2.3.6
Subgroups of O(n, 1) and SU (n, 1) 2.12.7 2.6.5,2.7.2
G = UyHy, 1.8.11 24.1
Covering groups 1.7.11 353

2.14 Exercises

Exercise 2.14.1 Let 7 be an orthogonal (or unitary) representation of a topo-
logical group G on a real (or complex) Hilbert space H. For b € Z!(G,n),
prove that

(i) b(e) =0;
(i) b(g™hH = —m(g Hb(g), forall g € G;
(iii) b(hgh™') = mw(h)b(g) forallg € Kerw and h € G.

Exercise 2.14.2 Let m be an orthogonal (or unitary) representation 7 of a
topological group G on a real (or complex) Hilbert space H. Letb : G — H
be a 1-cocycle, that is, a mapping satisfying the cocycle relation b(gh) =
b(g) + m(g)b(h) for all g,h € G. Show that b is continuous on G if and
only if b is continuous at the unit element e of G.

Exercise 2.14.3 Let G be alocally compact group and let v be an orthogonal
(or unitary) representation of G on a separable real (or complex) Hilbert space
‘H.Letb : G — 'H be a 1-cocycle. Assume that b is weakly measurable, that is,
the function G — R, g > (b(g), &) is measurable for every & € H. We claim
that b is continuous.
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To show this, we imitate the proof of Lemma A.6.2. By Exercise 2.14.2, it
suffices to show that b is continuous at the unit element e. Fix ¢ > 0, and let
A={geG : |b®l <e/2}.

(i) Show that A is measurable.

(i) Verify that A = A landthat A2 C {g € G : ||b(g)|l < &)

(iii) Since H is separable, there exists a sequence (g,), in G such that (b(g,)),
is dense in b(G). Show that G = | J,, g,A.

(iv) Show that b is continuous at ¢ and is hence continuous on G.

Exercise 2.14.4 Let F; be the free group on two generators x and y, and let
7 be an orthogonal representation of F, on a real Hilbert space H.

() Let f : Z'(Fy,m) — M @ H be the mapping defined by f(b) =
(b(x),b(y)). Prove that f is a continuous linear bijection.
(i1) Deduce from (i) that H 1 (Fa,m) # 0. [This is a result from [Guic—72a].]

Exercise 2.14.5 Let G be a locally compact group acting continuously and
transitively on a locally compact space X. Assume that the stabiliser in G of
some (and, hence, of any) point in X is compact. Show that the action of G (and,
hence, of any closed subgroup of G) on X is proper, that is, for any compact
subsets Q and Q’ of X, the set

{g€G:g0NQ # 0}

is compact. [This fact is used in the proof of Proposition 2.6.5.]
Exercise 2.14.6 Prove the uniqueness assertion of Proposition 2.10.2.

Exercise 2.14.7 Let G be a topological group and H a closed subgroup of G.
Prove that the following properties are equivalent:

(i) (G, H) has Property (FH);
.. . . . . H .
(i) for every orthogonal representation 7 of G, the restriction mapping Resy; :
HY(G,7) — H'(H, 7|y) is the zero mapping.

Exercise 2.14.8 Let G be a topological group and let N be a closed normal
subgroup of G. Assume that the quotient group G/N has Property (FH) and
that the pair (G, N) has Property (FH). Show that G has Property (FH).

Exercise 2.14.9 Let G be a topological group and let H be a closed subgroup
of G.

(i) Assume that the pair (G, H) has Property (T). Show that (G,H) has
Property (FH).
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(i1) Assume that G is a o -compact locally compact group and that (G, H) has
Property (FH). Show that (G, H) has Property (T).
[Hint: To show (i), use a suitable version of Proposition 2.11.1. To show (ii),
use the cocycle which appears in the proof of Proposition 2.4.5.]

Exercise 2.14.10 (This exercise was suggested to us by Y. Shalom.)

Let I' denote the matrix group SU (2) with the discrete topology. Show that I'
does not have Property (FH).

[Hint: Since the locally compact group SL;(C) does not have Property (FH),
there exists a continuous isometric action o of SL;(C) on a real Hilbert space
‘H without fixed point. Consider an action of I on H of the form « o 6, where
0 is the automorphism of SL;(C) induced by a wild automorphism of C.]

Exercise 2.14.11 Show that the stabiliser of the Lebesgue measure on the
circle S! in Homeo™ (S') consists exactly of the rotations. [This fact is used in
the proof of Lemma 2.9.11.]

Exercise 2.14.12 (Affine isometric actions on Banach spaces) Let B be a
real Banach space. Let G be a topological group. We say that G has Property
(Fp) if every continuous action of G on B by affine isometries has a fixed point.

(i) Let G be a locally compact o-compact group with Property (Fp). Show
that G has Property (Tp) from Exercise 1.8.20.

[Hint: Imitate the proof of 2.12.4.ii.]

(i1) Show that, in general, Property (Tp) does not imply Property (Fp).
[Hint: Let B = R. Show that every topological group has Property (Tp). Show
that Z does not have Property (Fp).]

Property (Tp) does imply Property (Fp) for some classes of Banach spaces.
This is the case, for instance, when B = L”(X, ) for a measure space (X, i)
and 1 < p <2 (see [BaFGM]).
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Reduced cohomology

Given an orthogonal representation w of a topological group G, the space
ZY(G,m) of 1-cocycles with coefficients in 7 has a natural topology (see
Section 2.12). In this chapter, we study the reduced cohomogy group

HY(G,n) =Z"(G,7)/B'(G,n),

where B! (G, ) is the closure of B'(G, ) in Z'(G, ). We first characterise
elements from B!(G,7) in terms of the associated affine isometric action
and in terms of the corresponding function conditionally of negative type.
This provides a new entry to the dictionary set up in the introduction to
Chapter 2:

Affine isometric actions 1-cocycles  Functions v conditionally
of negative type

Almost having fixed points Cocycles in  Condition (ii) in
BY(G,n) Proposition 3.1.5

The central result in this chapter is Shalom’s characterisation of Property (T)
for compactly generated, locally compact groups by the vanishing of the reduced
1-cohomology of all their unitary representations.

As a first application of Shalom’s Theorem, we give a new and short proof of
Property (T) for Sp(n, 1), n > 2, and F4(—20), based on ideas due to Gromov.
Combined with Chapter 1, this completes the classification of the semisimple
real Lie groups with Property (T). As another application, we show that every
group with Property (T) is a quotient of a finitely presented group with Prop-
erty (T). The last section is devoted to the proof that Property (T) is not invariant
under quasi-isometries.

136
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3.1 Affine isometric actions almost having fixed points

Let G be a topological group, and let 7 be an orthogonal representation of G
on a real Hilbert space H. The space Z!(G, 7r), endowed with the topology of
uniform convergence on compact subsets of G, is a Hausdorff topological real
vector space (see Section 2.12). The closure B! (G, ) of B'(G, ) in Z'(G, )
is a closed linear subspace of Z! (G, 7).

Definition 3.1.1 The reduced 1-cohomology of G with coefficients in 7 is
the quotient vector space

H'(G,7) = Z"(G,7)/B'(G, ).
We are going to characterise the elements in B! (G, ) by their associated affine

actions, as we did for the elements in B' (G, 7r) in Section 2.2.

Definition 3.1.2 Let o be an affine isometric action of G on H. We say that
a almost has fixed points if, for every compact subset Q of G and every ¢ > 0,
there exists x € H such that

sup [le(g)x — x| < e.
8€0

Proposition 3.1.3 Let w be an orthogonal representation of the topological
group G on a real Hilbert space H. Let b € Z'(G, i), with associated affine
isometric action . The following properties are equivalent:

(i) b belongs to B(G,1);
(ii) « almost has fixed points.

Proof Let Q be a compact subset of G and ¢ > 0. Observe that, for g € G
and £ € 'H, we have

(%) 16(g) — (w(8)§ — &) = llee(g)(—§) — (=&)I.
Assume that b € B! (G, 7). Then there exists £ € H such that

b(g) — ((g)§ — &)l <&, forall geQ,

and, hence, o almost has fixed points. Conversely, if o almost has fixed points,
then there exists £ € H such that

la(e)(=§) = (=&)l <&, forall geQ,

and (%) shows that b € BL(G, 7). B
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To a function conditionally of negative type ¢ on G is associated a pair
(Hy, 0ty) as in Proposition 2.10.2. Recall that ay, is an affine isometric action
of G on the real Hilbert space Hy such that ¥(g) = [y (g)(0) % for every
g € G and such that the linear span of {cy (g)(0) : g € G}isdensein Hy. We
denote by my the linear part of oy, and by by, the 1-cocycle with coefficients in
7y associated to ay, that is,

by(g) = ay(g)(0), geG.

We will call (Hy,, 7wy, by ) the triple associated to .
We need a formula for the inner product on Hy,.

Lemma 3.1.4 Let Y be a function conditionally of negative type on the topo-
logical group G, and let (Hy, 7y, by) be the associated triple. For g,h € G,
we have

1
(by (£), by () = S (¥ (g) + ¥ (k) — Y (h'g)).
Proof We have
(ot (2)(0), ay () (0))

1

= 3 (s @ OI + oy WO = 1ty (8)(0) = ey (O)I?)
1

= 3 (les @ OI + ey WO = ey h~' )OI

1
= W@+ v - Yy (h'g)

forallg,he G.

We give a characterisation, due to Y. Shalom [Shal-00a, Corollary 6.6],
of those functions conditionally of negative type ¥ for which by, belongs to

BY(G,my).
Proposition 3.1.5 Let  be a function conditionally of negative type on

the topological group G, and let (Hy,my, by ) be the associated triple. The
following properties are equivalent:

(i) by € BY(G,my);
(ii) for every compact subset Q of G and every ¢ > 0, there exist non-negative
real numbers ay, . . . ,a, with Z?:] ai=1landg,...,g € G such that

D) ai (Vf(gflggi) - W(gj"gi)) <e, forall geQ.

i=1 j=1
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Assume that G is a compactly generated, locally compact group, and let Q be
a compact generating set of G. Then (i) and (ii) are equivalent to:

(ii') for every ¢ > 0, there exist non-negative real numbers ay, . ..,a, with
Y yai=1landg,...,gn € G such that

S aw (vig ss) — wig ) < forall geo.

i=1 j=1

Proof By Proposition 3.1.3, we have to show that (ii) holds if and only if the
action ay, almost has fixed points.

Using the formula from the previous lemma, we have, for ay,...,a, € R
with % a; =1land g,g1,...,8n € G,

2

(1) Za, by (88i) — by (2))

i=1

= Z Z aia; (¥ (s g8 — (g '8))

i=1 j=I

oy (2) (Z aiby (gi) ) Z aiby (8i)

i=1

If Condition () is satisfied, then ) ;_, a;jby (g;) is a point in Hy which is
moved under ay (g) by less than ¢ for all g € Q. Hence, ay almost has fixed
points, showing that (ii) implies (i).

Assume, conversely, that vy, almost has fixed points. Let C be the convex
hull in ‘Hy of {by(g) : g € G}. The set C is invariant under oy (G). The
closure C of C is a convex, closed subset of Hy . As is well known (see, e.g.,
[Rudin—73, Theorem 12.3]), for every & € Hy, there exists a unique vector
Pc (&) € C such that

[Pc(§) — &Il = min{lln — &l : n€C}.
Moreover, P¢ is distance decreasing, that is,
1Pc(§) = Pemll < 1§ —nll, forall§,neHy.
Since C is ay (G)-invariant and «y is isometric, it is clear that P¢ is oy (G)-

equivariant. Let O be a compact subset of G and ¢ > 0. There exists § € Hy
such that

llory ()& — &1l < Ve
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for all g € Q. Then

ey (§)Pc(§) — Pe(®)]l < Ve, forall geQ.

For n € C close enough to P¢ (&), we have

oy (€)n — nll < /e, forall g e Q.

Now 7 can be written as n = Z?:l aiby (g;) forsome g1, ..., g, € G and some
ai,...,a, > 0 with Z?:l a; = 1. By Equation (1), it follows that

> aia (vs; gg) — i ') <o

i=1 j=1

for all g € Q. Hence, (i) implies (ii).

It remains to show that (ii") implies (i); compare Proposition F.1.7. Assume
that () holds for a compact generating subset Q. Let K be an arbitrary compact
subset of G and ¢ > 0. Then K is contained in (Q U Q_l)" for some n (see the
proof of Proposition F.1.7). As shown above, we find a point v € H such that

lay (@)v — vl < &/n, forall ge Q.

Since ay, (g™") is an isometry, the same inequality holds for all g € Q™. For
g € K, there exists g1,£2,...,8, € QU Q7' such that g = g1g - - - g,. Using
the triangle inequality and the fact that oy, is an isometric action, we have

lay (@)v —vll < llay (g1 ...80)0 — oy (g1 ... &n—1)Vl
+ lloy (g1 gn—1)V — oty (g1 - . . gn—2)|l
+ ot oy (81)v — 0]
= lloy (8gn)v — vl + -+ + llay (g1)v — v
I

<n—=2¢&.
n

This shows that oy, almost has fixed points. W

3.2 A theorem by Y. Shalom

This section is devoted to a characterisation, due to Y. Shalom, of Property (T)
for compactly generated locally compact groups in terms of their reduced
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1-cohomology [Shal-00a, Theorem 0.2 and Theorem 6.1]; in the particular
case of finitely presented groups, the result has been shown earlier by N. Mok,
with a proof of another nature [Mok-95]. It is appropriate to formulate the
theorem in terms of unitary representations; to apply the results of Chapter 2,
we view any such representation as an orthogonal one on the underlying real
Hilbert spaces (Remark 2.4.6).

Note that a compactly generated locally compact group is o-compact, and
so Property (T) and Property (FH) are equivalent for this class of groups, by
the Delorme—Guichardet Theorem 2.12.4.

Theorem 3.2.1 Let G be a locally compact group which is second countable
and compactly generated. The following conditions are equivalent:

(i) G has Property (T),

(ii) Iil (G, ) = 0 for every irreducible unitary representation « of G;
(iii) I-LI(G, 1) = 0 for every irreducible unitary representation w of G,
(iv) HY(G, ) = 0 for every unitary representation  of G.

Remark 3.2.2 (i) The fact that (ii) implies (i) answers positively a conjecture
of Vershik and Karpushev [VerKa—-82, page 514].

(i1) The equivalence of (iii) and (iv) in Theorem 3.2.1 follows from standard
properties of reduced cohomology. See Lemma 3.2.4, which can be found on
page 315 of [Guic—72a] and as Theorem 7.2 in [Blanc—79].

(iii) The hypothesis that G is compactly generated in the theorem is neces-
sary, as the following example shows. Let G = €D,y Z/2Z be the direct
sum of countably many copies of Z/2Z. Then G is a countable group. As G
is not finitely generated, G does not have Property (T), by Corollary 2.4.2 or
Theorem 1.3.1. On the other hand, since G is abelian, every unitary irreducible
representation of G is given by a unitary character of G (Corollary A.2.3). We
claim that H'(G, x) = 0 for every unitary character x of G.If x = 15, then

H'(G, x) = Hom(G,C) = 0,

since G is a torsion group (that is, every element of G has finite order). Assume
that x # 1g, and choose gy € G with x(go) # 1. For b € Z'(G, x), we have,
forevery g € G,

x(8)b(go) + b(g) = b(ggo) = b(gog) = x(g0)b(g) + b(go),

b(go) > ( b(go) )
b(g) = - .
®) =x() <X(go) -1 x(go) — 1

and hence
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This shows that b € BY(G, x).
(iv) The hypothesis of second countability of G in Theorem 3.2.1 has been
removed in [LoStV-04].

For the proof of Shalom’s Theorem, we need several preliminary lemmas. The
firstlemma, which is Theorem 2 in [Guic—72a], is a preparation for Lemma 3.2.4
below. It gives a characterisation of the elements from BY(G, ).

Lemma 3.2.3 Let G be a locally compact group and let (w, H) be a unitary
representation of G. Let Lf(G, ‘H) denote the space of all square-integrable
measurable mappings f : G — H with compact support. For a 1-cocycle
b € ZY(G, ), the following conditions are equivalent:

(i) b e BI(G,m);
(i) forall f € LX(G, H) with [((g™") — Df (g)dg = 0, we have

/G<b(g),f(g)>dg =0.

Proof Letd :H — B'(G,n) be the linear mapping defined by

3E) g =m(g)é—& &cH, gel.

Forf € L%(G, ‘H) and & € H, we have

(%) /G@,(?T(g*l) —Df (g))dg = /G<5(E)(g),f(g))dg~

This shows that Condition (i) implies Condition (ii).

To show that (ii) implies (i), fix a compact neighbourhood Q of e. Let C =
0% Then C is a compact subset containing Q. Let ¢ : H — L*(C,H) be
defined by

5c(§) =8(8)lc, §eH.

Equality (%) shows that (8¢)* = T, where T : L>(C,H) — 'H is the linear
mapping given by

() = /C (g™ = Df (9)dg. f € LX(C.H).

It follows that the closure of §¢ () coincides with the orthogonal complement
of Ker T in L*(C, H).

Since b is continuous, its restriction b|c belongs to the Hilbert space
L?(C,H). Condition (ii) implies that b| ¢ € (Ker T)'. Hence, b|¢ belongs to the
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closure of 8¢ (H) in L2(C, H), that is, there exists a sequence of 1-coboundaries
(by), with coefficients in 7 such that

tim [ 1b(e) ~ bu()IPdg = 0.
n C
We claim that (by,), converges to b uniformly on Q. To show this, let ¢ be a

non-negative, continuous function on G with support contained in Q and with
Jg »()dg = 1.Seta, = b — b,. Forevery g € G, we have

ay(g) = /G p(x)a,(g)dx
= / p(x)a,(gx)dx — f ex)m(g)ay(x)dx
G G
= / ¢(g~ ' W)a,(x)dx — 7 (g) / @ (x)ay (x)dx
G G
= / p(g ™ Wa,(x)dx — 7 (g) / @(x)ay (x)dx.
g0 0

Using the Cauchy—Schwarz inequality, we obtain for every g € Q,

1/2 1/2
lan(g)ll < ( f go(glx)zdx> ( / ||an<x)||2dx)
C C
1/2 12
+< / w(x)zdx) ( / ||an<x>||2dx) .
C C

Since lim,, fc llan(x)||2dx = 0, the claim follows. W

The next lemma shows that reduced 1-cohomology is better behaved
than ordinary 1-cohomology with respect to direct integral decompositions
(see Section E.5).

Lemma 3.2.4 Let G be a second countable locally compact group and let

®
T =/ m(z)du(z)
z

be a direct integral of unitary representations 7 (z) of G over a standard Borel
space Z, where w is a positive bounded measure on Z. IfHY(G,7(2)) =0 for
w-almost every z € Z, then H(G, ) = 0.

Proof Therepresentation i is defined in terms of a measurable field (H(z));cz
of Hilbert spaces over Z and of the direct integral H = fZ@ H(z)du(z). Let
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b € Z(G, ). There exists a family (b(z));ez, where b(z) is a mapping from
G to 'H(z) such that

the mapping (g, z) — b(z)(g) is measurable on G x Z,
b(z) € Z'(G,7(z)) for u-almost all 7 € Z,
b(g) = [ b(z)(g)du(z) for almost all g € G.

Choose a compact subset Q of G and a function f € L?(Q,H) such that

/G (2(g™") - D)f (g)dg = 0.

It is enough to show that

| s nds o
by the previous lemma.

As L*(Q,H) = fzea L*(Q,H(2))d iu(z), there exists a family (f (z)),ez with
f(2) € L*(Q,H(2)), such that

the mapping (g, z) — f(2)(g) is measurable on Q x Z,
f=17@du.

Since

fG rte™) = 1 @ = | : /G (@) — Df @) ()dsd u(2),
we also have
/G (r@ (") = Df @) (g)dg = 0
for y-almost every z € Z.

By assumption, b(z) € B1(G, (z)) for p-almost every z € Z, and it follows
from the previous lemma that

/G (b(@)(9).f (D) (@)dg =0

for p-almost every z € Z. Hence,

®
/G<b(g),f(g)>dg :/z fG<b(Z)(g),f(Z)(g))dng(Z) =0

and this ends the proof. W
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The following lemma is the crucial tool in the proof of Shalom’s Theorem.

Lemma 3.2.5 Let G be a compactly generated locally compact group and let
QO be a compact generating subset of G, with non-empty interior. Let T be an
orthogonal representation on a Hilbert space 'H, and define the function

§:H— Ry, & max|m(g)é—§.
g€

Assume that 7w almost has invariant vectors but no non-zero invariant vectors.
Then, for every M > 1, there exists a vector &y € H with the following
properties:

(i) §(5m) = 1;
(ii) 8(n) > 1/6 for every n € H such that ||n — &y || <M.

Moreover, the family of functions on G

om g lm(@ém —émll, M >1,

is equicontinuous.

Proof e First step: We claim that, for every L > 1, there exist 7 > 0 and ¢ €
‘H such that §(¢;) = r/L and 8(n) > r/2L for all n € H with ||n — ¢.|| < 3r.

Indeed, since v almost has invariant vectors, there exists a unit vector { € H
with 8(¢) < 1/6L. Then ¢; = (28(¢)L)~'¢ satisfies

¢l >3 and §(¢) = 1/2L.

If6(n) > 1/4L for every n € H with ||n — ¢1|| < 3/2, then we choose r = 1/2
and {, = ¢1.

If not, there exists n € ‘H with ||n — ¢1]| < 3/2 and §(n) < 1/4L. Since § is
continuous, we find ¢, € H with

82— &1l <3/2 and  §(52) = 1/4L.
If5(n) > 1/8L for every n € H with ||n — &|| < 3/4, then we choose r = 1/4
and ¢ = 0.
If not, there exists n € H with ||n — &2|| < 3/4 and §(n) < 1/8L and we find
{3 € 'H with

63 — &l <3/4 and  8(53) = 1/8L.
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Continuing this way, we claim that the process must stop after finitely many
steps. Indeed, otherwise, we find a sequence (¢;);>1 in H with

Igip1 — il <3/2° and  8(iy1) =1/2'L

for all i > 1. Then (¢;);>1 is a Cauchy sequence and, hence, converges to a
vector { € H. We have §(¢) = 0, by continuity of §. Moreovever ¢ # 0, since
[1¢1]l > 3 and

Igivr =il < D laen — &l < Y _3/2° <3,

k=1 k=1

for all i > 1. So, ¢ is a non-zero vector which is invariant under (g) for all
g € Q. Since Q generates G, it is invariant under 7 (g) for all g € G. This
contradicts our assumption.

e Second step: With ¢y, as in the first step, set
&=
L= L.
Then §(¢/) = 1 and

8 >1/2, forall neH with |n—¢g| <3L

e Third step: If the group is discrete, the equicontinuity condition is automat-
ically satisfied, and the proof is finished by setting M = 3L and £y = &/ In
the general case, we have to regularise the vector 51"’ . In order to do this, take
a continuous non-negative real function f on G with support contained in the
interior of Q, and such that [ f (g)dg = 1. Let

1
L=M+ -,
+3

and let &, € H be defined by the H-valued integral

g = /G F(e)m(g)Elds.



3.2 Shalom’s Theorem 147

Since supp f C Q, we have

&, — &/l = Hfo(g)(n(g)EZ —Edg| < 8E)) = 1,

and hence, by the triangle inequality,

8(&)) <2l& — &/l +8(&) <3.

Moreover, for every n € H with |[n — &/ || < 3L — 1, we have ||n — &/|| < 3L
and hence §(n) > 1/2.

Set
g

8(&)

Then §(&y) = 1 and, for every n € H with ||n — &y || < M, we have

En

I8 )n — &1l < 8(§))M <3M =3L—1,

and hence

S > >
T T 6

e Coda: It remains to show that the family of functions

om 2 8 = m(@)ém —émll, M >1,

is equicontinuous. Let ¢ > 0. Choose a neighbourhood U of e such that, for
every x € U, the function y — f (x~'y) has support in Q, and such that

/ [f(xfly) —f|dy <e/2, forall xeU.
G
Then, forall g € G and x € U, and with L = M + 1/3, we have

Iz (@) ()& — &Il — Il ()&, — &Il
< 7 (@) ()E — m(Q)&, |
= T ()& — &/

1 /G F ) (el dy — [G FOITOE Y

= | /G F &y = FONTO)E dyll
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iy fG FEy) —FONEOE, — EDdy
< 5] /C FGy) —FO)ldy < e/2.

Since |5, — &/ < 1 < 3L — 1, we have §(§;) > 1/2 by the second step.
Hence,

1

s @708 — &l = I (@8 — &L

lonr (8%) — oM (&) =

<e&.

<
G

Proof of Theorem 3.2.1 That (i) implies (ii) follows from the Delorme—
Guichardet Theorem 2.12.4. It is obvious that (ii) implies (iii).

Let us check that (iii) implies (iv). If the Hilbert space H of = were sepa-
rable, then w would have a decomposition as a direct integral of irreducible
unitary representations (Theorem F.5.3) and the claim would follow directly
from Lemma 3.2.4. In the general case, consider b € Z 1 (G, ). The cocycle
identity shows that the closure /C of the linear span of the set {b(g) : g € G}is
7 (G)-invariant. If 77/ denotes the restriction of 7 to K, it suffices to show that
b € BY(G,n’). Since G is second countable, the space K is separable, so that
Lemma 3.2.4 applies.

We proceed now to show that (iv) implies (i), which is the deep part of the
theorem. Assume that G does not have Property (T). We will show the existence
of a unitary representation o of G with H(G, o) # 0.

Fix a compact generating subset Q of G, with non-empty interior. We can
assume that Q is symmetric, that is, Q = Q~!. Since G does not have Prop-
erty (T), there exists a unitary representation (77, H) almost having invariant
vectors, but without non-zero invariant vectors. It follows from the previous
lemma that, for every integer n > 1, there exists a vector &, € H such that
8(6x) = 1 and

§(n) > 1/6 if |In—&ll <n.

Set

Un(g) = 7 ()& — &>, g €G.

The function ¥, is a function conditionally of negative type on G.
We claim that, if K is a compact subset of G, the sequence (), is uniformly
bounded on K. Indeed, there exists m € N such that K C Q™. Every g € K can
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therefore by written as a product g = g - - - g, with g; in Q; using the triangle
equality (compare with the proof of Proposition 3.1.5), we have

() 7 (8)&n = &nll = Nl (g1 - - - 8m)&n — &all

<Y w8 — &l
i=1
< mé(&) =m,

and this shows the claim.

By the previous lemma, the family (v,,), is equicontinuous. Hence, it follows
from the classical Arzela—Ascoli Theorem (see, e.g., [Rudin—73, Appendix A 5])
that there exists a subsequence (v, )x which converges, uniformly on compact
subsets of G, to a continuous function v on G. It is clear that i is a function
conditionally of negative type on G (Proposition C.2.4).

Let (Hy,my, by) be the triple associated to v by Proposition 2.10.2. We
claim that by, ¢ Bl(G, 7y ) and, therefore, m(G, my) # 0.

To prove this, assume, by contradiction, that by, € B1(G, 7y ). By Proposi-
tion 3.1.5, there exist aj,...,ay > 0 with vazl ai=1and gy,....g8n € G
such that, for every g € Q, we have

N N
() DN aai(yr(s; gg) — v ') < 1/67.

i=1 j=1

Choose m € N such that, forevery g € Q, all the elements g;, g j_] ggiand g j_l gi
are contained in Q™.

On the one hand, Inequality (x*) holds with v replaced by v, for n; large
enough, that is,

N N 1
D> i (877 880) — Y (877'80) < o

i=1 j=1

Set np = Zivzl a;7w(gi)&n, . A computation similar to that in the proof of
Proposition 3.1.5 shows that

N N

I (@me — mell> =D Y aia(n, (8 880 — Wy (8] 80))-

i=1 j=1
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Hence, 6(1;) < 1/6. On the other hand, since g; € Q" foralli € {1,...,N},
we have

lw(g)én, —&nll <m, forall i=1,...,N,

by Inequality () above and, hence,

N
1&n, = micll = l1Ew, — > @i (8)n, || < m.

i=1
If ny > m, the previous inequality implies
6, — micll < mx

and, hence, §(n,) > 1/6, by construction of &, . This is a contradiction.
To conclude the proof, we define the unitary representation o to be the
complexification of 7y (see Remark 2.12.1). Let

b:Gw— (Hy)c, gr> b(g) =by(g) @1

Then b € Z'(G,0) and b ¢ B (G,c). R

Recall that, for a topological group G, the unitary dual G of G is equipped
with Fell’s topology (see Section F.2). Modifying slightly the definition given
in [VerKa—82, Definition 2], we say that & € G is infinitely small if 7 is not
Hausdorff separated from the unit representation 1¢, thatis, if U NV # 0,
for all neighbourhoods U of 7 and V of 15 in G. The cortex of G, denoted by
Cor(G), is the subset of G consisting of all infinitely small irreducible unitary
representations of G.

Let G be a locally compact, compactly generated group and let & € G.
It has been shown in [VerKa—82, Theorem 2] that, if H'(G, ) # 0, then
€ Cor(G); see also [Louve—01]. We obtain from the theorem above the
following characterisation of locally compact second-countable groups with
Property (T), given by Shalom [Shal-00a].

Corollary 3.2.6 Let G be a second-countable locally compact group. The
following statements are equivalent:

(i) G has Property (T);
(ii) G satisfies the following three conditions:

(ii.1) G is compactly generated,
(ii.2) Hom(G,R) = 0;
(ii.3) Cor(G) = {15}



3.3 Property (T) for Sp(n, 1) 151

Proof If G has Property (T), then G satisfies the conditions of (ii) by Theo-
rem 1.3.1, Corollary 1.3.5, and Theorem 1.2.3 (see also Corollaries 2.4.2 and
2.5.2).

Conversely, assume that G satisfies the conditions (ii.1), (ii.2), and (ii.3).
Since G is compactly generated, to establish Property (T), it is enough to show
that H'(G, ) = 0 for every = € G, by Theorem 3.2.1. By the result of
Vershik and Karpushev mentioned above, it follows from condition (ii.3) that
H'(G,7) = 0if 7 # 15. On the other hand,

H'(G,1¢) = Hom(G, C) = 0,

by condition (ii.2). This proves that (ii) implies (i). B

3.3 Property (T) for Sp(n, I)

In this section, we present a proof of Kostant’s result ([Kosta—69], [Kosta—75])
that the real rank 1 simple Lie groups Sp(n, 1), n > 2, and F4(_20) have Prop-
erty (T). Our proof rests on ideas of M. Gromov [Gromo—03] and Y. Shalom.
It is based on the consideration of harmonic mappings and therefore has some
similarities with geometric superrigidity (see [MoSiY-93]).

Our proof of Property (T) for Sp(n, 1) and F4(_20) follows by combining two
results:

Theorem A Let G be a connected semisimple Lie group with finite centre, and
let K be a maximal compact subgroup of G. If G does not have Property (T),
there exists an affine isometric action of G on some Hilbert space 'H and a
mapping F : G/K — H which is G-equivariant, harmonic, and non-constant.

We will see that this result holds under the more general assumptions that G
is a connected Lie group, Hom(G, R) = 0, and that K is a compact subgroup
such that (G, K) is a Gelfand pair.

TheoremB ForG = Sp(n, 1) and K = Sp(n) xSp(1),n > 2, or G = F4(—20)
and K = Spin(9), any harmonic mapping G/K — H which is G-equivariant
with respect to some affine isometric action of G on a Hilbert space H has to
be constant.

Gelfand pairs

Definition 3.3.1 Let G be a locally compact group, and let K be a compact
subgroup of G. The pair (G, K) is a Gelfand pair if the convolution algebra
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C.(G//K) of continuous K-bi-invariant functions on G with compact support
is commutative.

Example 3.3.2 Let G be a real semisimple Lie group with finite centre, and
let K be a maximal compact subgroup of G. By a classical result of Gelfand,
the pair (G, K) is a Gelfand pair (see, e.g., [Helga—84, Chapter IV, Theorem
3.1].

Let (G, K) be a Gelfand pair, and let (;r, H) be an irreducible unitary represen-
tation of G. The subspace HX of 7 (K)-invariant vectors in 7 is invariant under
the operators 7 (f) for f € C.(G//K). (For the definition of 7 (f) € L(H), see
Section F.4.) If HK # 0, then

[ ()

is an irreducible *-representation of the commutative *-algebra C.(G//K) (see
[Helga—84, Chapter IV, Lemma 3.6]). By Schur’s Lemma (Theorem A.2.2), it
follows that dim¢ HX = 1.

Summarizing, we see that, for 7 € a we have either dimc HX = 0 or
dim¢ HX = 1.

Definition 3.3.3 Let (G,K) be a Gelfand pair. An irreducible uni-
tary representation (w,H) of G is called a spherical representation if
dimc HK = 1.

Lemma 3.3.4 Let G be a topological group, and let K be a compact subgroup
of G. Let (,’H) be a unitary representation of G which does not contain the
unit representation. Assume that HX is finite dimensional. Then 7 does not
almost have invariant vectors.

In particular, if (G,K) is a Gelfand pair and  is a non-trivial spherical
representation of G, then 7 does not almost have invariant vectors.

Proof Assume, by contradiction, that 7 almost has invariant vectors, that is,
there exists a net (§); of unit vectors such that

lim |l ()& — &ill = 0

uniformly on compact subsets of G. For i large enough, we have | x T(k)&:dk #0
and we set

1
= | 2@,
"= fKJr(k)s,»dkan”( %
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where dk is a Haar measure on K. Then 7; is a unit vector in HX such that
() lim [z (¢)n; — mill =0

uniformly on compact subsets of G. Since X is finite dimensional, its unit
sphere is compact. Hence, a subnet of (1;); converges to some unit vector n €
HX Tt follows from () that 5 is invariant under 7 (G). This is a contradiction,
since 7w does not contain 1. W

The following result is due to P. Delorme [Delor—77, Proposition V.3]. The
proof we give was found by Y. Shalom (unpublished).

Proposition 3.3.5 Let (G, K) be a Gelfand pair, and let (7, ’H) be a spherical
representation of G distinct from the unit representation; assume that G is
compactly generated. Then H' (G, ) = 0.

Proof Let o be an affine isometric action of G on H, with linear part 7. We
must show that « has a globally fixed point.
Let b € Z1(G, ) be defined by

a(g)é =nm(g)E+b(g), &£cH.

For every compactly supported regular Borel measure o on G, we can define
an affine transformation « (1) on ‘H by the H-valued integral

(W = fG w(@)Edu(g) = T(WE + /G b(o)du(g), & e H.

Let po be a symmetric, K-bi-invariant probability measure on G which is abso-
lutely continuous with respect to a left Haar measure on G and has compact
support. Assume, in addition, that the subgroup generated by the support of 1o
is dense in G.

e First claim: the operator o (1o) has aunique fixed point &y € H. Indeed, by the
previous lemma,  does not almost have invariant vectors. Hence, |7 (uo)|| < 1
by Proposition G.4.2. Now, for &,n € H

lla(o)é — aluo)nll = llw(no)é — w(nolnll < llz(ro)lllE — nll.

It follows that o (1¢0) is a strict contraction of the affine Hilbert space H. Hence,
a(/Lo) has a unique fixed point &.

e Second claim: the affine subspace of the «(K)-fixed points has positive
dimension. Indeed, observe first that & is fixed under @ (K) since

a(k)éo = a(k)a(uno)éo = a(mo)éo =&, k€K
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by the left K-invariance of (. (Observe that we used the fact that a(k) is an
affine mapping.) Moreover, as 7 is spherical, there exists a non-zero 7 (K)-fixed
vector &1 in H. Then & = &y + £ is «(K)-fixed and distinct from &p.

e Third claim: &y is fixed under o (1) forevery u in the space M (G //K) of K -bi-
invariant, compactly supported probability measures on G. Indeed, since (G, K)
isa Gelfand pair, C.(G//K) is commutative. As every measure in M (G//K) can
be approximated in the weak topology by absolutely continuous measures with
a density from C.(G//K), it follows that M (G//K) is commutative. Hence,
for every u € M (G//K),

a()éo = a(u)a(po)éo = a(po)a(i)éo,

so that o ()& is fixed under o (110). By uniqueness of the fixed point of o (119),
it follows that a()&y = &o.

o Fourth claim: & is fixed under «(G). Indeed, let vk be the normalised Haar
measure dk on K viewed as a measure on G. By the third claim, & is fixed by
a(vk * &g * vg), that is,

/K a(b)a(g)édk = &

for every g € G. Hence, the closed affine subset

A={teH : /Ka(k)fdk = &}

of 'H contains the o(G)-orbit of &y. By the irreducibility of r, it follows that
A =H or A = {&}. The first case cannot occur. Indeed, by the second claim,
a(K) has a fixed point £ # &y and

f ak)edk = &.
K

Hence, A={&0} and «(G)&o={&0}. This finishes the proof of the proposition.
|

Corollary 3.3.6 Let (G,K) be a Gelfand pair; assume that G is compactly
generated. Let (1w, H) be an irreducible unitary representation of G, distinct
from the unit representation, such that H'(G,m) # 0. Let b € Z'(G,n) be
a I-cocycle which is not a coboundary. Let a be the affine isometric action
of G on 'H associated to (w,b). Then there exists a unique fixed point under
a(K) in H.
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Proof As K is compact, «(K) has a fixed point &y in H. Assume that «(K)
has another fixed point £; # &j. Then &y — & is a non-zero 7 (K)-fixed point.
This implies that  is spherical. Since H 1 (G, ) # 0, this is a contradiction to
the previous proposition. W

A mean value property

Let G be a locally compact group which is second countable and compactly
generated, and let K be a compact subgroup of G; we make the following
assumptions:

(i) (G,K) is a Gelfand pair;
(ii)) Hom(G,R) = 0;
(iii) G does not have Property (T).

By Shalom’s Theorem 3.2.1, there exists an irreducible unitary representation
(7w, H) of G such that H(G, 7) # 0. It follows from our assumption (ii) that
7 is distinct from the unit representation. Let « be an affine isometric action of
G on 'H, with linear part 7 and without fixed point. By Corollary 3.3.6, there
is a unique fixed point &y under «(K). We consider the orbital mapping

F:G—H, g a(géo,

which is non-constant, and study its properties.

Proposition 3.3.7 (i) For every left K -invariant probability measure i on G,
we have

/ F(gh)ydu(h) = F(g), forallg € G.
G
(ii) Fix go € G. The mapping
gH/mew
K

is constant, with value F (go).

Proof (i) Observe that, by uniqueness of &,

/ a(k)édk = &, forall £ eH,
K
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since f x ¢ (k)édk is fixed under o (K). Hence, using the left K-invariance of 1
and the fact that «(g) is an affine mapping, we have

/ F(gh)dp(h) = / / F(gkh)dkd ()
G G JK

— a(g) ( / ( / a(k)a(h)&dk) du(’t))
G K

= a(g)éo = F(g).

forallg € G.

(ii) Fix g € G. Let u be the left K-invariant probability measure vk * g,
where vk is the normalised Haar measure on K viewed as a measure on G.
Then, by (i),

/K F(gokg)dk = fc Flgoh)dpu(h) = F(go),

as claimed. W

Since & is fixed under o (K), the mapping F introduced above factorises to
a G-equivariant mapping, also denoted by F, from G/K to H. Let go € G; set
x0 = goK. We have

/ F(gokgy 'x)dk = F(xg), forall xe G/K
K

by Proposition 3.3.7.ii. This means that the value of F at xy coincides with
the mean value of F over the orbit of any point x € G/K under the stabiliser
goKg, Uof Xxp in G; in other words, F(xg) coincides with the mean value of
F over any “sphere” around x¢. This is a well-known property of harmonic
functions on the complex plane. Functions on symmetric spaces with this mean
value property have been considered by R. Godement [Godem—52] and H.
Furstenberg [Furst—63].

We are going to show that the mean value property implies that F is
annihilated by G-invariant operators acting on appropriate spaces.

Let F be a vector space of continuous mappings ¢ : G/K — H endowed
with a locally convex topology such that F is a Fréchet space and such that
point evaluations are continuous on . Assume further that

e JF contains F;
o F contains the constant mappings;
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o F is invariant under left translations by elements of G, that is, ;& € F
whenever ® € F and g € G, where (®(x) = ®(gx) for x € G/K;
o forevery ® € F, the mapping G — F, g > @ is continuous.

Proposition 3.3.8 Let T : F — F be a continuous linear operator. Assume
that T commutes with left translations by elements of G, and that T annihilates
the constants. Then T (F) = 0.

Proof Fix go € G. Then 4 F belongs to F for every k € K and the mapping
K—F, kv gl

is continuous. The integral f x gokFdk is therefore a well defined element of F,
with the property that

(@, / gokF'dk) =/<‘p7gokF>dk
K K

for every continuous linear functional ¢ on F (see [Rudin—73, Theorem 3.27]).
Since T is linear, continuous and since it commutes with left translations, we

T(/ godek> =/ T (g F)dk =/gOkT(F)dk.
K K K

By Proposition 3.3.7.ii, the mapping

have

G—H, x— / gokF'(X)dk = / F (gokx)dk
K K

is constant, with value F(gp). On the other hand, point evaluations are

continuous, so that
</ godek> x) = / gk (X)dk
K K

for every x € G/K. This implies that |, x gokFdk is constant. Hence,
T ([ gokFdk) = 0, by assumption on 7.
We conclude that, for every x € G/K,

0=/Kg0kT(F)(x)dk=/KT(F)(g0kx)dk.
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Let x9p = K be the origin of G/K. For x = x(, we obtain

0= /KT(F)(gokXO)dk = T(F)(gox0),

since kxp = xg. As this holds for every go € G, this means that 7(F) = 0. W

We apply the previous proposition in the following situation. Let G be a
connected real Lie group. Let F be the space of the mappings ® : G/K — H
which are C*°. Equip F with the Fréchet topology defined by the requirement:
®,, tends to 0 if &, as well as its derivatives of all orders tend to O uniformly
on compact subsets of G/K.

Lemma 3.3.9 The mapping F is C*° on G/K, thatis, F € F.
Proof Recall that, by Proposition 3.3.7.1, for every left K -invariant probability

measure i on G, we have

/ F(gh)ydu(h)y = F(g), forall g e€G,
G

where we view F as function on G. Take for ¢ a probability measure given by
a smooth density on G. The integral formula above shows that F is C* on G.
This implies that F is C*° on G/K. W

The space F satisfies all the assumptions made before Proposition 3.3.8. Let
D be a differential operator on G/K. Then D acts as a continuous linear operator
on F. We obtain therefore the following corollary.

Corollary 3.3.10 Let D be a differential operator on G/K commuting with
left translations by elements of G and annihilating the constants. Then DF = 0.

We will specialise to the case where D is the Laplacian on G/K and show
that F' is harmonic in the usual sense.

Harmonicity

Let M be a Riemannian manifold of dimension n. For x € X, let T,M be the
tangent space at x and

exp, : TxM — M

the Riemannian exponential mapping at x.
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Definition 3.3.11 Let H be a Hilbert space, and let f : M — H be a
C?-mapping. The Laplacian of f is the mapping Af : M — H given by

n d2
Af () = =Y —f exp. Xilimo,

i=1
where X1, ..., X, is an orthonormal basis in 7T,,M .

Remark 3.3.12 The definition of A does not depend on the choice of the
orthonormal basis X1, ..., Xj,. In fact, if Sy denotes the unit sphere in 7,,M and
v, the normalised rotation-invariant measure on Sy, then averaging over all
orthonormal basis, we have (Exercise 3.7.1)

d2
) AF @ == [ S5 (exp ) lmodus 0
s, ar

An important property of the Laplacian is that it commutes with isometries of
M . Thus, if ¢ : M +— M is an isometry, then A(f o ¢) = (Af) o ¢ for every
C?-mapping f : M — C.

Definition 3.3.13 A C%-mapping f : M — H is harmonic if Af = 0. This is
equivalent to saying that x — (f (x), &) is a harmonic function on M for every

EeH.

Given a mapping f : M — H, we will have to consider the Laplacian of the
function ||f||> : M — R.

Proposition 3.3.14 Letf : M — H be a mapping of class C*. Then, for
everyx e M,

AIFIP) () = 2Re(Af (x),f () — 2|l df s,

where ||dfy|lus = (Tr(dfx’“dfx))l/2 is the Hilbert—Schmidt norm of the differen-
tial of f at x.

Proof ForX e T, M, we have

Cif 1 exp, ) = <%f (expy 1X). (exp, rX>> + <f (exp, ), 2 f exp, tX>>

= 2Re<%f(expx tX),f (exp, tX)>
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and
d? d?
WOCJ)(CXPX tX) =2Re <Ef(expx tX),f (exp, tX)>
d d
+2 <Ef(expx tX), Ef(expx tX)> .

Evaluating at ¢ = 0, we obtain

d? d?
d70‘,f>(expx tX)|i=0 = 2Re<ﬁf(expx tX)|,=o,f(x)> + 2)ldf (X))

Hence, if X1, ..., X, is an orthonormal basis of T\ .M , it follows that

n d2
AUFIP) ==Y~ {F ) (Expy 2X)li=o0
i=1

n d2 n
= ReY <Ef(expx tx,->|,=o,f(x>> —2 ) lldf (X))
i=1 i=1

= 2Re(Af (x),f (0) — 2]ldfills. M

We return to the mapping F : G/K — H introduced above. Let now xog = K
be the origin of G/K.

We recall the construction of a G-invariant Riemannian structure on G/K.
For g € G, let A(g) denote the diffeomorphism of G/K given by left translation

by g:
A(@)hK = ghK, heG.

As K is compact, there exists a K-invariant inner product (-, -) on the tangent
space Tx,(G/K) of G/K at xo. For every x = gxo, we define an inner product
(-,-)x on Tx(G/K) by

(dM(Q)xy(X),dM(g)xy(V))x = (X,Y), forall X,Y € Ty (G/K).

This is well-defined, since (-,-) is K-invariant. It is clear that x — (-,-), is a
G-invariant Riemannian structure on G/K.
We can now consider the Laplacian on G/K with respect to this structure.

Proposition 3.3.15 The mapping F : G/K — 'H defined above is harmonic.
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Proof See Corollary 3.3.10. W
To summarise, in this subsection we have proved the following theorem.

Theorem 3.3.16 (Shalom, unpublished) Let G be a connected Lie group,
with Hom(G,R) = 0. Let K be a compact subgroup of G such that (G,K)
is a Gelfand pair. If G does not have Property (T), there exists an affine iso-
metric action of G on some Hilbert space 'H, and a G-equivariant mapping
F : G/K — 'H which is harmonic and non-constant.

Next, we specialise further to semisimple Lie groups.

The case of a non-compact semisimple Lie group

Theorem 3.3.16 applies if G is a semisimple Lie group with finite centre, and K
is a maximal compact subgroup of G. In this way, we obtain Theorem A stated
at the beginning of this section. Actually, in this case, a stronger result is true,
namely: the G-equivariant harmonic mapping F : G/K +— 'H can be taken to
be locally isometric, that is, for every x € G/K,

ldFx(Y)l = |IY]l, forall Y eT.(G/K).

To see this, we first recall some classical facts on semisimple Lie groups.

Let G be a semisimple Lie group with finite centre, and let K be a maximal
compact subgroup of G. There exists a Cartan involution 6, thatis, an involutive
automorphism of G such that X is the set of 8-fixed elements in G. Let g be the
Lie algebra of G, and let ¢ be the subalgebra corresponding to K. Let

p=1{(Xeg: do.(X)=—X).

The decomposition g = €@ p is the Cartan decomposition of g. Fix a maximal
abelian subspace a of p, and let A = exp a. We have the Cartan decompositions

G =KAK and G =Kexpp

of G (see [Helga—62, Chapter V, §6, Chapter III, §7 ]). Every element X € p
defines a tangent vector Dx € Ty,(G/K) for xo = K, given by

d
Dx [ (x0) = —-f (expXxo)li=0, | € C*(G/K).

The mapping X — Dy is a linear bijection between p and T,,(G/K). This
allows us to identify T,,(G/K) with p.
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Observe that, for k& € K, the linear automorphism dA(k)y, of Ty, (G/K)
corresponds to the linear mapping Ad(k) : p — p, since

d d
i kexpiXxo)lizo = —f (k exp(X )k~ x0)|r=o

d
= Ef (exp (tAd(k)X) x0)|s=0

forall f € C®(G/K).

Proposition 3.3.17 Let G/K be a Riemannian symmetric space of the non-
compact type. Assume that the action of K on the tangent space T,(G/K) at
xo = K € G/K is irreducible. Let o be an affine isometric action of G on a
Hilbert space H, and let F : G/K — H be a G-equivariant C'-mapping. If F
is not constant, then there exists . > 0 such that LF is a local isometry.

Proof Let  be the linear part of o. We identify the tangent space Ty, (G/K)
with p as above and we identify the tangent space at a vector & € H with H.
Using the G-equivariance of F', we have, for every k € K and X € p,

d
dFy, (Ad(k)X) = EF (exp (tAd(k)X) x0)|r=0
d F (k exp tXxo)|
= — X X —
d P 1XX0) =0
d
= (a (k)0 + 7 (k) F (exp 1Xx0)) |1=0
(k) d F (exp tXxo)|
= 1 (k)—F (exp tXxp) ;=
di P £XX0)[1=0
= 7w (k)dFy,(X).
Hence, the symmetric bilinear form Q on 7,,(G/K) = p defined by
QX.,Y) = (dFy(X),dFx,(Y))

is Ad(K)-invariant. Let A be the non-negative symmetric linear operator defined
on the Euclidean space Ty,(G/K) by

Q(X.Y) = (AX.Y), forall X.,Y € T, (G/K).

Then A commutes with Ad(k), for every k € K. Hence, the eigenspaces of A are
K-invariant. Since, by assumption, K acts irreductibly on Ty, (G/K), it follows
that A has a unique eigenvalue, that is, A = cI for some ¢ > 0. Therefore,

[dF, XOI*> = cIX||?, forall X € Ty (G/K).
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By G-equivariance of F, we have, for g € G and x = gx,
F=a(@)oFoA(g™"

and
dFy = 1(g)dFy,di(g™ ")y

Since 7 (g) is an isometry, it follows that

dFx(dA(8)x X))l = ldFx, (X))l
= c|I Xl = clldA(g)xy (Xl

for all X € p. As F is non-constant, this shows that ¢ # 0 and that \/lEF is a

local isometry. H
Remark 3.3.18 The assumption that the action of K on Ty, (G/K) is irre-

ducible is fulfilled when G is a simple Lie group (for more details, see
[Helga—62, Chapter VIII]).

Growth of harmonic mappings on rank 1 spaces

The presentation here follows ideas due to M. Gromov (see [Gromo—03, Section
3.7 D’]). We thank T. Delzant for his patient explanations.

Let X be an irreducible Riemannian symmetric space of the non-compact
type and of rank one. As discussed in Section 2.7, X is isometric to H" (K) for
a real division algebra K and for an integer n. When K is one of R, C, H, we
assume that n > 1; the Euclidean line Hl(R) is of course not a Riemannian
symmetric space of the non-compact type, but we include it in the table below
because we want to consider the standard inclusion mapping H' (R) — H?(R).
When K = Cay, which is non-associative, the integer has to satisfy n < 2; here
again, we do consider the space H' (Cay) and its standard inclusion in H? (Cay).
There are isomorphisms for low values of n, since H!(C),H! (H), H! (Cay) are
isometric to H*(R), H*(R), H3(R) respectively. The space X can be identified
with the homogeneous G /K, where G and K are described by the following list
(see [Helga—62, Chapter IX, Section 4]):

X G K

H"(R)  SOy(n,1) SO(n)
H'(C) SU(m1) SWUm) xU())
H'"H)  Sp(n,1)  Sp(n) x Sp(1)
Cay H!(Cay) 50¢(B8,1) SO@8)
Cay H2(Cay) Fy_pp  Spin(9)

ZaR| R
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It is crucial for our purpose to normalise metrics in such a way that, for m < n,
the embedding H"(K) — H"(K) is an isometry. This can be achieved as
follows.

Assume that K # Cay, and view G as a subgroup of GL,+1(K), as in the
previous table. The Cartan involution we choose on G is

0@g)=JgJ, geg,

where
1 0 0 O
0 1 0 O
J = e .
o0 --- 1 0
o0 --- 0 -1

The Cartan decomposition of the Lie algebra g is
g=top,

with

0
P={Az=<zt é) :z=(Z1,..-,zn)€K"}-

The adjoint action of K on p is simply given by
Ad(k)A, = Ay, keK,zeK"

We endow p with the Ad(K)-invariant inner product

n
(A, Ay) = ReZz_,-zlf, 7,7 e K.

i=1

Observe that K acts transitively on the unit sphere of p. We identify p with
Ty,(G/K) and define a G-invariant Riemannian structure on H*(K) = G/K,
as explained before Proposition 3.3.5 and Proposition 3.3.17.

A function f on G/K is said to be radial if it depends only on the geodesic
distance to xp, that is, if there exists a function ¢ on Ry such that, for every
x € G/K,

f@) =), r=dxx).

Remark 3.3.19 LetX = G/K beanirreducible Riemannian symmetric space
of rank 1, and let F : X — 'H be a G-equivariant mapping, with respect to an
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affine isometric action « of G on the Hilbert space H. If F'(xg) = 0, then ||F Ik
is a radial function. Indeed, if d (x, x9) = d (v, xp), then there exists k € K such
that y = kx, since K is transitive on the spheres centred at xo. As F(xp) = 0,
we see that (k) is a linear isometry and

IFOI? = lla(k)F0)[I* = I|IF (x|

The Laplacian of a radial function takes a very simple form on H*(K) :

d*e dg
(%) Af (1) = = —m()—".
where
m(r) = my coth r + 2my coth 2r
and

m=dn—1),m=d—-1,d =dimg K

(see [Farau—83, p.338] or [Helga—84, Chapter II, Section 3]).

We are going to apply this formula to A(||F||?), where F is a mapping as
in the previous remark. For this purpose, the following positivity result will be
of crucial importance. We thank G. Skandalis for suggesting a simplification in
our original proof.

Lemma 3.3.20 LetX = G/K be an irreducible Riemannian symmetric space
of rank 1, and let o be an affine isometric action of G on a Hilbert space 'H.
Let F : X — 'H be a G-equivariant mapping of class C* with F (xo) = 0. Then

Re(AF (x), F(x)) = 0,

foreveryx € X.

Proof Let 7 be the linear part of o« and let b € Z! (G, ) be the corresponding
1-cocycle:

a(g)§ =n(g)§ +b(g), g€G, §€H.
Since F (xp) = 0, we have, by G-equivariance of F,
F(gxo) = a(g)(0) = b(g).

Set P = exp(p), and let G = PK be the Cartan decomposition of G. Forx € X,
there exists a unique g € P such that g~!'xy = x. Fix Y in the unit sphere of
p=TyX.
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For k € K, we have
i —1 _ i -1 -1
th(g exp(tAd(k)Y)xg) = th(g kexp(tY)k™ " xg)

d
= — F (g™ kexp(tY)xo)

d
= —b(g kexptY
7 (g  kexptY)

_ d -1 -1
_E(b(g k) + (g k)b(exptY))
d
= n(g_lk)zb(exp 1Y).
Set
vy=2p Y
BY) = 7 (exp tY)l;=o0,

which is a vector in . (Observe that b is a C2-mapping on G since F is C? on
G/K.) Then

b(exp(t + s5)Y) — b(exptY)
s
b(expsY)
s

d
Eb(exp tY) = 5121(1)

=m(exptY) lin%) =m(exptY)B(Y).
S—>

Set 1 (Y) = %n(exp tY)|;=0, an unbounded operator acting on the smooth
vectors in H. Then
d? 1 1
EF(g_ exp ((Ad(k)Y) x0)li=0 = (g~ k)T (¥)B(Y).
On the other hand, by formula (x) in Remark 3.3.12,

2

AF(x) = —dimX/ F (g™ " exp tZx0)|i—0d v(Z)

b, di?

where p; is the unit sphere in p and v is the normalised rotation-invariant
measure on pp. Since K acts transitively on p1, it follows that

d2
AF(x) = —dimX f ﬁF(g_lexp (tAd(K)Y) x0)|s=0dk
K

=—dime (g~ ) (V) B(Y)dk.
K
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Hence,
(AF (x),F(x)) = —dim X / (g (B Y),b(g™h))dk
K
= —dimX /K ()T (NP, 7 (g)b(g™"))dk

=dimX/(n(k)n(Y)ﬂ(Y),b(g))dk.
K

To proceed, we decompose 7 as a direct integral

®
b4 =/ md ()
A

of irreducible unitary representations m, for a measure space (A, u); see
Theorem F.5.3. The cocycle b decomposes accordingly

&)
b =f b d (),

A

where b, € Z1(G, ;) is C? for p-almost all 1 € A. Set

d
B(Y) = be(eXp 1Y) |=0-

Then, using Fubini’s Theorem,

(AF(0.F() = dimX fA < /K m(k)m(Y)ﬂx(Y)dk,bx(g)>du(k).

We now show that the integrand on the right-hand side has -almost everywhere
non-negative real part.
Observe that the operator

P)L = / ﬂ)‘(k)dk
K

is the orthogonal projection from the Hilbert space H,, of m; onto the subspace
of ) (K)-invariant vectors. Two cases may occur:

e First case: 1) is not spherical. Then P, = 0 and the integrand vanishes.
e Second case: ) _is spherical. Then, by Proposition 3.3.5, the cocycle b;, is
a coboundary, so we find &, € H, such that

by(h) = m (W&, — &, hed.
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Note that, since b(k) = 0 for every k € K, we have b, |x = 0 for pu-almost
every A € A.This means that &) is a ) (K)-invariant vector, for p-almost every
A € A. Since, moreover, 8, (Y) = m, (Y)E&,, it follows that

</1< 7 (k)7 (Y) B3 (Y )dk bx(g)> = (Pam(Y)B(Y), b(8))

= (M ()&, Pa(mi(9)E, — &)
= (M (V) 263, Pama()E) —(ma (V) 261, £).

Since the space of m; (K)-invariant vectors has dimension 1, we find ¢; € C,
with |c;| < 1, such that

Py (g)&. =66

Therefore,

</ 7.(k) 70 (Y) B (Y ) dk bx(g)> = (e — D(m. (V)26 6).
K
Since m, (Y) is anti-self-adjoint, we have

(T, (Y)?63,6.) <0,

AsRe(c) — 1) <0, it follows that

Re << /K 725,007, (¥) B (¥ )dk bx(g)>) >0,

and this concludes the proof. W

Here is a crucial observation of M. Gromov. It says that, among G-equivariant
mappings, the harmonic ones achieve the fastest growth rate.

Proposition 3.3.21 Let X = G/K be an irreducible Riemannian symmetric
space of rank 1, and let a be an affine isometric action of G on a Hilbert space
H.Let F : X — H be a G-equivariant, locally isometric mapping of class C*
with F (xo) = 0. Define a function ¢ on Ry by

() = IFWI* r=d(xx), x € X.

Then
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with equality if F is harmonic.

Proof By Proposition 3.3.14 and formula () above, we have
A(IFI?) () = 2Re({AF (x), F (1)) — 2||dFxlfss
= —¢"(r) —m(1)¢'(r),
so that

¢"(r) + m(r)¢' (r) = =2Re(AF, F)(r) + 2||dF, | fs.

169

Set ¢ = ¢'. Since F is locally isometric, we have ||dFX||12_IS = dimX and,

therefore,

U'(r) + m(r) Y (r) = —2Re(AF,F)(r) + 2dim X .

This is a first order ordinary differential equation for yr, which we solve by

the method of variations of constants. The general solution of the associated

homogeneous equation is a constant multiple of the function
Yo(r) = (sinh r) ™™ (sinh 2r) "2,

so that a particular solution of the inhomogeneous equation is

U(r) = wo(r)/ (2dim X — 2Re(AF, F))(s)l// e )

By the previous lemma, Re(AF, F) > 0. Hence, we have the estimate

-
1
v(r) < (2dimX)1//o(r)/ ———ds,
0 VYols)
with equality if F' is harmonic. Setting

f(r) = ; = (sinh )™ (sinh 2r)"2,
o(r)

we have

. 1 f 1
lim — / f(s)ds = hm .
r—+o0 f(r) Jo — o0 f/ (V) my + 2myp

Therefore,

2dim X
Y(#) < ————— +o(l) as r— +oo
m nyp
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(again, with equality if F is harmonic). The result for ¢ follows by
integrating. W

At this point, we pause to compute the constant 2 dim X /(m + 2my) for the
various families of hyperbolic spaces.

X 2dim X /(mq + 2mp)
2
H"(R) " oy
n—1 n—1
4n
H"(C L
©  Thia2
2
0" (H) n .,
4n—1+6 2n+1
16 8
H!(C — ==
€ 7=73
H(Cay) o =10
VI T

This table shows the main differences between the families H*(R), H*(C),
and H"(K) with K = H or Cay. More precisely, on H*(R) the growth rate
of harmonic G-equivariant mappings decreases with dimension, on H"(C) it
is independent of dimension, while on H"(K), for K = H or Cay, it increases
with dimension.

We are now in a position to prove that Sp(n, 1) for n > 2 and F4(_»0) have
Property (T).

Proof of Theorem B Let X = G/K be either H*(H) for n > 2 or H?(Cay).
Assume, by contradiction, that there exists an affine isometric action « of G on
a Hilbert H and a non-constant G-equivariant harmonic mapping

F:X—H

of class C2. Upon replacing F by AF for some A > 0, we can assume by
Proposition 3.3.17 that F' is a local isometry. (To preserve the G-equivariance,
we have to replace o by the affine action which has the same linear part and is
given by the 1-cocycle Ab, where b is the 1-cocycle associated to «.)

Similarly, replacing F' by F — F (xp), we can assume that F'(xg) = 0. (Here
we have to replace o by the affine action which has the same linear part and is
given by the 1-cocycle g — b(g) + w(g)F (xo) — F(xp).)
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Suppose that X = H"(H), n > 2. Restrict F' to a quaternionic hyperbolic
line Y = H'(H). Of course, F|y has no reason to remain harmonic, but it is
still equivariant with respect to the isometry group Sp(1, 1) of Y. Since we have
normalised metrics in such a way that the inclusion ¥ — X is an isometric
totally geodesic embedding, F'|y must have the same growth rate as F. Hence,
by Proposition 3.3.21, we have for x € Y and r = d (x, xp),

IFIy 12 (r) = F+o(r), as r— 400

4n
2n+1
On the other hand, by the same proposition,

4
||F|Y||2(”)S§r+0(r), as 1 —> 400,

Since 4/3 < 4n/(2n + 1), this is the desired contradiction.
The proof for X = H?(Cay) and G = F4(—20) is completely similar. W

Remark 3.3.22 (i) Theorem B is valid more generally for I'-equivariant
mappings, where I is a lattice in Sp(n, 1) or F4(—20); see [JosLi—96].

(i1) It is proved in [Delor-77] that, for G = SU(n, 1), n > 1, there are
exactly two inequivalent irreducible unitary representations  of G such that
H'(G,n) # 0; these representations, called the cohomological representations
of G, are contragredient of each other. For G = SO (n, 1), n > 3, there exists,
up to unitary equivalence, a unique irreducible unitary representation w of G
such that H(G, 7) # 0.

3.4 The question of finite presentability

Kazhdan asked in his original paper [Kazhd—67, Hypothesis 1] whether a dis-
crete group with Property (T) is necessarily finitely presented. The answer is
negative, as it follows from each of the following examples. The first one appears
in [Margu-91, Chapter IIL, (5.11)] and the second one has been pointed out to
us by Y. de Cornulier. We show then a result of Shalom, according to which any
discrete group with Property (T) is the quotient of a finitely presented group
with Property (T).

Example 3.4.1 Let p be a prime. Denote by F,((X)) the field of Laurent
series over the field with p elements; recall from Chapter D.4 that it is a local
field. The subring Fp[Xfl] of F,((X)) of series of the form ZZ:O arX ~*is
naturally isomorphic to the ring of polynomials F,[X ]. Denote by G the locally



172 Reduced cohomology

compact group SL3(F,((X))) and by I" the subgroup SL3(F,[X —17), which is
a lattice. Then G has Property (T) by Theorem 1.4.15 and I'" has Property (T)
by Theorem 1.7.1. Therefore, the group SL3(F,[X]), which is isomorphic to
I, has Property (T); on the other hand, it was shown in [Behr—79] that the
group SL3(F,[X]) is not finitely presented. (Observe that, by [RehSo-76, Page
164], the group SL, (F,[X]) is finitely presented for n > 4. On the other hand,
SLy(F,[X]) is not finitely generated; see [Serr—70b, 11, §1.6, Exercice 2].)

Other examples of non-finitely presented groups with Property (T) are pro-
vided by infinite torsion quotients of uniform lattices in Sp(n, 1),n > 2; see
Corollary 5.5.E in [Gromo—87].

The following example is due to Yves de Cornulier.

Theorem 3.4.2 Let p be a prime. The countable group '), = Sp4(Z[1/p]) x
(Z[1/p)* has Property (T) and is not finitely presented.

To prove this result, we need some notation. Let R be a commutative ring
with unit. Consider a non-degenerate alternate bilinear form on R*, for example
the form w which is defined by

w(x,y) = X1y3 + X2Y4 — X3y1 — X4)2

and which corresponds to the matrix

0O 0 10
0 0 01
I = -1 0 0 0
0 -1 0 O

The symplectic group of (R*, w) is
Spa(R) = {g € GL4(R) : 'glg =1}
(compare Section 1.5). Denote by
G(R) = Sps(R) x R*

the semidirect product corresponding to the standard action of Sp4(R) on R*;
in particular, we have I', = G(Z[1/p]).

Let H5(R) denote the five-dimensional Heisenberg group over R, which is
the set R* x R equipped with the product

DO = @+ nri+u+oky), xyeR, rueRr.



3.4 Finite presentability 173

Assume that the mapping R — R, x — 2x is injective. Then the centre Z of
Hs(R)is {(0,1) : » € R} = Rand H5(R)/Z = R*. We have therefore a central
extension

0—> R— Hs(R) > R* > 1.
The symplectic group acts by automorphisms on Hs(R) :
g(x, ) = (gx,), forall g e Sps(R), x€R* A eR.
We denote the corresponding semidirect product by
G(R) = Spa(R) x Hs(R).

Since the action of Sp4(R) on the centre of Hs(R) is trivial, we have another
central extension

0— R— G(R) — G(R) — 1.

Set Ty = G(Z[1/p)).

Lemma 3.4.3 The group ’I:p has Property (T); in particular, Fp is finitely
generated.

Proof The group a(K) has Property (T), for any local field K (Exer-
cise 1.8.10). Hence, the claim will be proved if we show that I', is isomorphic
to a lattice in

G =G(Q,) x G(R).

The diagonal embedding Z[1/p] — Q, x R has a discrete and cocompact
image; in particular, it induces an embedding of I', into G with discrete image.
Observe that G is isomorphic to the semidirect product

(Sp4(Qp) x Spa(R)) x (Hs(Qp) x Hs(R)).

Hence, it suffices to show that Sp4(Z[1/p]) and Hs(Z[1/p]) are lattices in
Sp4(Qp) x Spa(R) and in H5(Q)) x Hs(R), respectively (see Exercise B.3.5).

The group Sp4, viewed as an algebraic group defined over Q, is perfect and
has therefore no non-trivial rational character. By the Borel-Harish—-Chandra
Theorem (Theorem 12.3 in [BorHa—62], see also Theorem 3.2.7 in Chapter |
of [Margu-91]), it follows that Sp4(Z[1/p]) is a lattice in Sp4(Q,) x Sp4(R).
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The proof that H5(Z[1/p]) is alattice in Hs5(Q,) x Hs(R) is more elementary:
if X C Q, x R is a compact fondamental domain for Z[1/p], then X %X cC
Hs5(Qp) x Hs(R) is a compact fundamental domain for Hs(Z[1/p]). W

We will need the following elementary fact, observed by P. Hall [Hall-54,
page 421].

Lemma 3.4.4 Let G be a finitely generated group, and let N be a normal sub-
group of G. Assume that G /N is finitely presented. Then N is finitely generated
as a normal subgroup of G.

Proof Since G is finitely generated, there exists a surjective homomorphism
B : F, — G, where F,, denotes the free group on a finite set {a,...,a,}. Set
R = B~ (N) and denote by p : G — G/N the canonical projection. The kernel
of the surjective homomorphism p o 8 : F,, — G/N is R; in other words,

(ar,...,a, | r € R)

is a presentation of G/N. Since G/N is finitely presented, R is generated as
a normal subgroup of F,, by finitely many elements r1, ..., 7,. (Recall that, if
a group has a finite presentation with respect to some finite set of generators,
it has a finite presentation with respect to any other finite set of generators.)
It follows that N is generated as a normal subgroup of G by the finite set

{B(r1),....B(rm)} N
Proof of Theorem 3.4.2 By Lemma 3.4.3, the group Fp is finitely generated.
Consider the central extension

0—Z[1/p] > T, > T, - L.

The group I', has Property (T), since it is a quotient of Fp. Observe that the
kernel Z[1/p] is not finitely generated and, since it is central, it is not finitely
generated as a normal subgroup of Fp. Hence, by the previous lemma, I', is not
finitely presented. W

We now turn to a consequence, due to Shalom [Shal-00a, Theorem 6.7], of
the method of proof of Theorem 3.2.1.

Theorem 3.4.5 Let T be a discrete group with Property (T). Then there exists
a finitely presented group T with Property (T) and a normal subgroup N of T’
such that T is isomorphic to T'/N.

Proof Since I has Property (T), it is finitely generated. Let

B:F,—T,
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be a surjective homomorphism, where F), is the free group on n generators
ai,...,a,.SetN = Kerg, andletwp, wy, ... be an enumeration of the elements
of N. For each k € N, let Ny be the normal subgroup of F,, generated by
wi, ..., Wy, and set

Ty = Fu/Ny.

The group I'y is finitely presented, and g factorises to a surjective homo-
morphism 'y — T'. It is enough to show that I'y has Property (T) for some
k e N.

Assume, by contradiction, that, for every k € N, the group I'; does not have
Property (T). Then there exists an orthogonal representation (g, Hy) of 'y
which almost has invariant vectors and no non-zero invariant vectors. We view
7y, as representation of F,,. Define

8 Hrk — Ry, & > max |lmg(a)é§ — &l
1<i<n

By Lemma 3.2.5, there exists & € Hj with §; (&) = 1 and such that §; () >
1/6 for every n € Hy with || — & < k.
For every k € N, the function

Vi g > lm(@)é — &P

is conditionally of negative type on F,. As in the proof of Theorem 3.2.1, the
sequence (V) is uniformly bounded on finite subsets of F,. Hence, upon
passing to a subsequence, we can assume that (1), converges pointwise to a
function v conditionally of negative type on F),.

Let (Hy,my,by) be the triple associated to . As in the proof of The-
orem 3.2.1, it can be checked that by, does not belong to Bl(Fn,m/,) and,
in particular, not to B 1 (Fp,my).

Since ¥ = 0 on N, the function ¥ vanishes on N. Hence, both the represen-
tation Ty, and the cocycle by, factorise through F,, /N . Since F;, /N isisomorphic
to I', we obtain in this way an orthogonal representation of I" with non-zero
first cohomology, contradicting our assumption that I" has Property (T). W

3.5 Other consequences of Shalom’s Theorem

In this section, using Theorem 3.2.1, we give another treatment of the behaviour
of Property (T) under covering of groups (compare Section 1.7). We then give
the classification of semisimple real Lie groups with Property (T).
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Lemma 3.5.1 Let G be topological group, with centre Z(G). Let (, H) be
an irreducible unitary representation of G. If w is non-trivial on Z(G), then
HY(G,7) =0.

Proof Let b € Z'(G, 7). We have to show that b is a coboundary. By our
assumption on 7, there exists zo € Z(G) such that w(z9) # I. By Schur’s
Lemma (Theorem A.2.2), w(z9) = Aol for some complex number Ay # 1.
We have

m(g)b(z0) + b(g) = b(gzo) = b(z08) = 7(20)D(g) + b(z0) = rob(g) + b(z20),

b b
b(g) = (g) ( XO(Z_O)l) - ( XO(Z_O)l) ,

The proof of the following result was shown to us by Y. Shalom.

and hence

forallge G. B

Theorem 3.5.2 Let G be a topological group. Assume that G/[G,G] is
compact, and let C be a closed subgroup contained in the centre of G.

IfHY(G/C,0) = 0 for every irreducible unitary representation o of G/C,
then H' (G, ) = 0 for every irreducible unitary representation 7w of G.

Proof Let (v, H) be an irreducible unitary representation of G. We consider
the restriction 77 |¢ of 7 to C. Two cases occur.

e 77|c is non-trivial. Then H(G,7) = 0 by the previous lemma.

e 1| is trivial, that is, m factorises through G/C. Let b € Zl(G,r[). We
claim that b|¢c = 0. Indeed, assume, by contradiction that there exists zo € C
such that b(zg) # 0. Then, expanding b(gzo) = b(zpg) in two ways as in the
proof of the previous lemma, we obtain

7(8)b(z0) + b(g) = 7 (20)b(g) + b(z0)

and, hence,

7(8)b(z0) = b(z0)

forall g € G, since m(z9) = I7¢. Thus, 7 has a non-zero invariant vector. Since
7 is irreducible, it follows that 7 is the unit representation and b : G — C
is a continuous homomorphism. Hence, b factorises through G/[G, G]. As the
latter group is compact, it follows that b = 0. This contradicts the fact that
b(z0) # 0.
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Therefore, b|c = 0. This means that, not only 7, but also b factorises through
G/C.Hence, be Z1(G/C,m)=B"(G/C, ) and therefore b € BH(G, 7). W

From Theorem 3.2.1, we obtain immediately the following corollary, which
we proved earlier by another method (Theorem 1.7.11).

Corollary 3.5.3 Let G be a second countable locally compact group. Assume
that G is compactly generated, and that G /[G, G] is compact. Let C be a closed
subgroup contained in the centre of G. If G/C has Property (T), then G has
Property (T).

As a first consequence, we classify the semisimple real Lie groups with
Property (T).

Theorem 3.5.4 Let G be a connected semisimple real Lie group, with Lie
algebra g and universal covering group G. The following conditions are
equivalent:

(i) G has Property (T);
(ii) G has Property (T);
(iii) no simple factor of g is isomorphic to so(n, 1) or su(n, 1).

Proof To show that (i) and (ii) are equivalent, let Z = 71(G) be the funda-
mental group of G. Then Z can be viewed as a discrete central subgroup of G,
and é/Z is isomorphic to G. Since G is a connected locally compact group,
Gis compactly generated. Moreover, the Lie algebra of the analytic subgroup
[5, (NP] of G is [g, g]. As g is semisimple, we have [g, g] = g and, hence,

[G,G] =[G,G] =G.

Therefore, the previous corollary applies and shows the equivalence of
(i) and (ii).

To show that (ii) and (iii) are equivalent, let Ad G = G/Z(G) be the adjoint
group of G. The centre of Ad G is trivial and

AdG =Gy x--- x Gy

for simple Lie groups Gy, . . . , G, with trivial centres. By the previous corollary,
G has Property (T) if and only if Ad G has Property (T). On the other hand, Ad G
has Property (T) if and only if every G; has Property (T) by Corollary 1.7.8 or
by Propositions 2.5.4 and 2.5.1. By Theorems 1.6.1,2.12.7, and by Section 3.3,
the simple Lie group G; has Property (T) if and only if its Lie algebra is not
isomorphic to so(n, 1) or su(n,1). W
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Remark 3.5.5 (i) The previous theorem shows that, for connected semisimple
real Lie groups, Property (T) is invariant under local isomorphisms. This is
not true for more general Lie groups. Indeed, the circle group G = S' has
Property (T) since it is compact, but its universal covering G = R does not have
Property (T).

(i1) Let G be a connected Lie group with finite fundamental group. Then G
has Property (T) if and only if G has Property (T).

(iii) Let G be a simple Lie group with trivial centre. It is known (see
[Helga—62, Chapter IX, Section 4]) that 71 (G) is infinite cyclic if and only
if G is the connected component of the isometry group of some irreducible
non-compact, hermitian symmetric space, and this is the case if and and only
if the Lie algebra of G is one of the following list:

su(p,g) (p=g=1
50(2,r) (r=3)

50%(25) (s>4)
sp*(2¢,R) (t>2)
€6(—14)

€7(—26)-

With the exception of the adjoint group of su(p, 1), p > 1, such a group G has
Property (T), as shown above. In this case, G is a Kazhdan group with infinite
centre.

We give now a result about the non-vanishing of second cohomology.

Corollary 3.5.6 Let G be a simple Lie group with an infinite cyclic
fundamental group, and with Property (T). If T is a lattice in G, then
H*(I',Z) # 0.

Proof Let G be the universal covenng of Gand p : G — G the covering
mapping. Set I = p_l(F) Then T is a lattice in G containing Z(G) = m1(G).
Since 71 (G) is infinite cyclic, we have a central extension

0>Z—>T T 1.

‘We claim that this central extension defines a non-zero element in H 2(F, 7).
For this, it is enough to prove that the group T is not isomorphic to the direct
product I" x Z.

By the previous corollary, G has Property (T). Hence, T has Property (T),
since itis a lattice in G (Theorem 1.7.1). On the other hand, I" x Z does not have
Property (T) as it has Z as quotient (Corollary 1.3.5 or Corollary 2.5.2). W
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Remark 3.5.7 (i) The previous corollary is true and easy to prove when G is
the connected component of the isometry group of an irreducible non-compact,
hermitian symmetric space X and I' is a cocompact torsion-free lattice in G.
Indeed, the Kdhler form on I'\X defines a non-zero element in H 2(F, 7) =
H*(I'\X,Z).

(ii) Let G be the connected component of the isometry group of an irreducible
non-compact, hermitian symmetric space and let I' be a non-uniform lattice.
In view of the list of simple Lie groups given in Remark 3.5.5 (iii), we have
H*(I',Z) # 0if G # PU (n, 1), the adjoint group of SU (n, 1).

Now SU(1,1) contains the free group on two generators F, as non-
uniform lattice and H?(F»,Z) = 0. Hence, the previous corollary fails for
SU(1,1). On the other hand, B. Klingler and P. Pansu communicated to us
a proof that the previous corollary remains true for non-uniform lattices in
SU(n,1), n > 2.

3.6 Property (T) is not geometric

A group-theoretic property (P) is said to be a geometric if, for a pair (I'1,12)
of finitely generated groups which are quasi-isometric, I'; has (P) if and only
if I'> has (P); for the notion of quasi-isometric groups, see the definition below.
Examples of such properties are: being virtually free, being virtually infinite
cyclic, being virtually nilpotent, being amenable (for this and other examples,
see [Harpe—00, IV.50]).

A question due to E. Ghys [HarVa—89, page 133] is whether Property (T)
is geometric. This remained open until early 2000, when suddenly news of
counterexamples percolated through the geometric group theory community,
without being attributed to a single person. However, the name of S. Gersten is
frequently associated with the idea. Our aim is now to present a class of such
counterexamples.

Definition 3.6.1 Let (X;,d;) and (X3, d>) be metric spaces. We say that X
and X, are quasi-isometric if there exists mappings

f:X1— X and g:X; — Xp,

and a constant C > 0 such that, for all x1, x| € X; and x2,x} € X5, we have

o $di(x1.x}) = C < da(f(x1).f (x]) < Cdy(x1.x])) + C
o Ldr(02,xy) — C < di(g(x2),8(xy)) < Cdar(x2,x5) + C
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o di(x;,gof(x1) =C
o dy(x2,f 0glx2)) < C.

Example 3.6.2 (i) Assume that (X1,d;) and (X3, d>) are bi-Lipschitz equiv-
alent metric spaces, that is, there exists a homeomorphism % : X — X, and a
constant C > 0 such that

1
Edl (x1,x]) < da(h(x1), h(x])) < Cdy(x1,x])

for all x1, x| € X;. Then X and X; are quasi-isometric.

(i) Let I be a finitely generated group, and let S1 and S, be two finite
generating subsets of I'. Let d; and d> be the word metrics on I" defined by
S1 and S (see Section G.5). Then the metric spaces (I',d;) and (I',d») are
bi-Lipschitz equivalent (Exercise 3.7.3) and hence quasi-isometric.

(ii1) Two finitely generated groups I' and A are said to be quasi-isometric
if the metric spaces (I',d) and (A, §) are quasi-isometric, where d and § are
the word metrics defined by finite generating sets S and 7 of I and A. By (ii)
above, this definition does not depend on the choices of S and 7.

(iv) Let (X,d) be a metric space, and let I' be a group acting properly
by isometries on X. If the quotient space I'\X is compact, then I" is finitely
generated and quasi-isometric to X (for the proof, see [Harpe—00, IV.23]).

Let G be a connected semisimple Lie group with finite centre, and let K be a

maximal compact subgroup of G. Recall that G has an Iwasawa decomposition
G = ANK, where S = AN is asolvable simply connected closed subgroup of G
(see,e.g., [Walla—73, Theorem 7.4.3]). Recall also that there exists a G-invariant
Riemannian metric on G/K, and that, for any such metric, G/K is a Riemannian
symmetric space (see [Helga—62, Chapter IV, Proposition 3.4]). The proof of
the following lemma was explained to us by C. Pittet (see also Lemma 3.1 in
[Pitte—02]).
Lemma 3.6.3 Let G be a connected semisimple Lie group with finite centre,
and let K be a maximal compact subgroup of G. Let G and G/K be endowed
with G-invariant Riemannian metrics, and let K be endowed with a Riemannian
metric.

Then G and G/K x K are bi-Lipschitz equivalent, where G /K x K is endowed
with the product Riemannian metric.

Proof LetG = SK be an Iwasawa decomposition of G as above. Let

v:G—>SxK

denote the inverse of the product mapping S x K — G, (s,k) +> sk; observe
that the diffeomorphism v is equivariant for the actions of S on G and on
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S x K by left translation. We identify S with G/K, and denote by Qp and Q
the Riemannian metrics on G and S x K, respectively. Fix x € G. Since any
two scalar products on R" are bi-Lipschitz equivalent, there exists a constant
C > 0 such that, for every X € T(G), we have

1
Xl = ld ¥ (X)llo, = CliXlg,-

Set

dvy (X X
C. - ld (Xl n 11X 1l 0 )<Oo

sup (
X T (G)\[0} 1X 110, ldv (X,

Since Qg and Qg are S-invariant, we have
Csx = Cy, forall seS.
As G = SK, this implies that

sup Cy = sup Cy.

xeG xek

Since K is compact, sup,.x Cy < oo. Hence,

A =supC, < o0
xeG

and we have, for all x € G and all X € T,(G),

1
7 1Xlgy = lldvn(X)lg, = MXllgo-

This implies that ¢ is a bi-Lipschitz mapping. W

Now, let G be a connected simple Lie group with infinite cyclic fundamental
group (Remark 3.5.5), and let G be the universal covering group of G. Let I'
be a cocompact lattice in G (such lattices exist, see [Borel-63]). It is easy to
see that I is finitely generated (Exercise 3.7.4). Let T be the inverse image of
I'in E}, which is also a cocompact lattice in G. Since T" contains T1(G) = Z,
we have a central extension

05>Z->T Tl

Lemma 3.64 Let T and T be the finitely generated groups defined above.
Then T" and T x Z are quasi-isometric.
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Proof Let K be a maximal compact subgroup of G. As in the previous lemma,
we endow G, K and G/K with appropriate Riemannian metrics. We lift the
metrics on G and K to left-invariant Riemannian metrics on G and on K , the
inverse image of K in G.

On the one hand, T acts freely by isometries (via left translations) on 5,
with compact quotient. Hence, Tis quasi-isometric to the metric space G (see
Example 3.6.2.iv).

On the other hand, T" acts properly by isometries on G/K, with compact
quotient. Moreover, since m1(K) = m1(G) = Z, the group Z acts freely by
isometries on K, with compact quotient. Hence I' x Z is quasi-isometric to
G/K x K.

By the prev1ous lemma, G and G/K x K are bi-Lipschitz equivalent. Hence
G and G/K x K are bi- -Lipschitz equivalent and therefore quasi-isometric. It
follows that T" and ' x Z are quasi-isometric. W

Let G be a simple real Lie group with infinite cyclic fundamental group.
Assume that G has Property (T); for examples of such | groups, see Remark 3.5.5.
LetI" be acocompact lattice in G. By Theorem 3.5.4, G and T have Property (T).
On the other hand, I' x Z does not have Property (T). By the previous lemma,
[and T x Z are quasi-isometric.

We summarise the discussion as follows:

Theorem 3.6.5 Let G be a connected simple real Lie group with infinite cyclic
fundamental group. Assume that G has Property (T). Let ' be a cocompact
lattice in G, and let T be the inverse image of T in the universal covering
group G. Then T has Property (T) and is quasi-isometric to the group I’ X Z
which does not have Property (T).

3.7 Exercises

Exercise 3.7.1 Let M be a Riemannian manifold of dimension n, and let A
be the Laplacian on M. Show that, for f € C*°(M) and x € M,

d2
Af (x) = —n/ Wf(epr X)) |i=0d vy (X),
S
where vy is the normalised rotation-invariant measure on the unit sphere Sy in
T.M.

Exercise 3.7.2 (A converse to Theorem A) Let G be a connected semisimple
Lie group with finite centre and let K be a maximal compact subgroup of G.
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Assume that G has Property (T). Let « be an affine isometric action of G on
some Hilbert space H and let F : G/K — H be a G-equivariant and harmonic
mapping. We want to show that F is constant.

(i) Let xo = K be the base point in G/K and set £y = F'(xp). Show that there
exists £ € H such that

F(gxo) =m(g)(&o —&)+& forall gegG,

where 7 is the linear part of «.

(ii) Let g = £ @ p be a Cartan decomposition of the Lie algebra g of G. Let
Y1,..., Y, be an orthonormal basis of p with respect to the Killing form. Show
that -7, w(¥;)?(§o — &) = 0. (For X € g, recall that (X) is the unbounded
operator acting on the smooth vectors in H by 7 (X) = %n(exp tX)|i=0.)

(ii1) Deduce from (ii) that

Y lr (¥ — 61> =0

i=1

and hence that 7 (Y;)(§g — &) =0 foralli=1,...,m.
[Hint: Use the fact that 7 (Y;) is anti-self-adjoint.]
(iv) Show that 7 (X)(§p — &) =O0forall X € g.
(v) Conclude that &y — & is G-invariant. Hence, F is constant.

Exercise 3.7.3 Let I" be a finitely generated group, and let S| and S be two
finite generating subsets of I". Let d; and d> be the word metrics on I" defined
by S1 and S. Show that the metric spaces (I',d) and (I", d») are bi-Lipschitz
equivalent.

Exercise 3.7.4 Let G be a locally compact, compactly generated group, and
let I' be a cocompact lattice in G. Prove that I" is finitely generated.

[Hint: Take a compact generating subset Q of G with Q~! = Q and such that
G = QT Show that there exists a finite subset S of I' containing Q N I" and
such that Q2 is contained in QS. Prove that § generates I'.]
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Bounded generation

In this chapter, we explain a result of Y. Shalom [Shal-99a] which provides
explicit Kazhdan constants for several groups, including SL,(Z), n > 3. This
gives a direct proof of Property (T) for SL, (Z) which does not use the fact that
SL,(Z) is a lattice in SL, (R).

The main idea is to relate Property (T) to the following group-theoretic prop-
erty. A group G has bounded generation (or is boundedly generated) if there
exists a finite subset S of G and a positive integer v such that every element g
in G can be written as a product

Kk X,
g:gllgzz...gu s

where the g;’s are in S and the k;’s are integers. Carter and Keller [CarKe—83]
established this property for the groups SL, (O) with respect to the set of ele-
mentary matrices as generating set, where O is the ring of integers of a number
field and n > 3. (See also [AdiMe-92] for the case O = Z.)

We discuss first SL,(Z) and then SL,(R) for a class of topological rings R.
When R is the ring of continuous functions on the circle, this shows that the
loop group of SL,(C) has Property (T) for n > 3; this is our first example of a
non-locally compact group with Property (T).

In the first section, we give a complete proof of the bounded generation of
SL,(Z) forn > 3.Inafirstreading, this fact can be taken for granted and one can
directly proceed to the next section for the proof of Property (T) of these groups.

4.1 Bounded generation of SL,,(Z) forn > 3

Let R be a commutative ring with unit, and let SL,(R) be the group of (n x n)
matrices with coefficients in R and with determinant 1. For integers i,j with

184
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1 <i,j<n,i#jandt € R, recall from Section 1.4 that the elementary matrix
E;j(t) € SLy(R) is the matrix with 1 on the diagonal,  at the entry (7, ), and 0
elsewhere.

Definition 4.1.1 The group SL,(R) has bounded elementary generation
(or is boundedly elementary generated) if there exists a positive integer v
such that every matrix in SL,(R) can be written as a product of at most v
elementary matrices. The minimal integer with this property will be denoted
by v (R).

Remark 4.1.2 (i) If K is a field, SL,(K) is boundedly elementary generated
for n > 1. Indeed, Gauss’ elimination shows that v,(K) < n(n — 1); see
Exercise 4.4.2.

(ii) Let H be a subgroup of finite index of the group G. Then G is boundedly
generated if and only if H is boundedly generated (Exercise 4.4.3). It is clear
that a non-abelian free group cannot be boundedly generated. Since SL;(Z)
has a subgroup of finite index which is free on 2 generators (Example B.2.5),
it follows that SL,(Z) is not boundedly generated.

The following result is from [CarKe—84]

Theorem 4.1.3 (Carter-Keller) For n > 3, the group SL,(Z) is boundedly
elementary generated with

1
v (Z) < 5(3112 —n) + 36.

In particular, every matrix on SL3(Z) can be written as a product of at most 48
elementary matrices.

The proof will be given in several steps. An elementary operation on a matrix
A is the mutiplication of A by an elementary matrix Ej;(¢), on the left or on the
right. Multiplying A by Ej;(t) from the left amounts to adding ¢ times the j-th
row to the i-th row of A, and multiplying A by E;;(¢) from the right amounts to
adding ¢ times the i-th column to the j-th column of A.

Observe that, if k elementary operations transform A into a matrix B, then k
elementary operations transform A’ into B’ and A~! into B~

Lemma 4.1.4 Letn > 3 and A € SL,(Z). Then A can be transformed into a
matrix of the form
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b 0 0
c d 0 0
0 0
I >
0 0

by at most %(3n2 — n — 10) elementary operations.

Proof Let
* % *
A=
* % *
up  u Uy
The greatest common divisor gcd (uy, ua, ..., u,) of uj,us, ..., u, is 1, since
AeSL,(Z).

e First step: Using at most one elementary operation, we can transform A into
a matrix

* ok *
B =
* ok *
vl v Up

with ged(vy,v2, ..., vp—1) = 1.

Indeed, if u; = O forall 1 <i <n — 1, then u,, = 1 and we can add the
last column to the first one.

Assume now that (u1,...,u,—1) # (0,...,0). Using the Chinese Remainder
Theorem, we find ¢ € Z such that

t =1 mod all primes which divide ged(uy, ..., u,—1)

t =0 mod all primes which divide gcd(us, ..., u,—1) but not u;.

Then ged(uy + tup,ua,...,up—1) = 1. Indeed, let p be a prime divisor of
ged(ua, . .., uy—1). If p divides ug, then t = 1 mod p and u; + tu,, = u,, mod p.
Since ged(uy, ua, .. .,u,) = 1, it follows that p does not divide uj + fu,. If p
does not divide u1, then t = 0 mod p, hence u; + tu, = u; mod p, and p does
not divide u; + tu,.
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Now, adding ¢ times the n-th column to the first one, we obtain a matrix B

with last row (v1,...,v,) With vy = uy + tu,,v2 = up, ..., v, = Uy.
e Second step: As gcd(vy,v2,...,v,—1) = l,wecanfindt1,...,t,—1 € Z such
that

HUL+ -+ o 1vp—1 = 1 — vy,

We then use n — 1 elementary operations to transfom B to a matrix C of the
form

* % * *
C =
* % * *
() Up—q1 1

Using at most n — 1 further elementary operations, we can transform C into a
matrix of the form

* ok % %
0O 0 --- 0 1

Thus, using at most 1 + 3(n — 1) elementary operations, we can transform
A € SL,(Z) into a matrix in SL,—1(Z). It follows that we can transfom A into
a matrix in SL(Z), using at most

n—2

Y GBn—k+1= %(3;12 —n—10)
k=1

elementary operations. W

Lemma 4.1.5 Lets € N, and let

S

b 0 a
d 0 | eSL3(Z) and B = X
0 1 0

=
Il
oS o 2

0
0 | € SL3(Z).
1

(=

Then A® can be transformed into B using at most 16 elementary operations.

Proof Set
L= ( @ b ) € SLy(Z).
c d
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By the Cayley—Hamilton Theorem, there exist f, g € Z such that
L' =fI+gL.
Since det(L) = 1, we have det(fI + gL) = 1. On the other hand,

det(fI + gL) = det(gL) mod f
= g2 det(L) mod f
= g2 mod f.

Hence, f divides g2 — 1 = (g — 1)(g + 1). Setf T = gcd(f, g + 1). There exist
f7,81,8 € Z such that

f=ft", g+1=ftg and g—1=fg.

Set
1 0 O
G=Ex3({ )EnE)=|0 g f~
0 g 1
and
* 0 =x
H =E3(=DEi(1 —fDEu(=fDEn@D =| —f~ 1 0
g 0 f7F
Then
h 0 =x
J=GH=| 0 g f for some 4,
1 % =%
1 *
J=Ep(l-hHJ=]| 0 g f for some r,
1 *x =*

Jr=JN1Ep(=r)=1| 0 for some ¢,

¥ 00 O
~



4.1 Bounded generation

(=)

J3 =DhE;3(—t—b) =

—

)

S =J3E3(a) =

—

By counting, we see that § is the product of 10 elementary matrices.

Since L* = fI + gL, we have

0 —b

g f 1,
£ b3

0 —b
g f+ga
v w

189

for some v and w.

f+ga bg O
Af = X0 yo O for some  xp and yy.
0 0 1

Since A is triangular when considered mod b, we also have

0

0
d* 0 mod b.
1

Hence, f + ag = a® + bu for some integer u, and we have

f+ag —bu

B =

Then, using the fact that det B = a’y — xb = 1, we have

By = BE> 1 (u)S =

By =E3(1 —w)By =

B3 = En(—1)B; =

By = B3E31(—up)Es(—vy) =

0

f+ag bg
x+uy yg
1 v
f+ag bg
X+uy yg
up U1
f+ag
X+ uy —uj
ui
f+ag bg
X1 Y1

0 0

b 0
X y 0
0 1

0
1
w
0
1 for some
1
bg 0
yg—v 0],
V] 1
0
0 for some

1

up and vy,

x1 and y.
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Since det(A*) = 1 = det B4, we have
(f 4+ ag)yo — bgxo = (f + ag)yr — bgx
and
(f +ag)(yo —y1) = bg(xo — x1).

As ged(f + ag,bg) = 1, there exists an integer r such that

yo=y1+rbg and xo=x1+ (f +ag)r.

Then
f+ag bg O
E»(r)By = x yo 0 | =A%
0 0 1
Therefore, B can be transformed into A® using at most 10 + 5 + 1 = 16

elementary operations, as claimed. W

For the proof of the next lemma, we will use Dirichlet’s theorem on prime
numbers in arithmetic progressions.

Lemma 4.1.6 Let

b
Il
oo 2

b 0
d 0 | eSL:(Z)
0 1

with b = 3 mod 4. Then A can be written as a product of at most 40 elementary
matrices.

Proof Ifc =0ord = 0,thena € {*1} or b € {1} and the claim follows
from straightforward computations as

(o 00 =00 )
(V)0 )=(0 5)

Hence we can assume that ¢ and d are non-zero.

and
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Since gcd(4d,b) = 1, there exists, by Dirichlet’s prime number theorem,
a positive prime p such that p = b mod 4d. Using one elementary operation,
A can be transformed into

u p O
A=|c¢c d 0 for some u.
0 0 1

Observe that p = 3 mod 4 and that u # 0 (since, otherwise, det(A”) # 1). By
the Chinese Remainder Theorem, we can find an integer ¢ such that

t=cmodu and = —1mod r

for all primes r which divide p — 1 but not u.
Let s be a prime which divides both p — 1 and u. Then

u p O
l=det|{ ¢ d 0 | =ud —pc=—cmods=—rmod s.
0 0 1
Hence, t = —1 mod r for every prime r dividing p — 1. In particular, p — 1 and

t are relatively prime as well as (p — 1)u and ¢. Moreover, (p — 1)/2 and t — 1
are relatively prime, since (p — 1)/2 is odd.
By Dirichlet’s Theorem, there exists a positive prime g with

g=tmod (p — u.

As (p —1)/2 and ¢t — 1 are relatively prime, (p — 1)/2 and g — 1 are relatively
prime.

Since t = mu + ¢ and ¢ = ¢ + m'(p — 1)u for some integers m, m’, we have
qg = ((p — )m’ + m)u + c. Hence, using one elementary operation, we can
transform A’ into

for some w.

- o O

u p

H=| qg v

0 0

Since (p—1)/2 and g — 1 are relatively prime, there exist integers k, [ such that

kp—1/2-1l(g—1)=1.
By Fermat’s Theorem, v9~! = 1 mod ¢ and we can find @ € Z such that

v @D =1 4 aq.
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Set

paDl g
B=En(—gk(—a) = —a 1
0 0

- o O

By the previous lemma, using at most 16 elementary operations, B can be
transformed into the matrix

(g—D!

v —q O
—-p u 0
0o 0 1

which is the inverse transpose of the matrix H ¢~1!. We conclude that H ~(¢—D!
can be written as a product of at most 18 elementary matrices.

Again, by Fermat’s Theorem, W' = 1 mod p and, hence, k=072 =
+1 mod p.

o First case: u*P=D/2 = | mod p, thatis, wk@=D/2 — 1 +rp for some integer r.
Set

uk=1/2

V=En@En() = r
0

o =T

0
0
1

By the previous lemma, V can be transformed into H*?~1/2 using at most 16
elementary operations. Hence, H*??~1/2 is a product of at most 18 elementary
matrices. Since

H = gKp=D/2=lq=1) _ gk(p=D/2—(q=DI

it follows that H is a product of at most 18 4+ 18 = 36 elementary matrices.
We conclude that A can be written as a product of at most 1 + 1 + 36 = 38
elementary matrices.

o Second case: uFP~Y/2 = —1 mod p, that is, Wk@=D/2 — 1 4 rp for some
integer r. Set

k=12 » 0
W =EnQE(-DEnQ—-pEa()=| pr—r—1 p—1 0
0 0 1
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By the previous lemma, W can be transformed into H*?~1/2 using at most 16
elementary operations. Hence, H*(?~1/2 is a product of at most 20 elementary
matrices. As before, we conclude that A can be written as a product of at most
14+ 14 18 + 20 = 40 elementary matrices. W

Proof of Theorem 4.1.3 Forn > 3,letA € SL,(Z). By Lemma 4.1.4, A can
be transformed into a matrix of the form

a b 0 --- 0
d 0 0
B=| 0 O
o I, >
0 0

using at most %(3112 — n — 10) elementary operations. Using one further
elementary operation if necessary, we can assume that b is odd.

We have either » = 3 mod 4 or —b = 3 mod 4. Hence, by the previous
lemma, either B or B~! can be written as a product of at most 40 elementary
matrices. Therefore, B can be written as a product of at most 40 elementary
matrices. We conclude that A can be written as a product of

1 2 1 2
5 Gn? = n=10) + 1440 = S (30’ — n) + 36

elementary matrices, as claimed. W

4.2 A Kazhdan constant for SL, (Z)

In this section, we give a proof, due to Shalom, of Property (T) for SL,,(Z),n > 3.
This proof does not use the embedding of SL,(Z) as a lattice in SL,(R) as in
Example 1.7.4; it gives, moreover, an explicit Kazhdan constant. We start by
establishing a quantitative version of Property (T) for the pair (SLy (Z) x 72,7%),
due to M. Burger [Burge-91, §1, Examples]. We follow the simpler proof given
in [Shal-99a, Theorem 2.1].

Property (T) for (SL, (Z) x Z2,Z?)

1 +1 1 0
+ _ +
U —<0 1) andL—< | 1>.

Set
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The following lemma is due to M. Burger [Burge-91, Lemma 5]; compare
with Proposition 1.4.12.

Lemma 4.2.1 Let v be a mean on the Borel sets of R*\ {0}. There exists a Borel
subset M of R*\ {0} and an element y € {U*, L*} such that |v(yM)—v(M)| >
1/4 for the linear action of SL>(Z) on R?.

Proof Consider the eight domains in the plane R? limited by the four lines of
equations x = 0,y = 0,x = y and x = —y. Pairing these domains, we define a
partition of R? \ {0} into four regions A, B, C, D, with

A={<;>€R2\{O} : O§y<xorx<y§0}

and B (respectively C, D) the image of A by a counterclockwise rotation of
angle /4 (respectively /2,3m /4); see Figure 4.1. The equalities

Ut(AUB)=A LY"(AUB)=B
U (CUD)y=D L (CUD)=C
are straightforward.
Assume, by contradiction, that [v(yM) —v(M)| < 1/4 for any Borel subset
M of R?\ {0} and for all y € {U®, L*}. This implies for M = AU B
v(A) =v(AUB) —v(B) =v(AUB) —v(LT(AUB)) < 1/4

and similarly v(B), v(C),v(D) < 1/4. This is impossible, since

1 =v(R>\ {0}) = v(A) +v(B) + v(C) +v(D). W

Figure 4.1 The four regions A, B, C,D
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The dual group of Z? will be identified with the 2-torus T? by associating
to (e27H, ezzi\y ) € T? the character (m,n) +—> ¢Z7i0™+M The dual action of
SLy(Z) on Z2 corresponds to the transpose inverse of the natural action of
SL»(Z) on T?> = R?/Z2.

We consider the four vectors

in Z? and the generating set
Q= (U*,L*,e* f*)
of the semidirect product SLy(Z) x 72,

Recall that Property (T) and Kazhdan constants for pairs of groups have been
defined in Definition 1.4.3 and Remark 1.4.4.

Theorem 4.2.2 The pair (Q, 1/10) is a Kazhdan pair for (SL>(Z) x Z2,Z?).
In particular, (SLy(Z) x Z2,Z?) has Property (T).

Proof Let (7,H) be a unitary representation of SLy(Z) x 72 which has a
(Q, 1/10)-invariant vector. Assume, by contradiction, that { has no non-zero
vector which is invariant under Z2. Let

E:B(T?) — L(H), B~ E(B)

be the projection valued measure on Z2 = T? associated to the unitary
representation 7|, of Z2 (see Theorem D.3.1). Thus,

m@am=/;m@wﬂmam,zeﬁgmeH.

For any y € SLy(Z) and any Borel subset B of T2, we have
(*) E(yB)=n(y"HEB)r(y).

Sete = 1/10, and let £ € H be a (Q, ¢)-invariant unit vector. Let ug be the
probability measure on T2 defined by

ng(B) = (E(B)§. &)
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for any Borel subset B of T2. Observe that, since 7 |z2 has no non-zero invariant
vectors, E({0}) =0 agg hence pg ({0}) = 0.
We identify now Z? with the square (—%, %]2 by assigning to (x,y) €
—%, %]2 the character

Xxy : (m,n) — exp2mi(xm + yn))

onZ2. SetX = (—%, %]2.

o First step: We claim that g (X) > 1 — 2. Indeed, since & is (Q, e)-invariant
and since e*,f* € Q, we have

. 2
e~ = [ [ 1 gy < e
(—33P
. 2
Im(f5)E — €17 = / 2 1| dp (r,y) < €
(—3.3P
As
. 2
‘eﬂ’”’ — 1‘ =2 —2cos2nt = 4sin’wt > 2

for 1/4 < |t] < 1/2, it follows that

g2 > / 4 sin®(mx)d jug (x,y)
(xy)e(-1.312

|x|>1/4

>2u (x )e(—l l:|2 Clxl>1/4
> 2ue .y 75| >

and consequently

1177 2
M ({(x,y) € <—§,§} b 1/4}) =
117 -
ne | 1Y) € (—5,5} syl =1/ <

and the claim follows.

A
| @

Similarly,

A
| %
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Let v be the probability measure on T? defined by

_ ne(BNX)

B
VB =00

for every Borel subset B of T?.

e Second step: We claim that
1
lv(yB) —v(B)| < 7

for any Borel subset B of T2 and for any y € {U®, L*}. Indeed, using Equality
(%) above, we have

lne(yB) — e (B)| = [(r(y " HEB)7 (y)E.8) — (E(B)E. )|
< (v HEB)m()&.£) — (n(y HE(B)E. )|
+ [ (y"HEB)E. &) — (E(B)E, £)]|
= (y " HEB)(w (y)E—£).6)| + (EB)E, (7 (y)E—£))]
<z HEBIm(y)E — £l + IEB) Il ()€ — &l
<eg+e=2s.

By the first step, 0 < pug(B) — us(BNX) < 2. Tt follows that

pe(yBNX) — pe(BNX) = (ue(yBNX) — g (vB))
+ (ne(vB) — ug(B)) + (ug (B) — s (BN X))
<0+2¢+e
Since this holds for both B and y ~! B, we have
le(yBNX) — ne(BNX)| < 26 + 2.
Using the first step and recalling that ¢ = 1/10, we obtain

2¢e +¢2 21

1
B)—v(B)| <=~ == < —.
pB) VB < T =55 <5

This proves the second step.

o Third step: As g ({0}) = 0, we can view v as a measure on R?\ {0}. Observe
that, fory € {Ui, Li}, we have y X C (—%, %]2 for the usual linear action of y
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on R2. Since v(X) = 1, we have [v(yB) — v(B)| < 1/4 for every Borel subset
B of R?\ {0}, where y acts in the usual way on R?. This is a contradiction to
the previous lemma. W

Corollary 4.2.3 Let ¢ > 0, and let (w,H) be a unitary representation of
SLy(Z) x Z?*. If  has a (Q, € /20)-invariant unit vector &, then & is (2%, ¢)-
invariant, that is, | (1)§ — &|| < € for every t € 7.

Proof Denote by Hy the subspace of H consisting of the 7(Z*)-invariant
vectors, and let H be its orthogonal complement. Since Z? is normal in I =
SLy(Z) x Z2, both subspaces Hg and H are invariant under the whole group I'.
Let & = &y + & be the corresponding orthogonal decomposition. We have

I ()E —EN17 = Im ()& — Eoll> + T ()& — &I

for every y € T', and therefore

2
lr ()& — &% < Im(y)E —€I° < (28—0)

for every y € Q. Since there exist no non-zero 7 (Z?)-invariant vectors in H;,
it follows from the previous theorem that

2
(e — & = (%")

for some y € Q. Hence, combining the last two inequalities, we obtain

(%) <G

that is, ||£1|| < &/2. Therefore, as &) is invariant under 7 (Z?2),

(0§ =&l = llm(D& — &1l < 2[|&1]] < ¢

forallze Z2. H

Property (T) for SL,,(Z), n > 3

Fix an integer n > 3. The following lemma shows that every elementary matrix
in SL,(Z) is contained in an appropriate copy of SL,(Z) x Z?.

Lemma 4.2.4 Let R be a commutative ring with unit. Let i,j be integers
with 1 < i,j < nand i # j. There exists an injective homomorphism
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o : SLy(R) X R?2 — SL,(R) such that Eji(t) € SL,(R) is contained in o (R?) for
every t € R and such that

Iy 0 0
o (SLa(R)) = 0 SLy(R) 0
0 0 ) )

for some k € {0,...,n—2}.

Proof Assume first that n = 3. There are natural embeddings of SL,(R) x R?
in SL3(R), respectively with images of the form

* k% * x 0 1 % x 0 0
* ok ox |, * % 0 ], 0 * = |, * ok ox
0 0 1 * % 1 0 * =x* * % ok

The lemma for n = 3 follows by inspection.
Letnow n > 3. We proceed by induction, assuming that the lemma holds for
n— 1.1f (i,j) # (1,n) and (i,j) # (n, 1), consider one of the subgroups

SL_1(R) 0 10
( 0 1) and (o SLn_l(R)>

of SL,,(R). The conclusion follows by the induction hypothesis. If (i,j) = (1, n),
we can take the embedding of SL,(R) x R? with image the subgroup

SLy(R) 0 R?
0 Ii_4 O
0 0 63

in SL,(R) and if (i,j) = (n, 1) the embedding of SL,(R) X R? with image the
transposed subgroup. W

We are now ready to complete the proof of Property (T) for SL,(Z), n > 3.
Recall from Theorem 4.1.3 that SL,(Z) is boundedly generated, with
v, < %(3112 — n) + 36, where v, = v,(Z) is the integer introduced in
Definition 4.1.1.

Theorem 4.2.5 The group SL,(Z) has Property (T) for n > 3.

More precisely, let Q, be the subset of SL,(Z) consisting of the n* — n
elementary matrices E; j(1) for 1 <1i,j <nandi # j. Then (Q,,1/20v,) is a
Kazhdan pair for SL,,(Z.).
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Proof LetT, =0Q,UQ, U Ttis enough to show that (7, 1/20v,,) is a Kazhdan
pair (see Remark 1.1.2.iii).

Let (v, ’H) be a unitary representation of SL,(Z) which has a (T}, 1/20v,,)-
invariant unit vector £. Let y be any elementary matrix in SL,(Z). By the
previous lemma, there exists an embedding « of SLy(Z) X 72 into SL,, (Z)) such
that y € «(Z?) and such that «(Q) = T,, NIm(«), where Q is the generating set
of SLy(Z) X 7?2 defined before Theorem 4.2.2. By Corollary 4.2.3, it follows
that £ is (« (Zz), 1/v,)-invariant. In particular,

1
lr(r)§ =&l < —
V,

n

for any elementary matrix in SL,(Z).

Let now y be an arbitrary matrix in SL,(Z). By bounded elementary gen-
eration of SL,(Z), there exist an integer N < v, and elementary matrices
Y1,...,¥Yn suchthaty = y1y» ... yn. We then have

N-1

Ilr()E =&l < Y I yn—dE — (... yn—i-DE]

517

i=0
N

=Y llm(ys — &l <
j=1

Fl=

so that £ is (SL,(Z), 1)-invariant. It follows from Proposition 1.1.5 that 7 has
non-zero invariant vectors. W

Remark 4.2.6 (i) The Kazhdan constant for SL,(Z) from the previous
theorem has been improved by Kassabov [Kassa] to the value 1/(42./n + 860).

(i1) As was observed by A. Zuk, the optimal Kazhdan constant for SL,(Z),
with respect to the set Q, introduced above, is bounded from above by /2/n
(Exercise 4.4.4). This shows that the order 1/4/n in Kassabov’s constant from
(1) is optimal.

(iii)) Bounded generation of SL3(Z) has already been used by Colin de
Verdiere [ColVe—-98, Théoreme 3.9] to estimate a variant of Kazhdan constants
related to the family of all finite dimensional unitary representations (instead of
all unitary representations as in Theorem 4.2.5). Previously, Kazhdan constants
for finite dimensional unitary representations have been estimated by M. Burger
[Burge-91, Proposition 3].
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4.3 Property (T) for SL,,(R)

In this section, we will show that SL,(R), n > 3, has Property (T) for suitable
topological rings R. We first deal with finitely generated discrete rings. The
strategy of the proof is the same as in the case R = Z, only the technical details
are more involved.

Property (T) for (SLy(R[f]) x R[{]*, R[{]*)

Let R be acommutative ring with unit. Let R[] be the ring of polynomials over R.
We view R and R[] as discrete topological rings. The natural embedding of R
into R[¢] induces an embedding of SL;(R) x R? into SLy(R[t]) x R[f]%.

The following result is Theorem 3.1 in [Shal-99a]. It will provide us with an
inductive procedure to treat finitely generated rings in the next section.

For a a subset Q of SL;(R) containing the four elementary matrices E12(£1)
and E»(£1), we define

0 = Q| J(Enn(+0), Exi (£0)} C SLa(RI1).

Proposition 4.3.1 Let R be a discrete commutative ring with unit. Let Q
be a subset of SLy(R) containing the four elementary matrices E12(£1) and
E>1(£1). Assume that (SLy(R) x R2,R?) has Property (T) and that (Q, €)
is a Kazhdan pair for (SLp(R) x R2,R?). Let § € (0, g) be such that
(6+28/e)/(1 —38/e) < 1/10.

Then the pair (SLy(R[t]) X R[11%, R[]?) has Property (T), with (Q;,§) as
Kazhdan pair.

For the proof, we need a suitable description of R[7], the dual group of the
discrete abelian group R [t] in terms of R. Itis convenient here to write addmvely
the group law on Rand R[t] We write (x, r) instead of x () forr € Rand x € R
(compare with (® (), 7) below). Observe that R as the dual group of a discrete
abelian group, is compact.

Let ﬁ[[t’l]] denote the group of formal power series in +~1 with coeffi-
cients in R, with the topology of pointwise convergence, namely with the
product topology of RI[[+~']]identified with (ﬁ)“’. Itis a compact abelian group.
We define a continuous homomorphism

(+) ORI = R, (RGO F) = (Xns 7a)s

n
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for

X—an €RI[r™]] and 7= r" €RI1l.

(There is no convergence problem since all but finitely many of the r,’s are
Z€ero.)

Lemma 4.3.2 The homomorphism ® : ﬁ[[t_l]] — 1?[7] defined above is a
topological isomorphism.

Proof If ®() =0fory =Y, xat™" € R[], then
(Xn>1) = (@), 1t") =0,

for all n and all r € R. Hence, ¥ = 0. This shows the injectivity of ®.

The image of ® is a compact and therefore closed subgroup of RI]. To show
that @ is onto, it is sufficient by Pontrjagin duality (Theorem D.1.3) to show
that, if 7 = Zn rpt" € R[t] is such that (®(¥),7) = O for all ¥ € ﬁ[[t‘l]],
then 7 = 0. But this is straigtforward because, for any n > 0 and every x € E,

(X, 1) = (@1, 7) =

and therefore 7y = 0. W

Let us recall some general facts about dual groups of rings. Let A be an
arbitrary commutative topological ring with unit. The abelian topological group
A carries a module structure over A given by

(a,x) — ayx with ayx(b) = x(ab), a,b € A, x € A
The group SL»(A) acts by automorphisms on A% and, by duality, on Xz =AZ:
(8. x) > gx with gx(a)=x(g"'a), g € SLy(A),a € A%, x € A%,
Moreover, the A-module structure of A induces a module structure of A2 over the
ring MQA(A) of all (2 x 2) matrices with coefficients in A. Let us write the group

law of A additively. The action of g € SL>(A) on A2 defined above corresponds
in the M»(A)-structure to the multiplication by the transpose of the matrix g~

X1 dx1 —cx2 a b )
= for = .
<X2> <—b)<1+a><z> g (c d
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Let us return to the dual group of R[f]. It will be convenient to embed
R[[~']] into the larger group R((t~1)) of all Laurent series in +~! with
coefficients in R, that is, the group of all formal series

oo
X= xut" xm€R kel
n=k

Endowed with the topology for which /R\[[t_l]] is an open subgroup, ﬁ( ()
is a locally compact abelian group.

At the same time, we can also view /Ié[[t_ Nlasa quotient of ﬁ((l‘ 1Y). Indeed,
the homomorphism & extends to a continuous homomorphism, also denoted
by &, from ﬁ((t_l)) onto I?[\t] defined by the same formula (). Observe that
the kernel of @ is the subgroup of all formal series

-1
X = Z Xnt ", X,,eﬁ,kzl.

n=—k

The point in introducing ﬁ((t’])) is that the module structure of 1?[7] over
the ring R[t] given by duality can now be easily described. Indeed, the group
R((t’1 )) carries a module structure over R[#] given by

X = Z FaXmt"™ ",

n,m

S|

for x = Yo  ; xmt™™ € R((t™1)) and 7 = >, at" € R[t]. Observe that
R[[t~'1] is not a submodule of R((t~1)).

Lemma 4.3.3 The mapping ® : ’Ié((f])) — I?[t\] is a R[t]-module
homomorphism.

Proof By additivity and continuity of ®, it suffices to show that (7)) =
7O (x) forx = xut ™" € R((t™1)) and ¥ = r,,#™ € R[¢t]. This is indeed the case,
since
(Fe (X)), sptp> = (Xn, rnzsptm+p>
{Xn» rmsp> ifp=n—m
1 ifp#tn—m

= (@ F X, 5pt")s

fors,®” e R[t]. A
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As alast ingredient for the proof of Proposition 4.3.1, we prove the following
analogue of Lemma 4.2.1. The R[¢]-module structure on R((t~')) introduced
above induces an action of the group SL;(R[¢]) on R((t~1))2.

Lemma 4.3.4 Let & be a mean on the Borel sets 0]‘/13((t71))2 \ {0}. There
exist a Borel subset M of R((t~"))? \ {0} and an elementary matrix

vy € F{En(£1), E21(£1), E12(£1), Eo1 (£1)}

such that [v(yM) —v(M)| > 1/5.

Proof We define an “absolute value” (compare with Section D.4) on /15((1‘_ 1y
as follows. Set

F= 12" Hx= Do Xnt " X # O
0 ifx=0.

It is clear that | - | is ultrametric in the sense that | x + x’| < max{|x]|,|x’|} for
x> x' € R((t™1)). Observe that | + x| = max{| x|, |x'|} if |x| # |x'| and that
ltx| = 2Ix!.

In R((r="))? \ {0}, we consider the following three pairwise disjoint Borel
subsets:

A = {0 x2) 1 bl < xal}
B ={(x1.x2) : Ix1l = Ix2l}
C ={0,x2) = bl > Ixal}

‘We have
(D EnAUB) CC.

Indeed,

Elz(t)( 2 ) = ( Al ;;XZ )

and, if (x1,x2) # (0,0) and |x1| < [xz2l, then |tx2] = 2|x2] > [x1]| and

[x1 +tx2l = max{|x1l, |t x2[} > |x1l.
Similarly, we have

2) Ey(t)(CUB)CA
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and
(3) Epp(1)(A) C B.

Assume, by contradiction, that |u(gM) — w(M)| < 1/5 for all Borel subsets
M of R((71))?\ {0} and all g € F. Then, by (2),

1(C) + 1(B) < p(A) +1/5

and, by (3),
1(A) < u(B) +1/5.

Hence,

u(C) + u(B) < u(B) +2/5,
that is, u(C) < 2/5. It follows from (1) that

w(A) + u(B) < u(C)+1/5 < 3/5.
Hence
L= n RN\ 0D = (@A) + u(B) + u(C) <3/5+2/5=1.

This is a contradiction. W

Proof of Proposition 4.3.1 Let (7,7{) be a unitary representation of

SL>(R[t]) % R[t]*> which has a (Q;, §)-invariant unit vector & € . Assume,

by contradiction, that H has no non-zero vector which is invariant under R [t]z.
Let Hg be the subspace of all R*-invariant vectors in .

e First step: H contains a (Qy, 1/10)-invariant unit vector. Indeed, let H be the
orthogonal complement of Hg in H, and let & = &y + &; be the corresponding
orthogonal decomposition of &. Since H and H; are invariant under SL; (R) X
R?, we have, for all g €0,

()& — &> < Im()& — &> < 8% <&

As H; contains no non-zero R%-invariant vector and (Q, &) is a Kazhdan set for
(SL>(R) x R*,R?), there exists go € Q such that

&7 < Im(go)Er — &1l



206 Bounded generation

It follows that ||£]|% < 82/¢2. Hence,
IE&ol? = &N — & 11> = 1 — (8%/&).

Therefore ||&|| > 1 — (8/¢), since § < .
Let 5o be the unit vector &y /||&||. Then, for every g € Q;, we have

1
7w (g)no — noll = ||§_0||((”n(g)€ =&l + llm(g)é1 — &1l

< 1_8/8(8+28/s).

Hence, by the choice of §,

Il (&)no — noll < 1/10,

that is, ng is (Qy, 1/10)-invariant. This proves the first step.

—

Let E be the projection valued measure on R[t]? associated to the restriction
of 7r to R[f]*. Since H has no non-zero R[¢]?-invariant vectors, E({0}) = 0.
The orthogonal projection on the space Ho of R?-invariant vectors is E(X),

—2 -

where X is the subset of R[[#]] of all x such that x|z = 1. We identify R[t]?
with j@[[t_l]]2 as above and observe that X is the subset of 7!5[[t_1]]2 of all pairs
(X1, x2) where x; and x; are of the form Y 2 | xuf ™", xn € R.

Let u be the probability measure on E[[t_l]]2 defined by

w(B) = (E(B)no, no)

for any Borel set B in ’ﬁ[[t’] 112. We have u(X) = 1. Indeed, this follows from
the fact that 9 € Ho and that E(X) is the orthogonal projection on Hg. Observe
also that ;£ ({0}) = 0 since E({0}) = 0.

e Second step: For any Borel subset B of f!?[[t_l]]2 and for any g in the subset
F ={Enn(£]), E21(£]), Ena(£0), E21 (1)}

of SL>(R[t]), we have

1
lu(gB) — u(B)| < 3
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Indeed, since ng is (¥, 1/10)-invariant, the argument is the same as the one
given in the proof of Theorem 4.2.2:

|n(gB) — u(B)| = [(w(g~HEB)7(8)10.n0) — (E(B)10,n0)|
< (g HEB)T(2)no.m0) — (g~ HEB)no.no)|
+ [ (g HEB)no. no) — (E(B)no. no)|
= |{m (g~ HE®B)(w(g)no — no). no)|
+ KEB)no, ((g)no — no))l

(g "HEB) 7 (g)no — noll + IEB) 17 (g)no — moll
1/10 + 1/10 = 2/10.

IA

A

e Third step: We view R[[r~!]]? as a subset of R((+~1))2. Since n({0}) = 0,
we can view p as a probability measure on R((t71))? \ {0}. Observe that u is
supported by X. For any g € F, it is clear that

¢X C Rl 1%,

where now the action of g on ’15((;*‘ ))? is given by the R[]-module structure
on R((t~")) as previously defined. By the second step and by Lemma 4.3.3,
we have

1
ln(gB) — n(B)| < 3’
for any Borel subset B of fi((t_l))2 and for any g in the subset F' of SL; (R[?]).
This is a contradiction to Lemma 4.3.4 and finishes the proof. W

Property (T) for SL,(R)

Let R be a topological commutative ring with unit. Then S, (R) is a topological
group for the topology induced from the product topology on R,
The following result is [Shal-99a, Main Theorem)].

Theorem 4.3.5 Fix an integer n > 3, and let R be a topological commutative
ring with unit. Assume that SL,,(R) has bounded elementary generation. Assume,
moreover, that there exist finitely many elements in R which generate a dense
subring.

Then SL,(R) has Property (T).
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Remark 4.3.6 The proof of Theorem 4.3.5 will show that (Q, ¢) is a Kazhdan
pair for SL, (R), where Q and ¢ are defined as follows. Letry, . . . , 1, be elements
in R generating a dense subring. Let Q; be the set of the elementary matrices
Ejj(1), 1 <i#j < n,and let Q; be the set of the elementary matrices E;;(7y)
wherej =i+ lorj=i—1forl <k <mandl <i<nSetQ=01UQ»
and & = 1/v,(R)22"+1,

Before we give the proof, we establish some preliminary results. For
m > 0, let R,, = Z[X1,...,X,u] be the ring of polynomials over Z in the
m indeterminates X1, ..., X),.

Property (T) for the pair (SLa(R;;) X R,%1, R,z,,) is an immediate consequence
of the results in the previous sections. More precisely, let Q be the subset of
SLy(R,;,) X R,zn consisting of the four elements (£1,0), (0,£1) € R,zn and the

4(m + 1) elementary matrices
Epn(£1), B2 (£1), Enn(£X1), E21 (£X1), . . ., E1n(£Xm), E21 (£Xm)

in SLy(Ry).
Proposition 4.3.7 Let R, = Z[Xy,...,Xn]. The pair (SLy(R,) % R2,R2)
has Property (T), with (Q,2/22"+) as Kazhdan pair:

Proof We proceed by induction on m. The case m = 0 follows from Theo-
rem 4.2.2. Assume m > 1 and the claim is true for m — 1. Set ¢ = 2/22™ and
8 =2/22"+1 Then

§4+25/e 2 (1 231
1-46/¢ 21 \22m

—_— < —.
— 231 10
Since R;;, = R;;—1[X;,], the claim for m follows from Proposition 4.3.1. W

Corollary 4.3.8 Let R be a topological commutative ring with unit. Assume
that there are finitely many elements ro = 1,r1,...,r, € R generating a
dense subring S of R. Let F be the subset of SLy(R) x R?> consisting of
(£1,0),(0,£1) € R? and the elementary matrices E1p(Z%ri), Ex1(£r;) €
SLy(R) for0 <i < m.

Let (mw,’H) be a unitary representation of SLr(R) X R? which has a
(F, /22" Y invariant unit vector & for some ¢ > 0. Then ||w(g)é — &|| < ¢
for every g € R®.

Proof The mapping R, — S which sends 1,X1,..., X, to 1,r(,...,1p,
extends to a surjective ring homomorphism

® : SLy(Ry) X R2, — SLy(S) x S2.
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Let Ho be the subspace of the R2-invariant vectors in H and let H; be its
orthogonal complement. Let £ = &y + & be the corresponding decomposition
of £. By density of S, there exists no non-zero S 2_invariant vector in ‘H. Hence,
the unitary representation w o ® of SLy(R,,;) x R,2n has no non-zero invariant
vector in Hj. It follows from the previous proposition that there exists go € F
such that

2
22m+1

11 < Il (go)é1 — &1l
On the other hand, since & is (F, &/ 2pm+l )-invariant, we have

I7(g0)é1 — &111% < Im(g0)€ — £117 < (e/22™F 12,

Hence, ||&1]| < &/2. This implies that, for every g € R,

7 (g)E =&l = llm(@ér —&ill = 2081l <,

as claimed. W

Proof of Theorem 4.3.5 Letry,...,r, be elements in R generating a dense
subring. Let QO be the set of the elementary matrices E;;(1), 1 <i #j < n,and
let Q5 be the set of the elementary matrices Ej;(ry) wherej =i+ 1lorj=i—1
forl <k <mandl <i<n.SetQ=Q;UQsande = 1/v,(R)22"+!

We claim that (Q, €) is a Kazhdan pair for SL, (R). The proof is similar to the
proof of Theorem 4.2.5. Indeed, let (77, H) be a unitary representation of SL, (R)
which has a (Q, ¢)-invariant unit vector £. Let g be any elementary matrix in
SL,(R). By Lemma 4.2.4, there exists an embedding « of SL>(R) x R? into
SL,(R) such that g € «(R?) and such that «(F) = (Q U Q™) N Im(«), where
F is the subset of SL,(R) x R* defined in the previous corollary. Hence, by this
corollary, & is (« (RH), 1 /Vn(R))-invariant. In particular,

7 (g)§ =&l <

v (R)

for any elementary matrix g in SL,(R). As in the proof of Theorem 4.2.5,
it follows from the bounded generation of SL,(R) that ||[7(g)é — &| < 1 for
every g € SL,(R), and this implies that 7 has non-zero invariant vectors. H

Remark 4.3.9 (i) The previous proof shows the following more general result.
Let E(n, R) denote the subgroup of SL, (R) generated by all elementary matrices.
Assume that R contains a dense finitely generated subring and that E(n, R) is
boundedly generated by the elementary matrices. Then E (n, R) has Property (T).
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(i) Let R be as in Theorem 4.3.5. Assume that there exists a fixed m € N
such that, for every neighbourhood U of 0 in R, we can find m elements
Fl,...,rm € U generating a dense subring. Then the set Q1 of the n> — n
elementary matrices E;;(1), with 1 <17 # j < n, is already a Kazhdan set, with
the same Kazhdan constant (see Exercise 4.4.5).

(ii1) In a major breakthrough, Shalom has shown that SL,(Z[X1,...,X;])
has Property (T) when n > m + 3 [Shal-ICM]. The question, due to W. van
der Kallen [Kalle—82], whether this group is boundedly generated is still open
even for the case m = 1.

Property (T) for the loop group of SL,,(C)

We apply now Theorem 4.3.5 to the loop group of SL,(C).

Let X be a topological space and G a topological group. The set G* of con-
tinuous mappings from X to G is a group for the pointwise product, defined by
(fi)(x) = fix)f(x) for fi,f» € GX and x € X. Endowed with the topol-
ogy of uniform convergence, G¥ is a topological group. In case X = S!
is the unit circle, it is called the loop group of G and denoted by LG. The
following simple proposition gives two necessary conditions for LG to have
Property (T).

Proposition 4.3.10 Let G be a topological group and assume that LG has
Property (T). Then

(i) G has Property (T),
(ii) if G is a connected Lie group, the fundamental group 1(G) of G is finite.

Proof (i) The mapping
LG — G, f— f(e)

is a continuous surjective group homomorphism, and the claim follows from
Theorem 1.3.4.

(ii) Let L,G be the normal subgroup of LG consisting of all f € LG with
f (1) = e. Then LG is naturally isomorphic to the semidirect product G x L,G.
It is well known that 71(G) = m1(G,e) is the set of path-connected com-
ponents of L,G. Hence, 1(G) is isomorphic to the quotient of L,G by its
(open) path-connected component (L.G)¢o of the identity. Since G is path-
connected, LG/(LG)¢ is isomorphic to L,G/(L.G)o and hence to m1(G).
It follows that 1 (G) has Property (T) as a discrete group. On the other hand,
m1(G) is abelian. Hence, 71 (G) is finite (Theorem 1.1.6). W
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Remark 4.3.11 (i) Examples of Kazhdan Lie groups with infinite fundamen-
tal group are SO(n,2) for n > 3 and Sp,(R) for n > 2 (see Example 1.7.13).
Thus, we see that the loop groups of such groups do not have Property (T).

(ii) Let G be a compact connected simple Lie group. Then its loop group LG
does not have Property (T); see Exercises 4.4.6 and 4.4.7.

Let G = SL,(C). Then LG can be identified with SL,(R), where R = C(S!)
is the ring of all continuous complex-valued functions on S!.

We first observe that R = C(S!) has a finitely generated dense subring.
Indeed, fix an irrational real number 6 and let S be the subring generated by the
functions

r1 = sin2mx, ry = cos2mx, r3 = =1,
By the Stone—Weiestrall Theorem, the subring generated by CU{r(, >} is dense

in C(S"). Moreover, r3 generates a dense subring of C. Hence, S is dense in
C(Sh.

Theorem 4.3.12 The loop group L(SL, (C)) has Property (T) for n > 3.

This will be a consequence of Theorem 4.3.5, once we have shown that
SL,(R) is boundedly elementary generated for R = C(S'). The proof is based
on the following elementary lemma.

Lemma 4.3.13 Let f,h € C(S') be two continuous functions on S' with no
common zero. Then there exists a continuous fonction ¢ € C(S') such that
h + of has no zero.

Proof The following proofis due to M. Neuhauser. Consider the closed subset
A={zeS! : |f@@)|=|h)|}of S'. Since f and h have no common zero,

¢1:A—> Sl, — @

f@
is a well-defined continuous function on A. If A = S!, then % has no zero and
we can take ¢ = 0.

Assume that A # S'. Then there exists a continuous function ; : A — R
such that ¢ (z) = exp(iy1(z)) for all z € A. By Urysohn’s Lemma, ¥| extends
to a continuous function ¥ : S! — R. Let ¢ : S' — S! be defined by
@(z) = exp(iY(z)). Then h(z) + ¢ (2)f (z) # O for every z € S'. Indeed, this is
clearifz € A, since h(z) +¢(2)f (z) = 2h(z) # 0.1fz ¢ A, then |f (z)| # |h(2)|
and hence A(z) + ¢(2)f (z) #0. A
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Proposition 4.3.14 Let R = C(SY). Forn > 2, the group LSL,,(C) = SL,(R)

is elementary boundedly generated, with v,(R) < %n2.

Proof Let
h o fa
T R T
Since detA = 1, the functions fi,...,f, € R have no common zero. Set f =

Ifil> + -+ |fu_1]* and h = f,. Then f and h have no common zero. By the
previous lemma, there exists ¢ € R such that the function ¥ = h + ¢f has no
zero. Thus, v is invertible in R.

We perform the following n — 1 elementary operations on A. First add to
the last column ¢f | times the first column. Then add to the last column ¢f ,
times the second column. Continuing this way until the last but one column,
we obtain at the end of these n — 1 operations a matrix of the form

v
* * *

B =
* * *

Since v is invertible, using at most one elementary operation, one can transform
B into a matrix

* * %k
C =
* * %k
* * 1

Using (n — 1) + (n — 1) = 2n — 2 elementary operations, one can transform C
into a matrix of the form

* - x 0
b= * - x 0
0 -~ 0 1

Thus, using at most 3n — 2 elementary operations, we have transformed
A € SL,(R) into a matrix D € SL,_1(R). The assertion follows by induction
onn. A
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Remark 4.3.15 (i) Theorem 4.3.5 and the previous proposition show that
e =2/(3n%-22%) > 1/(10°:?) is a Kazhdan constant for the set Q defined in
Remark 4.3.6. Observe that every neighbourhood of 0 in C(S') contains m = 3
functions generating a dense subring: fix an irrational real number 6 and take

eZn i0

N

1 1
r = N sin(2mwx), rp = N cos(2mx), r3 =

for suitable N € N. It follows from Remark 4.3.9.ii that the set Q; of the n*> —n
constant functions z > Ej;(1), 1 <i # j < n, is a Kazhdan set, with the same
Kazhdan constant.

(i) The loop group of SL,(R) is not elementary boundedly generated.
In fact, the elementary matrices do not even generate LSL, (R); with the notation
of Remark 4.3.9.1, this means that E(n, R) # LSL,(R), where R is the ring of all
real-valued continuous functions on S'. Indeed, every mapping f € E(n, R) is
homotopic to a constant path (Exercise 4.4.8). On the other hand, 71 (SL, (R))
is non-trivial. However, as observed in [Cornu—06e], LSL, (R) has Property (T)
for n > 3. In view of Remark 4.3.9., this follows from the fact that
E(n,R) is boundedly generated by the elementary matrices, a result due to
Vaserstein [Vaser—88], and that 771 (SL,(R)) is finite.

(iii) Using similar methods, Neuhauser [Neuh—03b] showed that the loop
group of Spo,(C) has Property (T) for n > 2.

4.4 Exercises

Exercise 4.4.1 We know from Corollary 1.4.13 that the pair (SLp(R) x
RZ2,R?) has Property (T). Prove that the pair (SL, (Z) X Z2,7%) has Property (T),
by using the fact that SLy(Z) x 72 is a lattice in SLr(R) x R2.

[Hint: Imitate the proof of Theorem 1.7.1.]

Exercise 4.4.2 Let K be a field and n > 2. Show that v,(K) < n(n — 1),
where v, (K) is as in Definition 4.1.1.
[Hint: Use Gauss elimination. ]

Exercise 4.4.3 Let H be a subgroup of finite index of the group G. Then G
is boundedly generated if and only if H is boundedly generated.

[Hint: The “if part” is straightforward. To show the “only if” part, let S be
a finite set of generators of G. A finite set of generators for H is provided
by the so-called Rademeister—Schreier method. More precisely, let T be a set
of representatives for H\G containing the group unit. For g € G, denote by
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7(g) € T the representative of the class Hg. Show that the set
U={s(t(ts))"' : seS8,teT)

is a generating set of H; moreover, if G is boundedly generated with respect
to S, then H is boundedly generated with respect to U. If necessary, look at the
proof of Theorem 2.7 in [MagKS-66, §2.3].]

Exercise 4.4.4 Let R be a commutative ring with unit. For n € N, let Q be

the set of all elementary matrices E;;(1) in I' = SL,(R). Let 7 be the natural

representation of I" in 2R\ {0}). Let & € £2(R" \ {0}) be the characteristic

function of the set {e, ..., e,}, where eq, ..., e, is the standard basis of R".
(i) Show that for every y € Q,

2
lr(y)§ =&l < \/;IIEIL

(i1) Show that, if SL,,(R) has Property (T), then the optimal Kazhdan constant
for Q is bounded from above by +/2/n.

Exercise 4.4.5 Prove the claim from Remark 4.3.9.ii.
[Hint: Use continuity of the involved representations. ]

Exercise 4.4.6 Let 7 be the standard representation of G = SU(2) on C2.
For every z € S', define an irreducible unitary representation 7, of the loop
group LG on C? by

w(f) =n(f(2), feLG.

(1) Show that 7, and 7| are not unitarily equivalent for z # 1.
[Hint: Consider the characters of 7, and 1 .]
(i1) Show that the trivial representation 17 is weakly contained in

@ T, @ T].

zeST\{1}
(iii) Show that LG does not have Property (T).

Exercise 4.4.7 Let G be a compact connected simple Lie group. Show that
the loop group LG of G does not have Property (T).
[Hint: Imitate the previous exercise, using a one-dimensional torus S!in G.]

Exercise 4.4.8 Let X be a connected manifold and let f : X — SL,(C)
be a continuous mapping. Assume that f = E; ---Ey, where Ej,...,Ey are
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elementary matrices in SL,(C(X)). Show that f is homotopic to a constant
mapping X — SL,(C).

Exercise 4.4.9 Consider the ring R = C (83) of all continuous functions on
the 3-sphere S>, equipped with the topology of uniform convergence. Show
that SL,(R) = C(S3, SL,(C)) is not elementary boundedly generated.

[Hint: Observe that 73(SLy(C)) = m3(SUQ2)) = n3(53) # 0 and use the
previous exercise. ]

Exercise 4.4.10 Let R = C(S%), where S3 is the 3-sphere. Show that
SI3(R)=C (83, SL3(C)) does not have Property (T).

[Hint: Observe that 73 (SL3(C)) = n3(SU(3)) = Z is infinite and imitate the
proof of Proposition 4.3.10.1i.]



S
A spectral criterion for Property (T)

The aim of this chapter is to give a spectral condition implying Property (T)
and allowing the computation of Kazhdan constants for groups acting on a
simplicial complex of dimension 2. This condition is due to A. Zuk [Zuk-96]
and W. Ballmann and J. Swiatkowski [BalSw—97] (see also [Pansu—98] and
[Wang—98]), after fundamental work by H. Garland [Garla—73] (see the
Bourbaki report [Borel-73]). In [Zuk—03], an abstract form of this criterion
is given involving only the spectrum of the Laplace operator of a finite graph
associated to a generating set of a group.

The proof we give for the spectral criterion is based on the article of
M. Gromov [Gromo-03] and on the exposition of this work given by E. Ghys
[Ghys—04]. The main result Theorem 5.5.4 holds for arbitrary locally compact
groups acting properly on a simplicial complex of dimension 2, while only
discrete groups are treated in the papers quoted above. This generalisation was
pointed out by G. Skandalis and allows us to give a new proof of Property (T)
for SL3(K) when K is a non-archimedean local field.

Sections 5.1 and 5.2 describe our setting for a random walk © on a set X,
including the corresponding Laplace operators A, acting on spaces QOH(X )
of Hilbert-space-valued functions on X. In Section 5.3, the set X is finite.
In Section 5.4, the set X can be infinite, and there is a group G acting on X with
finitely many orbits. The interaction finite/infinite, or local/global, is analysed
in Section 5.5, and applications follow in the two last sections.

More precisely, Proposition 5.3.1 establishes in the case of a finite set X the
basic properties of the smallest positive eigenvalue A; of A, acting on Q%(X ).
Proposition 5.4.5 relates Property (T) for G to minorations of the operators
A, and this is reformulated in Proposition 5.4.8 as Poincaré type majorations
of the operators A ... The situation for comparing “local” random walks on
finite sets X, and a “global” random walk on X is described in Section 5.5,
together with the main example of a simplicial 2-complex X and the links X,

216
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of its vertices; the comparison itself is the object of Theorems 5.5.2 (general
situation) and 5.5.4 (a 2-complex and its links). The first application is Zuk’s
criterion (Theorem 5.6.1). In Section 5.7, there are applications to Euclidean
buildings of type Zz.

5.1 Stationary measures for random walks

A random walk or Markov kernel on a non-empty set X is a kernel with non-
negative values

w:XxX— Ry

such that ZyeX u(x,y) = 1 for all x € X. Such a random walk is irreducible
if, given any pair (x, y) of distinct points in X, there exist an integer n > 1 and
a sequence x = xo,X{,...,Xx;, =y of points in X such that u(x;_1,x;) > 0 for
anyj e {1,...,n}.

A stationary measure for a random walk u is a function

v:X — R}
such that

vx)ulx,y) = v(y)u(y,x) forall x,yeX.

A random walk is reversible if it has at least one stationary measure.
Let u be a random walk on a set X. There are two obvious necessary
conditions for u to have a stationary measure: the first is

(%) w(y,x) #0 ifandonlyif wu(x,y) #0 (x,y eX)

and the second is

Gex) p(ep,x2) - - - (1, X)) I (X, X1) = Xy Xp—1) = - - )12, X1) p (X1, Xp)

for any integer n > 3 and any sequence xp, . .., X, of points in X. We leave as
Exercise 5.8.1 to check that Conditions () and (x%) are also sufficient for the
existence of a stationary measure, and for its uniqueness in case u is irreducible.

Example 5.1.1 Let G = (X, E) be a locally finite graph. It is convenient to
adopt here a definition slightly different from that used in Section 2.3. Here, the
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edge set E is a subset of X x X which contains e = (y, x) whenever it contains
e = (x,y); the source of e is x (also written e~) and the range of e is y (also
written ¢™). Thus G has no multiple edge (namely has at most one edge with
given source and range in X ) and G can have loops, namely edges of the form
e = (x,x), for which e = e. The degree of a vertex x € X is the integer

deg(x) = #{yeX : (x,y) € E}.

For x,y € X, set

1/deg(x) if (x,y) e E
mx,y) = .
0 otherwise.

Then p is the so-called simple random walk on X and v : x —— deg(x) is a
stationary measure for w. [It is important to allow loops in G, since p(x, x) 7 0
should not be excluded.]

Conversely, to any random walk p on X for which Condition () holds, we
can associate a graph G, = (X, E,,) with edge-set

E, ={x,y)eX xX : puxy >0}

The graph G, is connected if and only if the random walk w is irreducible; this
graph is locally finite if and only if the random walk u has finite range, namely
if and only if the set {y € X : u(x,y) # 0} is finite for all x € X. Here is a
particular case of the criterion for the existence of a stationary measure: if u is
a random walk for which Condition (x) holds and for which the graph G, is a
tree, then w has a stationary measure.

5.2 Laplace and Markov operators

Consider a set X, a random walk p on X which is reversible, the graph
G, = (X,E,) defined in the previous section, a stationary measure v for p,
and a complex Hilbert space H. For an edge e € [, with source and range
e ,et eX,set

cle) = vie)ule ,e™).

Observe that c(e) = c(e) for e € E,. In the interpretation of (X, ) as an
electrical network, c(e) is the conductance of e, the inverse of the resistance
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of e, and

v(x) = Z cle) = Z c(e)

o b
ecE,em=x e, et=x

is the fotal conductance at x (see, e.g., [Soard—94] or [Woess—00]).
Consider the Hilbert spaces

9%a)={fxwe%fzzyv@m%v@w<m}

xeX

and

F(e) = —F(e) foralle € E
Q%{(X)z F:Ey —H: ,

1
and 3 Yeer, IF@I3, o =
with the natural inner products. We can view F as a mapping on X x X by

F(e) if e=(x,y) €E
F(x,y) = _ :
0 otherwise.

Inner products in Q%{ (X) can be written as

1 1
(F1,Fy) = 5( j§QX2<F1<x,y>,P&(x,y>>zz;:;5.

Define a linear operator

d : Q4 (X) — Qp(X), @f)e) = cle) (fle") —f(e).

Remark 5.2.1 (i) Instead of our space Q;_[ (X), some authors deal with
another space of functions from [E, to H, with a condition of the form
% ZeeEu |F (e)II%_[ c(e) < oo, and therefore with another operator d defined
by (df)(e) =f(e*) —f(e7).

(ii) There is some analogy between two situations: on the one hand the set X
(together with positive-valued functions v on X and ¢ on E,,) and the Hilbert
spaces Q% X), Q%_[ (X); and on the other hand a manifold, the Hilbert spaces of
H-valued L>-functions and L?-one-forms, respectively. The operator d is then
the analogue in the present setting of the exterior differential.
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Proposition 5.2.2 The notation being as above, the operator d is bounded,
indeed

@ ldll < V2.

Its adjoint d* : Q%_[(X) — Qg_[(X) is given by
1
(i) d*F)(y) = — ) F(x,y).
v(y) g;

If A, and M), are the operators defined on QOH(X ) by
Ay =dd=1-M,

(with I the identity operator on Qg{ (X)), we have

(iii) Ay =0 and |M,| < 1.

Forf e Q%(X), we have

1
@) (Aufof) = dfdf) = 5 30 1) —F @I v@puxy)
(x.y)ex?
@ AN =@~ (Muf) @ = £ = >Ny

y~x

where Z),Nx indicates a summation over all neighbours of x in the graph G,,.
We have A, f = Oifand only if f is locally constant. In particular, when the
random walk . is irreducible, A, f = 0 if and only if f is constant.

Proof The proposition follows from straightforward computations. Here are
some of them. For f € Qg_[(X ), we have, by two applications of the Cauchy—
Schwarz inequality:

Bl—

IA

D (FDMfM)ey) DDy Y IIF @ 1Pt v)

(x,y)ex? (u,y)ex? (x,v)ex?

1
2

= {1 D If @I ¢ = 1£11%

yeX xeX
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This implies

1 1
@df) =3 Y. FOLOEN+3 Y (FES @)

(x.y)ex? (x.y)ex?

—Re| D (FODf@ey)

(ry)ex?

1 1
= 1717 + 3 LA+ 112 = 211717,

so that ||d|| < +/2. The verification of (ii) is straightforward, and the positivity
of A, follows from its definition as d*d.

We leave the verification of formulae (iv) and (v) as an exercise. The last
claim of the proposition follows from (iv). Now

Muff) =Y (M) fO)v) = Y Y (F(0).f@)ex,y)

xeX xeX y~x

and, by the inequality above, this implies that ||M “ || < 1, so that the proof of
(iii) is complete. W

The operators A, and M, on Qg_[(X ) are the Laplace operator and the
Markov operator, respectively. Observe that A, is positive by definition.
A function f € Q%(X) is harmonic if A, f = 0, namely if M, f = f. When
is irreducible, a function f € Q% (X) is harmonic if and only if it is constant,
by the last claim of Proposition 5.2.2.

The formula defining df : £, — H makes sense for any functionf : X —H.
The function f is said to be Dirichlet finite if df € Q%(X ), and the number

1
En(f) = Idf I = 5 3 IF ) =F@IPvm,y)

(ry)ex?

given by formula (iv) of Proposition 5.2.2 is the Dirichlet energy of f.
Assume that the random walk p has finite range. Formula (v) in Proposi-
tion 5.2.2 defines A, f and M, f for any function f : X — H.
Let w, 1’ be two random walks on the same set X . The convolution p * i’ is
defined by

(rp)@2) = ) pleyu'(y.2) forall xzeX
yeX
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and is clearly again a random walk on X . For an integer k > 1, we write u**
for the k-th convolution power of ©; moreover w9, y) = 1ifx = y and
wO(x,y) = 0if x # y. The following proposition is straightforward.

Proposition 5.2.3 [f v is a stationary measure for two random walks [, i’
. . 1

on the same set X, then v is also a stationary measure for 5 (i * w4 k).

The Markov operator for the convolution ju * |1 is the product of the Markov

operators for the factors:

My = MM,y
In particular, v is a stationary measure for u** and
k
Mu*k = (MFL)

forany k > 0.

5.3 Random walks on finite sets

Let X be a finite set of cardinality n, let  be a random walk on X, and let v be
a stationary measure for ;. We denote by

2,000 = {f € 24 x) + Y fev =0}

xeX

the orthogonal complement in Q(T)-{ (X) of the space of constant functions.

In case H = C, the self-adjoint operator A, acting on Q% (X) has exactly
n eigenvalues (with repetitions according to multiplicities) which are real and
which can be enumerated in such a way that

0=2 <2 = < An—1-
It follows from Proposition 5.2.2 that A1 > 0 if and only if u is irreducible,
namely if and only if the graph G, is connected.

For functions with values in a Hilbert space H, the Laplace operator is the
tensor product of the Laplace operator for C-valued functions with the identity
operator on H. A number A € R which is an eigenvalue of some multiplicity
N in the scalar case is therefore an eigenvalue of multiplicity dim(H)N in the
‘H-valued case.
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Proposition 5.3.1 Let X be afinite set, let 1 be a reversible irreducible random
walk on X, let v be a stationary measure for |1, and let H be a Hilbert space.

Denote by Ay the smallest positive eigenvalue of the Laplacian A, acting on
Q% (X). We have

1
e D) @I v@pxy): fEQ(X)o, £#0

(x.y)ex?

)\.] = inf

and

D) —F@IPvEv(y)

(x.y)ex?

SZ+"(Z) > IFG) —f @I v, y)

(x.y)ex?
forallf € Q9,(X).

Proof Since u isirreducible, the space Q% (X)o is the orthogonal complement

in Qg_[(X ) of the eigenspace of A, of eigenvalue A9 = 0. Hence, the first
formula follows from Proposition 5.2.2.iv.

For the inequality, there is no loss of generality if we assume that f €
Qg_[(X )o. On the one hand, we have just shown that

lFI1P < D0 ) —F@IP vl y).

(r.y)ex?
On the other hand, since erx f(x)v(x) =0, we have

ST I = @I vEv(y)

(x.y)ex?

=2 If@IPv(x) Y v(y) —2Re <Zf(y>v<y>,Zf<x>v<x>>

xeX yeX yeX xeX

=2fI7)_ v

xeX

The inequality follows. W

Remark 5.3.2 For u reversible and irreducible, there is a unique stationary
measure v for u normalised by the condition ZzeX v(z) = 1 (Exercise 5.8.1).
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Example 5.3.3 Let G = (X,E) be a connected finite graph, let i be the
corresponding simple random walk on X (Example 5.1.1), and let v be the
stationary measure defined by v(x) = deg(x) for all x € X; observe that
c(e) = 1 forall e € E and that ZzeX v(z) = #E. The inequality in the previous
proposition reads:

#E
> 1) —f @I degdeg(y) < — 30 IF () —F@I7.

(x,y)ex? ! (x,y)eE

Suppose moreover that G is a regular graph; its degree is therefore #E/#X .
Then

1 11
() #X x X) Z If () —f@I* < o BE Z £ (y) —fFl?
(x.y)ex? (x,y)eE

or, in words: the average of the function (x,y) — || f(y) —f ()c)||2 over all
pairs of vertices in X is bounded by Al_l times the average of the same function
over all pairs of adjacent vertices.

5.4 G-equivariant random walks on quasi-transitive
free sets

Let X be a set and let G be a unimodular locally compact group acting on X .
We assume that

(Pi) the action is continuous, namely the subgroup G, = {g € G : gx = x}
of G stabilizing x is open for all x € X;

(Pii) the action is proper, namely the subset {g € G : gF NF' # @} of G
is compact for all pairs (F, F’) of finite subsets of X; in particular, the
stabilisers G, are compact subgroups of G;

(Piii) the action is cofinite, namely the set G \ X of orbits is finite.

Let moreover i be a reversible random walk on X and let v be a stationary
measure for u. We assume that p and v are G-invariant

(Piv) m(gx,gy) = u(x,y) and v(gx) = v(x) forallg € Gand x,y € X.

Example 54.1 (i) Let " be a finitely generated group. Let S be a finite
generating set of I' which is symmetric, namely such that s~! € S if and only
if s € §. We define a random walk i on I" (or on the Cayley graph of I" with
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respect to S) by

1

— ify~ly'es

u(y.y) =1 #S
0 otherwise

(this is a particular case of Example 5.1.1). Observe that i is irreducible, since
S generates I'. As u is symmetric and irreducible, the stationary measures for
w are the constant functions on I'. Properties (Pi) to (Piv) are straightforward
to check.

(ii) Let A, B be two finite groups and let I be their free product. Let G =
(X,E) be the canonical tree on which I' acts (see [Serre—77]). Recall that X
is the disjoint union of the coset spaces I'/A and I'/B, and that each y € I’
corresponds to a pair (e, e) of edges, e having source yA and range yB. The
simple random walk on G has properties (Pi) to (Piv).

We return to the general case. We choose a Haar measure dg on G; it is both
left and right-invariant. For x € X, we write |G| for the Haar measure of the
compact open subgroup Gy; observe that |ng| = |G,| for each g € G since
Gor = ngg_1~

A fundamental domain for the action of G on X is a subset 7' of X such that
X is equal to the disjoint union of the orbits (Gx),c7; such a T is finite by (Piii)
and its cardinality is that of G \ X.

If ¢ : X — CisaG-invariant function, the value ), ., ¢(x) does not depend
on the choice of T in X ; we will write

Y e

xeG\X
for such a sum (which is a finite sum).

Lemma 54.2 Let ® : X?> — C be a function which is G-invariant for
the diagonal action of G on X?. Assume that the series Y vex ®(x,v) and
Y uex ©u,y) are absolutely convergent for all x,y € X. Then

()

1
Z Wq)(x)’) Z

(x,y)eG\X?2

Yooy =) — Y dxy).

| x'yeX y€T| y|xeX

Proof Foreach x € T, choose a fundamental domain U, C X for the action
of Gy on X. Then

{G,u) : xeT,ue Uy}
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is a fundamental domain for the action of G on X 2. We have

1
L GG ZZ|GmGu|<D(”)

(x,y)eG\X? xeT ueUy
(g 'x, u)d,
ZZ|GmG||G|/ (8 xuds
xeT ueUy
1 / o1
XY e O S0 ¢
xeT MGU |G m Gul |G | Gx/(meG ) xﬂGu

1 -1
Z Z IG N Gyl |Gyl Z /mGu O (g™ x, hu)dh

xe€T ueU, 8€Gy/(GxNGy)
"L D GGG 2 e, 7
xeT LIGU | Ml | )C| GX/(GXOG ) G ﬂGu

=G

xeT

_Z|Gx

xeT

_Z|G|

xeT

Z Z CID(g_lx, u)

| x' ueUy g€Gy/(GxNGy)

YooY, oknew

ueUy geG,/(G:NG,)

D oy,

yeX

Using the fundamental domain {(u,y) : y € T,u € Uy} for the G-action on
X2, we also have by a similar computation

> —|G;G (x.y) = Z Zob(xy) n
X }

)eT xeX

Let 7 be a unitary representation of G in a Hilbert space H. Consider the
vector spaces

Sg(X):{f:X —H : f(gx) =n(g)(f(x)) forall ge G,xeX}
and

F(ge) =n(g)(F(e)) forallecE,, g€G



5.4 G-equivariant random walks 227

We view 82 (X) and 57% (X)) as Hilbert spaces for the inner products defined by

v (x)

G.l for fi.f2 € E2(X)

(fih) = Y (AW, HO)

xeT

and

1

1 1
(Fi, P)=2 3 (Fixy), Fay) G GG
x y

(x,y)eG\X?2

for Fi,Fy € EL(X).

Here as in Section 5.2, the conductance of an edge is defined by c(x,y) =
v(x)u(x,y) = v(y)u(y,x), and we have extended functions in Sji (X) by zero
on the complement of E, in X 2. The summation on G \ X2 is therefore a
summation on G \ E,. Observe that Z(x,y)eG\Xz( ---) is a finite sum if the
random walk p has finite range.

Define a linear operator

d:E)X) — Ey(X),  (df)(e) =cle) (fle") —f(e)).

The following proposition is the analogue in the present setting of Proposi-
tion 5.2.2.

Proposition 5.4.3 The notation being as above, the operator d is bounded,
indeed

@ ldll < V2.

Its adjoint d* - 5711 X) — 57? (X) is given by

(id) d*F)(y) = — ZF(x »).

xeX

If A, and M|, are the operators defined on 52 (X) by
Ay,=dd=1-M,
(with I the identity operator on 52 (X)), we have

(iii) Ay>=0 and |M,| <1
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Forf € 52 (X), we have
(iv)

v(x)p(x,y)

1
Apfof)=Adfdf) =5 >0 IF ) —F@IP G
X

xeX,yeT

v(x)u(gx,y)
|Gy

bl

1
=5 2 Irom-rer@li’

xeT,yeT,geSx

where Sy is a set of representatives for the coset space G/Gy.

(v)

(A =f ) = (Muf) @) =f) = D f(Mnlxy)

X

where Zy~x indicates a summation over all neighbours of x in the graph G,,.
When the random walk w is irreducible, then A, f = 0 if and only if the
functionf is constant with value in the subspace HC of (G)-fixed points of H.

Proof Letus check (i). Forf € 52 (X), we have, by Lemma 5.4.2,

3 Ilf(y)|I2|G(yG) Z||f(y)||2‘G’ZL<y,u>

(u,y)€G\X? ueX
=S e
}‘ET |Gy|
Therefore
» <f<y>,f<x>>%
(x.))€G\X? Y
1 Y werZEe Y el Sea b =i
- |G N Gy |Gy N Gyl
(u,y)€G\X? (x,v)€G\X2
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by the Cauchy—Schwarz inequality. Hence

1 >
@ =3 Y GO

(x,y)eG\Xz ‘Gx n Gy’

1 c(x,y)
T3 Z z(f(x),f(x)>|me—Gy‘
(xy)eG\X
cx,y)

- oy

(x,y)eG\X2

1 1
<5 IFII% + 5 IFIZ +IF13 =2071

so that ||d| < +/2.
Let us now check (ii). For f € 82 X)and F € 5711 (X), we have, using again
Lemma 5.4.2,

1 1
(df,F)ZE Z ZC(X ) =), Flx, )’)> )W
(x)EG\X
=—ZZ (f ), Fx, MEita ZZ (f (). F(y.x) —|
yeT xeX xET)eX
= ZZ FOLF)) =+ = ZZ FO).Fx.y)
yeTxeX |Gy veTxeX |Gy|
. ZZ<f(y> >> vo)
yeT xeX |G |
= (f,d*F).

We leave the proof of Claims (iii) to (v) as an exercise. Assume now that
w is irreducible. Consider f € 82 (X) with A, (f) = 0. The equalities in
(iv) implies that f(x) = f(y) forall x € X,y € T with u(x,y) > 0. By
G-invariance of the function (x,y) +— || f(y) —f(x)||2 v(x),u(x,y)/|Gy , it
follows that f'(x) = f(y) for all x,y € X with u(x,y) > 0. By irreducibility
of u, this implies that f is constant on X. Since f(gx) = m(g)f (x) for all
g € G,x € X, the value of f belongs to H®. W

The operators A, = d*d and M,, = I — d*d on E2(X) are the Laplace
operator and the Markov operator, respectively. A function f € 579 (X) is again
called harmonic if A, f = 0, namely if M, f = f. When p is irreducible,
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afunctionf € 52 (X) is harmonic if and only if it is constant with value in HC,
by the last claim of the previous proposition.

Example 5.4.4 LetI" beagroup generated by a finite symmetric S and let i« be
the symmetric irreducible random walk defined in Example 5.4.1.i. Moreover,
let H be a Hilbert space and let 7 : I' — U/ () be a unitary representation. Then

EM)={fT—=H: fyr)=ay)(f(y) forall y,y e}

and the linear mapping 6’2 (') = H,f — f(1) is a norm preserving isomor-
phism onto. We leave to the reader to check that 5; (T) = HY, where d = #S
ifl¢Sandd =#S —1ifl €.

We will now assume that p has finite range, that is,
Pv) #ye X : ux,y) >0} <ooforallx € X.

(Recall that (Pi) to (Piv) have been defined at the beginning of the present
Section 5.4.) This has the the following consequence:

(Pvi) The group G is compactly generated. More precisely, if T is a fundamental
domain and if xg € T is some base point, then G is generated by the union
of the compact subgroup Gy, and the compact subset

S={seG : ukx,sy) >0 forsome x,yeT}.

Indeed, consider ¢ € G. Since G, is connected, there exists a sequence
Xly...,X; = gxo in X such that u(xj—1,x;) > 0 foralli € {1,...,n}. Let
¥1,...,yp beasequencein T and g1, . .., g, a sequence in G such that x; = g;y;
1<i<n)lIfs; = gi__llg,- (with go = 1), we have

w(yi-1,8) = p(gi—1yi-1,8yi) > 0

and therefore s; € S foralli € {1,...,n}. Thus (T <;<, 5i) Yo = X4 = gX0, 80
that y, = xp and g~ nlsisn s; 1s in the isotropy group Gy,.

Proposition 5.4.5 Let X be a set and G a unimodular locally compact group
acting on X. Let u be a reversible random walk on X and let v be a stationary
measure for (. Assume that Properties (Pi) to (Pvi) above hold, and moreover
that y is irreducible. The following statements are equivalent.

(i) G has Property (T);
(ii) for every unitary representation (7w, H) of G without non-zero invariant
vectors, there exists ¢ > 0 such that
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(Auf.f) = elfI?

0 .
Sforallf € £.(X),
(iii) there exists ¢ > 0 such that, for every unitary representation (w, H) of G
without non-zero invariant vectors,

(Auf.f) = elfI?

forallf € £9(X).

Remark 5.4.6 The only implication which is used below is (iii) = (i).
Observe that the implication (iif) = (ii) is obvious.

Proof We choose as above a fundamental domain 7 for the action of G
on X as well as, for each y € T, a set S, of representatives of G/Gy.
Recall that S is the subset of G of those s € G for which u(x,sy) > 0 for
some x,y € T.

Several of the equalities written below are of the following kind: givenx € X
and a measurable function @ : G —> R such thata(gh) = a(g) forallg € G
and h € Gy, we have |cl—\ Joa(@dg =5 a(2).

Let us show that (ii) implies (i). Let (7, H) be a unitary represen-
tation of G without non-zero invariant vector. Let ¢ >0 be a positive
number for which (ii) holds. Choose a unit vector & € H and define
[ e EY(X) by

fx) = m(g)é wherex=gy, yeT, g €Sy;

in particular, f(y) = & for all y € T. Then ||f|> = Zyer%- Using
Y

Proposition 5.4.3.iv, we have

E v(y)(y, gx)

1
elfIP = (Aufify=5 Y IE—7(@E] G
y

xeT,yeT,geSx

1 1 2 V() u(y, gx)
= — —_— — 7d
3 > |GX|/GIIE (|l G| g

xeT,yeT

l 9
3 f1e—mer | ¥ TOHEED

xeT.,yeT |GX| |Gy|
1 v(y)(y, gx)
< L max g - n(g)éﬂzf YOIy, 8%)
2 ges s Z |Gyl |Gy|

xeT yeT
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On the other hand, we have
v(y)p(y, gx) v(y) /
— < u(y,gx)dg
/s 2 i |G| Z ~ ]G, & Z Gl

xeT,yeT
- e YOS (v = 112

yeT \ xeX

It follows that

1
5 max 5 — T(@El* > &,

namely that (S, v/2¢) is a Kazhdan pair for G. Since S is compact, the group G
has Property (T).

Let us now show that (i) implies (iii). Let xyp € T. Recall from (Pvi) that
Gy, U S is a compact generating set for G. Let « > 0 be such that (G, U S, «)
is a Kazhdan pair for G. Let

v(y)

TeN tyeT,zeX, M(y,z)>0}

8 = min {M(y,z)

= min {u(y,z)% y.z€X, u(y,z) > 0}'
)7

Observe that § > 0, since p has finite range. Let
N =max {d(y,x0) +d(xo,sy) : yeT, s € Gy, US},

where d is the distance on X associated to the graph G,,.
Let (;r,’H) be a unitary representation of G without non-zero invariant
vectors. We claim that, for every f € 82 (X), we have

-2

| X % If1.

ser 16l

< ,vaf>_2N2

Indeed, assume by contradiction that there exists f € 52 (X) with |f]|> = 1
such that

-2

(Bufof) < ozt [ 3022

yeT |Gyl
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Since

Yo =,

iet Gyl

there exists yg € T such that

-1

EOIEA DY %

ser 16l

Fix s € Gy, US. Choose paths of minimal length between y and xo and between
xo and sy, that is, choose 29, ...,z, € X and wy, . .., w, € X such that

20 = Y0, Zn = X0, n =d(yo,X0), and w(zi,zi+1) >0
forO<i<n-—1and
wo = X0, Wy = 80, m = d(xg,sy0), and p(wj,wiy1) >0
for 0 <i <m — 1. By the choice of §, we have

I1f (yo) = f (syo) 18 < 1. (yo) —f (x0) 18 + II.f (x0) —f (sy0) I8

n—1
=D IR TR IICEnE gT
i=0 K
m—1 (w)
D ) —f o) i) o
i=0 wi

Each of the terms on the right-hand side is equal to a term of the form

v(y)
If(y) f(z)llu(y,z)@

forsomey € T,z € X. Since n + m < N, it follows that

1 (30) = F &y I8 <N YD NIF () = f @Iy Pyely

yeT zeX |Gyl
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By the Cauchy—Schwarz inequality, we have

2
YY) @l
yeT zeX | y|
<I3>Irm —f(z>||2u(y,z>% ZT((}yl)Zu(y,o
yeT zeX Y yeT "V zex
v(y) v(y)
= ZZIIf(y)—f(z)Ilzu(y,Z)m Zl(m
yeT zeX yeT /
Together with Proposition 5.4.3.iv, this implies
1w =P8 = 282 | 3052 | (8,
y

yeT

-2
Since (A f.f) < 7762 (ZM l”é—)y‘)) , it follows that

1f (30) = (&) Qo) I> = I1f (o) —f (syo) >

—1

e D I e

et |Gyl
for all s € Gy, U S. This is a contradiction, since « is a Kazhdan constant for
Gy,US. i

Remark 5.4.7 Assume that there exists ¢ > 0 such that

(Auf.f) = ellfI?

for every unitary representation (7, H) of G without non-zero invariant vectors
and for every f € 52 (X). The proof above shows that (S, +/2¢) is a Kazhdan
pair, where S is the set of all s € G for which u(x, sy) > 0O for some x,y € T.

In the next proposition, (ii) and (iii) display variants of the Poincaré
inequality.

Proposition 5.4.8 Let X be a set and G a unimodular locally compact group
acting on X. Let i be a reversible random walk on X and let v be a stationary
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measure for (. Assume that Properties (Pi)—(Pvi) above hold, and moreover
that w is irreducible. Let k > 2 be an integer. The following statements are
equivalent.

(i) G has Property (T),
(ii) for every unitary representation (7w, H) of G without non-zero invariant
vectors, there exists a constant C < k such that

(Atfof) < CelAufof)

for every f € £9(X);
(iii) there exists a constant C < k such that

(A yif o f) < CilDuf o)

for every unitary representation (7, H) of G without non-zero invariant
vectors and for every f € 52 X).

Proof Let s be a unitary representation of G without non-zero invariant vec-
1

tors. The positive operator A, acting on 52 (X) has a positive square root A Z
Assume that u is irreducible so that 0 is not an eigenvalue of A, by Proposi-

1 1 1
tion 5.4.3. A fortiori, 0 is not an eigenvalue of A2. As (Im(A 7))+ = Ker(A2),

1
the range of A ,i is dense in 52 (X). Choose an integer k > 2 and set

<Au*kf’f>
(Apf.f)

We claim that C < k if and only if there exist ¢ > 0 such that

Ckzsup{ :fegg(X),f;éo}.
(Auf.f) = el fI?, forall fe&l(X).
Indeed, since
Aﬂ*k = I _Mﬂ*k == (1 _Mu)(l +MM + R +MM*(k71)),

we have

1 1
Aﬂ*k = Alz,_([ —}—Mﬂ + .- +MM*(/<—1))A/2L.

1
It follows from the density of Im(A ;) that

Cr = sup{(( + My + -+ Ma0)f o f) = f € ELC0, IIfII =1}
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Since M, is self-adjoint, this means that

Cy = sup (1+A+-~+)\k_1),
rea (M)

where o (M,,) denotes the spectrum of M. Hence, C; < k if and only if
1 ¢ 0(M,), namely if and only if 0 ¢ o(A,), or equivalently if and only if
there exists ¢ > 0 such that

(Auf.f) = ellfI* forall fe&2(X).

Proposition 5.4.5 shows now that (i), (ii), and (iii) are equivalent. W

Remark 5.4.9 Assume that there exists a constant C < 2 such that

(A paf f) < CALE.S)

for every unitary representation (;r, H) of G without non-zero invariant vec-
tors and for every f € £2(X). Then /2(2 — C) is a Kazhdan constant for
the generating set S of G defined above. Indeed, the proof above shows that
SUPseo(m,) (1 +-4) = C. Hence

inf o A>2-0C,
reo(Ay)

that is,
(Auf.f) = Q@ —=OIfI% forall fe&l(X),

and the claim follows by Remark 5.4.7.

5.5 Alocal spectral criterion

Let X be a set and G a unimodular locally compact group acting on X . Let i be
areversible random walk on X and let v be a stationary measure for 1. Assume
that Properties (Pi)—(Pvi) from the previous section hold, and moreover that
is irreducible.

We will give a condition in terms of a family of locally defined random walks
on X implying the Poincaré inequality (iii) from Proposition 5.4.8 and hence
Property (T) for G.

Assume that, for every x € X, there exist a finite subset X, of X, areversible
random walk u, on X, a probability measure v, on X, which is stationary for
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WUy, and a G-invariant positive measure T on X (a “weight function”) with the
following properties:

(1) pgx(gy,82) = px(y,z) and vgr(gy) = vx(y),
(1) Y ex T@Ve(Mpx(y,2) = v(Y(y,2),
(i) D rex TEV(We(@) = V(Y. 2),

forallx € X, y,z € X, and g € G, where we view all u,’s as measures on
X x X and all v,’s as measures on X .

Here is a first example; a second one appears below in connection with Zuk’s
criterion (Theorem 5.6.1).

Example 5.5.1 Let X be a simplicial complex such that any vertex belongs
to some edge and any edge belongs to some triangle. Let X denote the set of
vertices of X'. For vertices y,z € X, denote by t(y, z) the number of triangles
containing y and z when y # z, and the number O when y = z; denote by t(y)
the number of oriented triangles containing y, so that t(y) = ZZGX (y,2).
Define a random walk  on X by

(y,2)
()

n(y,z) = forall y,zeX.

Then p is reversible, with stationary measure v given by
v(y)=1t(y) forall yeX.

Moreover u is irreducible if and only if X is connected.

Choose now a vertex x € X. Denote by X, the set of vertices y of X distinct
from x such that x and y are vertices of a triangle in X. Let E, be the set of
pairs (y,z) € X, x X, such that x, y, z are the vertices of a triangle in X. Thus
Gx = (X, E,) is a graph which is called the link of x in X'. The simple random
walk @y on G, is given by

if (x,y,7) is a triangle in X
Mx(y,2) = T(x,y)
0 otherwise.

It is reversible, with stationary measure v, given by

T(x,y)
T(x)

Ve(y) =

for all y € X,.
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Let us verify that Conditions (ii) and (iii) above are satisfied. Let y,z € X.
When y # z, we have for x € X

1

veMie(y,2) = { T
0 otherwise.

if x,y, z are the vertices of a triangle in X’

Hence ) .y T(X)vx(y)1x(y,2) is the number of triangles containing y and z
when y # z, and is the number 0 otherwise. It follows that

(ii) D T30 = v(Mp(y,2) forall y,zeX.

xeX

‘We have also

TV (Y (2) = v, Y (x, z) = v(y)u(y, x)u(x, z)

and therefore

(i) Y T = () Yy 0uE2) = v(NE*(y,2).

xeX xeX

If a group G acts by automorphisms of the simplicial complex &, then Condition
(1) is satisfied.

Theorem 5.5.2 (Local criterion for Property (T)) Let X,G, i, v, (Jix)xeX,
and (vy)xex be as in the beginning of this section; we assume that Properties
(Pi)—(Pvi) of Section 5.4 hold. For each x € X, denote by G, = (X, E,) the
finite graph associated to |1y and by Ay the corresponding Laplace operator.

If Gy is connected and if the smallest non-zero eigenvalue of A, satisfies
A (x) > 1/2 for all x € X, then G has Property (T).

Proof Let T be a fundamental domain for the action of G on X. Set
A = min Aq(x).
xeT

By assumption, A > 1/2.

Let (7, H) be a unitary representation of G without non-zero invariant vec-
tors. Let A, be the Laplacian on 57? (X) as defined in the previous section. We
claim that

) (Aaf f) <A HALLS)
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forallf € 52 (X).As 1~ ! < 2, it will follow from Proposition 5.4.8 that G has
Property (T). Observe that, by Proposition 5.4.3.iv, inequality (x) is equivalent
to the following inequality:

(%) S IFG) —f @I (r.2) éy)
yeT zeX | |
<TI0 — f @Iy, |(yf
yeT zeX

Letf € 579 (X). The local information provided by Proposition 5.3.1 is

3 If @) = f @IPrve(wne()

w,z€Xy

<A Y ) = F @I e (w, Dve(w),

w, zeXy

for all x € X, since the graph G, is connected.

Using Conditions (i)—(iii), let us rewrite the left-hand side of Inequality (:x)
as a linear combination with positive coefficients of quantities which occur in
the left-hand side of the local information. Fory € T and z € X, we have

v(y)

2 %2
If ) =f@QITr™(y,z )|G|

= — IO ~f @I

| y|xEX

= L IO P (1))
y xeT geSy
1
- 5 = TG = [ 170) =@ Pr e e ode
y X
1
|G | |G |/ ”f(g_ly) f(g_12)|| T()ve(g™ y)ux(g Z)dg

by our assumptions (i) and (iii) above and by the G-equivariance of f. (For
x € X, recall that Sy denotes a system of representatives for the cosets in
G/Gy.) Summing up this identity over ally € T and z € X, we obtain
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S — F @Ry, 2

yeT zeX |Gyl

1 1
=y — /G 1£e™"y) —f @ DIP T @)ve(g™ ) ve(g ™ 2)dg

yeT zeX |Gyl xeT |G|
1 /(Z ~1 12 —1 -1 )
=) > = £ ™"y —f g™ DIPTue(g ™ Yve(g ™ 2) | dg
xeT yeT |Gy||Gx| G zeX

— 1 -1 _ 2 _
_ZZ 1G,11G.| Jo (; Ifg™ y) —f@IT(xX)vx(g Y)VX(Z))dg

xeT yeT

_ 1 2
—ZZZ@”GA fG £ (gy) — f @ 1P () ve(gy) v (2)dg

x€eT yeT zeX
1

=22 g 2 2 @) —FOIP e

xeT yeT z€X gesy

=> | (; YD I @) = F@IPT @) v (w) v (2)
xeT weX zeX

- f((;‘)l 3 I @) —F@IPrew)ve).
xeT w,z€Xy

Similarly for the right-hand side of (xx), we have

DY IFG) —f @1y, Syl

yeT zeX |Gyl

=3 S ) — F 1w, )

xeT |GX| w,z€Xy

Therefore,

DY I @I () B

yeT zeX |Gy|

=20 @) —f QP

xeT |GX| w,ze€Xy
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SA‘IZ@ D F ) = F @I s (w, 2)ve(w)
xeT

1Gxl e,

TS IO — f @ P 2

yeT zeX |Gy|

as was to be shown. W

Remark 5.5.3 (i) Let T be a fundamental domain for the action of G on X and
let S be as in Property (Pvi) of the last section. The proof above and Remark 5.4.9
show that v/2(2 — A~1) is a Kazhdan constant for S, where A = minyer A1 (%).
(i1) The condition that A1 (x) > 1/2 for all x in the fundamental domain 7 is
equivalent to the condition that 11 (x) > 1/2 forall x € X. Indeed, every g € G
induces an isomorphism between the graphs G, and G,, for any x € X.

We apply now the local criterion 5.5.2 to a group acting on a simplicial
complex as in Example 5.5.1.

Theorem 5.5.4 (Local criterion for groups acting on a simplicial complex)
Let X be a simplicial complex such that every vertex belongs to some edge and
every edge belongs to some triangle. Assume that, for each x € X, the link G,
of x is connected and that the smallest non-zero eigenvalue of the Laplacian
corresponding to the simple random walk on Gy satisfies »1(x) > 1/2.

Let G be a unimodular locally compact group with a continuous, proper and
cofinite action on X . Then G has Property (T).

Remark 5.5.5 (i) The condition A1(x) > 1/2 cannot be improved. Indeed,
let X be the simplicial complex induced by the tiling of the Euclidean plane
by equilateral triangles. The link G, at each point x € X is a 6-cycle and has
A1(x) = 1/2 (Exercise 5.8.3). On the other hand, the group Z? acts freely and
transitively on X, and does not have Property (T).

(i1) The assumption that G is unimodular is necessary; see Remark 5.7.9
below.

(iii) Theorem 5.5.4 generalises [BalSw—97, Corollary 1], where G is assumed
to be discrete.

5.6 Zuk’s criterion

Let I' be a group generated by a finite set S. We assume that the group unit
1 does not belong to S and that S is symmetric, that is, S ~1 = §. The graph
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G(S) associated to S has vertex set S and edge set the pairs (s,7) € S x S
such that s~!7 € S, as in [Zuk-03]. Observe that (s, t,s‘lt) € S3ifand only if
(s’l,s’lt, 1) € $3, so that (s, 1) is an edge if and only if (s’l, s’lt) is an edge;
in particular, deg(s) = deg(s’l).

Let ug be the simple random walk on G(S) as in Example 5.1.1, that is, for
s,tes,

us(s, 1) =

1/deg(s) iftlses
otherwise.

Let

d = Z deg(s).

seS

We assume from now on that d > 1. The probability measure vg, defined by

deg(s)
d b

vs(s) = €s,
is stationary for ug.
Define now a left invariant random walk © on X =T by

, deg(y~'y)/d ifty~ly' €S
uly,y) = 0

otherwise,

where deg(s) refers to the degree of s € S in the graph G(S). Observe that u is
symmetric, so that v = 1 is a stationary measure for x. The graph G, associated
to u is the Cayley graph G(I', S) of G with respect to S. In particular, G, is
connected.

For every y € I, define a random walk 1, on X,, = yS by

My (ys,yt) = pus(s, 1)
and a stationary measure v, by
vy (ys) = vs(s),
forall s,7 € S.

We verify that Conditions (i), (ii) and (iii) from the beginning of Section 5.5
are satisfied for the choice T = 1.
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This is obvious for the invariance Condition (i). As to Condition (ii), observe
first that

2 v(Dpx(ly) =0 and p(ly) =0

xel

if y ¢ S.For y € S, we have

D ueMp(ly) = vs HusLxTy)

xel’ xell

D st s sThy)

seS

> v HussT L sTy)

seSws~lyes

_ Z deg(s’l ) 1
- —1
seS:s~lyes d deg (S )

1 1
= E#{s esS:slyes)= d—deg(y)

= u(l,y).

The invariance Condition (i) shows that

Y@y ¥y = ply v

xel

forally,y’ €.
Let us check Condition (iii). For every y € I', we have

D ovve(y) =Y vss Hus(sT'y)

xel seS

= Y s HussTy)

seSwslyes

3 deg(s™") deg(s™'y)
d d

seS:s~lyes

= > wlouGy)

seS:s~lyes
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=Y n,x)ulxy)

xel

=121, y).

As above, it follows that

D o nn) =1y, y)

xel’

for all y,y’ € T, that is, Condition (iii) is satisfied.

The following result which is [Zuk—03, Theorem 1] is now a consequence of
the local criterion Theorem 5.5.2; the claim about the Kazhdan constant follows
from Remark 5.5.3.1.

Theorem 5.6.1 (Zuk’s criterion) Let T be a group generated by a finite sym-
metric set S with 1 ¢ S. Let G(S) be the graph associated to S. Assume that
G(S) is connected and that the smallest non-zero eigenvalue of the Laplace
operator A, corresponding to the simple random walk on G(S) satisfies

1
A1(G(S)) > 3

Then T" has Property (T) and

1
212 — —
\/ ( M(Q(S))>

is a Kazhdan constant for S.

Remark 5.6.2 (i) The Kazhdan constant above is better than the constant

i(z_;)
B m@en )

obtained in [Zuk-03].

(i1) The condition A (G(S)) > 1/2 cannot be improved. Indeed, let ' = Z
with the set of generators S = {£1, +2}. Then 11 (G(S)) = 1/2 (Exercise 5.8.4)
and Z does not have Property (T).

(iii) Assuming that G(S) is connected is not a strong restriction. Indeed, if S
is a finite generating set of I, then the graph G(S’) associated to the generating
set S’ = S U (52 \ {1}) is connected (Exercise 5.8.5).

(iv) Theorem 5.6.1 can be deduced from Theorem 5.5.4 by considering the
Cayley complex associated to a presentation of I (Exercise 5.8.8).
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(v) The spectral criterion implies much more than Property (T): it ensures
that every isometric action of I on a complete CAT (0)-space, with the property
that every tangent cone is isometric to a closed convex cone in a Hilbert space,
has a globally fixed point; see Theorem 1.2 in [IzeNa—05].

Note that a Riemannian symmetric space of the non-compact type is a
CAT (0)-space with that property. If T" is a lattice in a semisimple Lie group
G (e.g. I' = SL3(Z)), then I' acts properly isometrically on the Riemannian
symmetric space associated to G. This means that one cannot prove Property (T)
for such a group I' by means of the spectral criterion.

5.7 Groups acting on Zz-buildings

We will apply Theorem 5.5.4 to groups acting on Zz—buildings. In particular,
we give a new proof of the fact that SL3(K) has Property (T) for a non-
archimedean local field K (compare with Theorem 1.4.15). Concerning basic
facts on buildings, we refer to [Brown—89] and [Ronan—89].

Definition 5.7.1 A projective plane consists of a set P of “points”, a set L of
“lines”, and an incidence relation between points and lines, with the following
properties:

(i) given two distinct points, there is a unique line incident with them,
(ii) given two distinct lines, there is a unique point incident with them,
(iii) each point is incident with at least three lines, and each line is incident
with at least three points.

The incidence graph Gp 1 of a projective plane (P, L) is defined as follows:

o the set of vertices of Gp 1) is the disjoint union P 1L,
o the set of edges of G(p 1) is the set of pairs (p,¢) € P x Land (¢,p) € L x P
such that p and ¢ are incident.

Observe that the graph G(p 1) is connected, by Properties (i), (ii), (iii) above,
and that it is bipartite.

Remark 5.7.2 Let (P, L) be a finite projective plane. It is known that there
exists an integer g > 2, called the order of (P,L), such that each point is
incident with exactly g + 1 lines and each line is incident with exacly g + 1
points. Therefore, the degree of each vertex of G(p 1) is g + 1. Moreover,

#P=#L=q" +q+ 1.

For all this, see [HugPi—73].
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Figure 5.1 The incidence graph of P?(F>)

Example 5.7.3 The most familiar example of a projective plane is the pro-
jective plane P?(F) over a field F. In this case, P the set of one-dimensional
subspaces of the vector space F> and L is the set of two-dimensional subspaces
of F3. The incidence relation is defined by inclusion. In case F is a finite field,
the order of P>(F) is ¢ = #F. Figure 5.1 shows the incidence graph of the
projective plane P?(F»).

Definition 5.7.4 An Zg-building is a two-dimensional contractible connected
simplicial complex X such that the link of any vertex of X has the structure of
the incidence graph of a finite projective plane.

Example 5.7.5 Let K be a non-archimedean local field, with absolute value
X > |x| (see Section D.4). We briefly review the construction of the A,-building
Xk associated to K. The closed unit ball

O={xeK: x| <1}
is an open and compact subring of K with unique maximal ideal
p={xeK: x| <1}

The quotient ring F = O/ is a field, called the residual field of K. Since O
is compact and  is open in O, the residual field F is finite. Let 7 € g \ p°.
Then p = 7 O.

A lattice in V = K3 is an O-submodule L of V of rank three, that is,

L = Ouv; + Ovy + Ows,

where {v1, v2, v3} is a basis of V. Two lattices L and L' are equivalent if L' = xL
for some x € K\ {0}.
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The set of vertices of the building Xk is the set of equivalence classes [L] of
lattices L in V. Three distinct vertices x1,x2,x3 in Xk determine a triangle if
there exists lattices L; € x1, Ly € xp, L3 € x3 such that

wL gL3 ;ngLl.

This implies that the link X, of x € Xk consists of the vertices y for which
there exist lattices L; € x and Ly € y such that 7Ly & Ly & Li. Since
Li/mLy = (O/mO)3, consideration of the quotient mapping L; — L; /7L
shows that the vertices in X, are in bijection with the one-dimensional subspaces
and the two-dimensional subspaces of F> and that the graph structure of X,
correponds to the incidence graph of the projective plane associated to the
residual field F = O/7 O of K. In particular, X, has 2(¢> + g + 1) vertices and

every vertex in X, is adjacent to g + 1 vertices in X, where g = #F.

Next, we determine the spectrum of the Laplace operator of the incidence
graph of a finite projective plane. The result is due to Feit and Higman
[FeiHi—64].

Proposition 5.7.6 Let (P,L) be a finite projective plane of order g > 2.
Let Gp 1) be the associated incidence graph. The eigenvalues of the Laplace
operator A associated to the standard random walk on Gp | are

0, _ﬁ 1+

g+1’

ﬁ 2
q + 1 b b
with multiplicities 1, ¢* + q, ¢* + g, 1.

In particular, the smallest non-zero eigenvalue of A is 1 — % > 1/2.

q

Proof Recall that P as well as L have n = ¢* + g + 1 elements, so that Gp
has 2n vertices. Recall also that every point p € P (respectively, every line
£ € L) is incident with g + 1 lines (respectively, g + 1 points). With respect to
the basis

{6p : pePYU{Se : £ €L},

A has the matrix

I 1 0 A
g+1\ A" 0 )’
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where A is the (n x n) matrix (dp¢)p,eyepxr With

1 if p is incident with £
ape =

0 otherwise.

It suffices to determine the eigenvalues of the matrix

0 A
7=(a o)

which is the so-called adjacency matrix of the graph G(p 1). We have

AAT 0
2 _
w=(% )

For two points p, p’ € P, the entry (p, p’) of AA’ is equal to the number of lines
incident with both p and p’. Similarly, for two lines £, £’ € L, the entry (£, ¢)
of A’A is equal to the number of points incident with both ¢ and ¢’. Hence

q+1 1 .
1 g+1 1 1
AAT = A'A =
I g+1 1
1 q+1

The eigenvalues of AA’ = A’A are (¢ + 1)?, with multiplicity 1, and ¢, with
multiplicity n — 1 = ¢* + ¢. Indeed, the vector ’(1, 1,--- , 1) is an eigenvector
with eigenvalue (¢ + 1)?, and the n — 1 linearly independent vectors

"(1,-1,0,0,...,0),(1,0,—1,0,...,0),...,(1,0,0,...,0,—1)
are eigenvectors with eigenvalue g. Hence, the eigenvalues of B2 are

(g+1)>  with multiplicity 2
g with multiplicity 2(¢* + ¢).
It follows that the eigenvalues of B are contained in {+(g + 1),%.,/q}.

On the other hand, due to the special structure of the matrix B (the graph
G(p,1) being bipartite), the spectrum of B is symmetric about 0. Indeed,
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if'(x1, ..., %0, Y1, .- .,Yn) is an eigenvector of B with eigenvalue 1, it is straight-
forward to see that “(xi,...,Xx,, —y1,...,—Ys) is an eigenvector of B with
eigenvalue —A. Therefore, {£(q + 1), &,/q} is the spectrum of B and

{0’1_ﬁ,1+ﬂ’2}
qg+1 q+1

is the spectrum of A, with multiplicities 1, ¢*> + ¢, ¢* +¢, 1. W

Theorem 5.7.7 Let X be an Zz-building and let G be a unimodular locally
compact group acting on X . Assume that the stabilisers of the vertices of X are
compact and open subgroups of G and that the quotient G\X is finite. Then G
has Property (T). Moreover,

\/2 (V73— 1)?
Vi—- D>+ .4

is a Kazhdan constant for the compact generating set S as in Property (Pvi) of
the last section.

Proof The first statement is an immediate consequence of Proposition 5.7.6
and Theorem 5.5.4. The second statement follows from Proposition 5.7.6 and
Remark 5.5.3. W

Example 5.7.8 Using the previous theorem, we obtain a new proof of Prop-
erty (T) for SL3(K), when K is a non-archidemean local field. Indeed, the
natural action of GL3(K) on the set of all lattices in K3 is transitive. This gives
rise to a transitive action of GL3(K) on the Zz—building XK from Example 5.7.5.
There are three SL3(K)-orbits in Xk: the orbit of the equivalence class of the
standard lattice Ly = O3 of K3, the orbit of the equivalence class of the lattice
L1 = g1Lo and the orbit of the equivalence class of the lattice L, = g»Lg, where

1 0 0 1 0 0
g1=1 0 1 0 and go=1 0 7« O
0 0 n 0 0 =«

The stabilisers of [Lo],[L;] and [L>] in SL3(K) are the compact subgroups
SL3(0), ngL3((’))gf] and gSL3 (O)g{l. This shows that the assumptions of
Theorem 5.7.7 are fulfilled and SL3(K) has Property (T).

Remark 5.7.9 The subgroup B of all triangular matrices in SL3(K) has the
same orbits on Xk as SL3(K) and the stabilisers in B of vertices are open and
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compact. However, B does not have Property (T), since it is solvable and non-
compact (see Theorem 1.1.6). This shows that the unimodularity assumption
of G in Theorem 5.7.7 is necessary.

Example 5.7.10 A (discrete) group is called an Zg—group if it acts freely
and transitively on the vertices of an Zz—building, and if it induces a cyclic
permutation of the type of the vertices. These groups were introduced and
studied in [CaMSZ-93]. Some Zz—groups, but not all, can be embedded as
cocompact lattices in PGL3(K) for a non-archimedean local field K.

It was shown in [CaMI1S-93] through a direct computation that an Zg—group r
has Property (T) in the case where the underlying projective plane is associated
to a finite field. Theorem 5.7.7 is a generalisation of this result. Moreover,
the Kazhdan constant from Theorem 5.7.7 for the given generating set S of I'
coincides with the one found in [CaMIS-93]; as shown in [CaMI1S-93], this is
the optimal Kazhdan constant for § in this case.

Example 5.7.11 The following examples of groups described by their pre-
sentations and satisfying the spectral criterion in Theorem 5.5.4 are given in
[BalSw—97]. Let G be a finite group, and let S be a set of generators of G with
e ¢ S. Assume that the Cayley graph G = G(G,S) of G has girth at least 6.
(Recall that the girth of a finite graph G is the length of a shortest closed cir-
cuit in G.) Let (S |R) be a presentation of G. Then the group I given by the
presentation

(SU{THRU{THU{(sT)’ : s€8))

acts transitively on the vertices of a CAT(0) two-dimensional simplicial com-
plex, with finite stabilisers of the vertices, such that the link at every vertex
of X is isomorphic to G. Therefore, if A1(G) > 1/2, then I" has Property (T).
Examples of finite groups G satisfying the conditions above are the groups
PSL, (F) over a finite field F with a certain set of generators (see [Lubot—94] or
[Sarna—90]).

5.8 Exercises

Exercise 5.8.1 Let i be a random walk on a set X .

(1) Assume that u satisfies Conditions () and () of the beginning of Section
5.1. Show that p is reversible.

(ii) Assume moreover that u is irreducible. If vy, v> are two stationary mea-
sures for w, show that there exists a constant ¢ > 0 such that v (x) = cv(x)
forall x € X.
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(iii) Let G be a group acting on X . Assume that u is reversible, irreducible,
and G-invariant. If v is a stationary measure for x, show that v is G-invariant.
[Statement (iii) shows that, in the hypothesis or Proposition 5.4.5, one of the
hypothesis, namely the part of Property (Piv) concerning v, follows from the
others.]

Exercise 5.8.2 Show that the bound ||d|| < /2 of Proposition 5.2.2 is
optimal.

[Hint: Compute d for the simple random walk on the regular connected graph
with one geometric edge, namely on the graph G = (X, E) with X = {x, y} and
with E = {(x,y), (y,%)}.]

Exercise 5.8.3 For n € N, let G, be the Cayley graph of the finite cyclic
group Z/nZ for the generating set {[1],[—1]}. Thus G, can be represented as
an n-cycle in the plane.

Show that the eigenvalues of the corresponding Laplace operator are

M =1—cos2rk/n), k=0,1,...,n—1.

[Hint: Note that (1, w, ..., ") is an eigenvector of the Laplace operator for
any n-th root of unity w.]

Exercise 5.8.4 Consider the generating set S = {#1, +2} of the group Z, and
let G(S) be the finite graph associated to S.

(i) Compute the matrix of the Laplace operator A with respect to the basis
{65 : s €S8}

(i1) Show that eigenvalues of A are 0, 1/2, 3/2, 2. So, the smallest non-zero
eigenvalue is 11 (G(S)) = 1/2.

(>iii) Determine the random walk on Z constructed before Zuk’s criterion
(Theorem 5.6.1) and observe that it is different from the simple random walk
on the Cayley graph of Z associated to S.

Exercise 5.8.5 Let I' be a group generated by a finite set S. Let S’ be the
finite generating set S U (S 2\ {e}). Show that the graph G(S’) associated to S’
is connected.

Exercise 5.8.6 It is well-known that the matrices

1 1 0 -1
A= ( 0 1 > and B = < 1 0 )
generate the unimodular group SL,(Z). Let

S ={-I1,A,B,—A,—B,A"',B~! —A~! —B7!}.
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(i) Draw the graph G(S) associated to S.
(i1) Show that the smallest non-zero eigenvalue of A is 1/2.

Exercise 5.8.7 Consider a simplicial complex & of dimension 2 containing
six vertices a, b, ¢, x,y,t and six oriented triangles

(a,x,2) (b, y,x) (¢,z,y)
(a,z,x) (b,x,y) (¢, y,2).

Check that the conditions of Example 5.5.1 are satisfied. Draw the link of G,
and compute the spectrum of the Laplace operator corresponding to the simple
random walk on G,.

Exercise 5.8.8 Deduce Theorem 5.6.1 from Theorem 5.5.4 by considering
the Cayley complex associated to a presentation (S | R) of I" (see [BriHa-99,
Chapter I, 8A.2]).

Exercise 5.8.9 Consider a family of expander graphs, namely a sequence
(G; = (Xj,E)))j>1 of finite connected graphs such that lim;_, oo #X; = 00, all
regular of the same degree, say k > 3, and such that the eigenvalues A;(G;)
of the corresponding simple random walks are bounded below by a positive
constant (see Section 6.1).

Consider moreover a dimension n > 1 and a sequence f; : X; — R" of
mappings which are 1-Lipschitz, that is, such that || f;(u) — f;(v)|| < 1 for all
(u,v) € Ejandj > 1.

Show that there exists a sequence (x;,y;)j>1, with x;,y; € Xj forall j > 1,
such that the combinatorial distance between x; and y; in §; is unbounded, and
such that the R"-distance between f;(x;) and f;( y;) is bounded.

[Hint: See Example 5.3.3 and [Ghys—04, pages 916-22].]
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Some applications of Property (T)

In this chapter, we present some applications of Property (T). The first applica-
tion is the by now classical contruction of expander graphs, due to G. Margulis
[Margu—73]. We then turn to the role of Property (T) in ergodic theory. It is first
shown that Property (T) for a locally compact group G implies the existence of
a spectral gap and provides an estimate for convolution operators associated to
ergodic actions of G. We discuss the Schmidt—Connes—Weiss dynamical char-
acterisation of Property (T) in terms of ergodic measure-preserving actions.
Next, we study Property (T) in the context of orbit equivalence; in particu-
lar, we prove the Furman—Popa result showing that Property (T) is invariant
under measure equivalence. In the last section, we show how Property (T) is
used for a solution of the Banach—Ruziewicz problem for n > 5; this problem
asks whether the Lebesgue measure is the unique rotation-invariant finitely
additive probability measure on the Lebesgue measurable subsets of the unit
sphere in R".

6.1 Expander graphs

We introduce families of expander graphs defined by the existence of a uni-
form bound for their expanding constants. We describe two examples of such
families.

Expander graphs

Let G = (V,E) be a locally finite graph, where V is the set of vertices and E
the set of edges of G. As in Example 5.1.1, we assume that the edge set E is a
subset of X x X which contains ¢ = (y,x) whenever it contains ¢ = (x,y); in
particular, G has no multiple edge but is allowed to have loops.

253
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For a subset A of V, the boundary 0A of A is the set of vertices in V \ A which
are adjacent to a vertex in A, that is,

0A={yeV\A : y~xforsomex € A}.

The expanding constant or isoperimetric constant of G is the positive real
number

#3A
min{#A, #(V \ A)}

h(g)zmin{ :AgV,O<#A<oo}.

Remark 6.1.1 If we view the graph G as modelling a communication net-
work, then the expanding constant 2(G) is a way to measure the spreading of
information through the network.

Example 6.1.2 The proof of the following claims is left as Exercise 6.5.1.

(1) Let G = C, be the cycle with n vertices. Then

weo=[3]

(i) Let G = K, be the complete graph with n vertices. Then
h(Ky) = 1.
(iii) Let T} denote the regular tree of degree k > 2. Then
hTy) =k —2.

Definition 6.1.3 Let &k € N be a fixed integer and let ¢ > 0 be a con-
stant. A family G, = (V,, E,) of finite connected graphs is a family of (k, €)-
expanders if

(1) limy,_ o0 #V,, = 00;
(i) deg(x) =#({y eV, : y~x}) <kforallnme Nandall x € V,;;
(iii) h(G,) > e foralln € N.

The constant ¢ is called an expanding constant for (G,),.

The existence of expander graphs is settled by the following proposition,
which can be proved by elementary counting arguments (see [Lubot—94,
Proposition 1.2.1]).
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Proposition 6.1.4 Let k be an integer with k > 5 and ¢ = 1/2. There exists
a family of (k, €)-expanders.

Remark 6.1.5 (i) Let G = (V,E) be a connected k-regular finite graph;
consider the simple random walk associated to G (see Example 5.1.1). Let A
be the corresponding Laplace operator acting on £2(V). We have the following
lower and upper bounds for the expanding constant of G in terms of the smallest
non-zero eigenvalue A of A:

% < h(G) < v/2kn; .

For a proof, see [DaSaV-03, Theorem 1.2.3]; for the first inequality, see also
Exercise 6.5.3.

These bounds are the discrete analogues of isoperimetric inequalities in
the context of Riemannian manifolds proved by Cheeger and Buser (see
[Chave-93])).

(ii) For a fixed integer k, let (G,), be a family of connected k-regular finite
graphs with lim,_, o, #V,, = oo. For each n, let )»5") denote the smallest non-
zero eigenvalue of the Laplace operator corresponding to the standard random
walk on G,,. In view of (i), (G,), is a family of expanders if and only if there
exists a positive uniform lower bound for the kin) ’S.

We will give an explicit construction of a family of expander graphs using
Property (T). As a preparation, we review the construction of the Schreier graph
associated to a subgroup H of a group I'.

Let I" be finitely generated group, and let S be a finite generating set of I with
S~1 = §.LetT act on a set V. Define the Schreier graph G(V, S) as follows:

o the set of verticesis V/,
e (x,y) € V x V is an edge if and only if y = sx for some s € S.

Observe that, for every vertex x € V, we have deg(x) < k, where k = #S. We
assume further that the graph G(V, S) is connected; this is the case if and only
if I' acts transitively on V.

Remark 6.1.6 If H is a subgroup of I', we consider the natural action of I" on
I'/H. The corresponding Schreier G(I'/H, S) is connected. Every connected
Schreier graph G(V, S) is of the form G(I'/H, S) for a subgroup H of G. Indeed,
if we choose a base point vg € V, the I'-space V can be identified with I'/H,
where H is the stabiliser of vy in I".
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With the previous notation, let 7y be the quasi-regular representation of I"
on £2(V), thus

my(EX) =E(y x), Eel’(V),xeV,yel.

From now on, we assume that V is finite. Then the constant functions on V
belong to £2(V) and the subspace

(V) = {s e L2(V) Zs(x>=0} = {Iy}*

xeV

is I'-invariant. The corresponding representation 7r8 of I" on Z%(V) has no
non-zero invariant vectors.

The following crucial lemma establishes a link between the expanding con-
stant of the graph G(V,S) and the Kazhdan constant « (T, S, 718) associated to
S and 718 (see Remark 1.1.4). Recall that

k(T S, my) = inf {Iglea;( Iy ()& — &Il = & € L5(V), €Il = 1}.

Lemma 6.1.7 With the previous notation, we have

k(T,S,7))?

MG(v.8)) = 2

Proof Let A be a proper non-empty subset of V. We have to show that there
exists a unit vector £ € E%(V) such that

RA L a9 — €
min(#A,#(V \ A)} = 4 ses TV '

SetB=V\A,n=#V,a=#A,andb=#B=n—a.Letf : V — Cbe
defined by
b ifxeA

—a ifxeB.

f) =

Thenf € €5(V) and
||f||2 = ab® + ba® = nab.

Fix s € S. We have

b+a ifs'xeAandxeB
f(s_lx)—f(x)= —a—b ifs'xeBandxeA

0 otherwise.
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It follows that
Iy () —f1I> = (a + b)*#E, = n*#E;,

where
E;=BNsA)UANsB) =(BNsA)Us(BN s’lA).

It is clear that #E, < 2#0A. Hence, with

1
S = f’
v nab
we have ||&|| = 1 and
#E 1 )
#0A > 7 = ﬁllﬂv(é“)f —fl

__nab o _ab 5
= oz Imv(9)E = &7 = —llwv (9§ — £l

2ab _ 2ab

min{#A,#(V \ A)} = min{a, b} < s .

b}

we have

#oA > L imax (98 — €2
ALY\ A)) = 4 T v (95 =&

and this ends the proof. W

Theorem 6.1.8 Let I' be a group generated by a finite set S with S™! = §.
Let (Hp)y be a sequence of subgroups of T of finite index with

lim#(I'/H,) = oc.
n

Assume that there exists € > 0 such that, for every n, there is no (S, €)-invariant
vector in E%(F/Hn).

Then the family of the Schreier graphs G(I'/H,, S) is a family of (k, &% /4)-
expanders, where k = #S.

Proof Letn € N. Write ,, for 71y, . Since there is no (S, )-invariant vector
in ¢3(I'/H,), we have

max ||, (s)§ — &l > ¢

seS

for all £ € Z%(F/Hn) with ||&]| = 1. Hence, h(G,) > &2/4, by the previous
lemma. W
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Let now I" be a group with Property (T), and let S be a finite generating
subset of I" with S~! = §. Recall that there exists ¢ > 0 such that (S, ¢) is a
Kazhdan pair (Proposition 1.3.2.i). Lemma 6.1.7 shows that, for any subgroup
of finite index H of I', we have

WG(T/H,S)) > &% /4

for the corresponding Schreier graph.

Corollary 6.1.9 Let T be a residually finite, infinite group with Property (T).
Let S be a finite generating subset of ' with S~ = S, and let ¢ > 0 be a
Kazhdan constant for S.

For every decreasing sequence (Hy), of finite index subgroups of T with
N, Hn = {1}, the family of Schreier graphs (G(I'/Hy,,S))n, is a family of
(k, &2 /4)-expanders, where k = #S.

Remark 6.1.10 LetI" be a group with Property (T); let (S, €) be as in the previ-
ous corollary. Let H be a subgroup of finite index in I". In view of Remark 6.1.5,
we obtain a uniform lower bound for the smallest non-zero eigenvalue A of
the Laplace operator A of the Schreier graph G(I'/H, S) of H. In fact, a direct
proof yields the better bound

o

N £

1= 7
Indeed, let f € K%(F /H) be an eigenfunction of A with || f|| = 1. Denoting
by V and E the set of vertices and the set of edges of G(I'/H, S), we have by

Proposition 5.2.2.1v,

1
=5 ) ) —f@P

(xy)eE

= % Y2 T P

seS xeV

1
=52 llmvf —fI?

ses

v

1
5 max [y (s)f —fII?

> <&,

2

Observe that this inequality, combined with the first inequality in Remark 6.1.5,
gives another proof of Theorem 6.1.8.
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Examples of expander graphs

We describe two families of expander graphs: the first one is given by quotients
of SL3(Z) and is based on Property (T) for this group; the second one is Mar-
gulis’ original construction from [Margu—73] and uses Property (T) of the pair
(SL»(Z) x Z%,Z2).

Example 6.1.11 Let "' = SL3(Z). Then
S:{E;Fl S 1<ij<3, i;éj}

is a generating set of G, where Eijil = Ejj(£1) is the elementary matrix as
before Lemma 1.4.6. By Theorems 4.2.5 and 4.1.3,

e = 1/960 > 1/(20v3(Z))

is a Kazhdan constant for the set S.
For every prime integer p, let

M'(p)={Ael : A=1 mod p},

that is, I'(p) is the kernel of the surjective homomorphism SL3(Z) —
SL3(Z/pZ) given by reduction modulo p. (The I'(p)’s are the so-called princi-
pal congruence subgroups.) Since I'/ I'(p) = SL3(Z/pZ), the subgroup I'(p)
has finite index

P =Dt — 1) ~pd

The family of Schreier graphs (G(I'/ I'(p), S)), is a family of regular (k, g)-
expanders with

1
k=12 and s/%110_6.

Example 6.1.12 Let I' = SL,(Z) x Z>. The set S consisting of the four

matrices
1 =1 1 0 .
<O ) ) and <:|:1 1) in  SLy(Z)
and the four vectors
+1 0 . b
< 0 ) and ( 4 1) in Z

is a generating set for I. By Theorem 4.2.2, the pair (I', Z?) has Property (T)
and ¢ = 1/10 is a Kazhdan constant for S.
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The group I" acts by affine transformations on Z2. This induces an action of
I onV, = (Z/nZ)? for every n € N. Observe that this action is transitive. In
the associated Schreier graph G(V,,,S), the neighbours of a vertex (x,y) € V,
are the eight vertices

xEty,x), @xxy), @=xly), @y=xl).

The family (G(V,,, S)), is a family of (k, ¢’)-expanders with

1

k=8 and & =—.
400

Remark 6.1.13 (i) For a variation on Example 6.1.12 above, see [GabGa—81];
see also [BeCuH-02].

(ii)) Families of expander graphs which are in some sense optimal are
Ramanujan graphs; for an account on these graphs, see [DaSaV-03].

In contrast to the previous results, as we now show, finite quotients of an
amenable group never give rise to a family of expander graphs. This is a result
from [LubWe-93].

Theorem 6.1.14 (Lubotzky—Weiss) Let I" be an amenable discrete group with
a finite generating set S with S™' = S. Let (Hy)n=1 be a family of finite index
subgroups H, of " with lim, #(T'/H,,) = oo.

The family of Schreier graphs (G(I'/Hy,, S))n>1 is not a family of expanders.

Proof Let e > 0. Since I' is amenable, there exists, by Fglner’s Property
(Section G.5), a non-empty finite subset A of I' such that

#(SANA) < e#A, forall seS.

Let n > 1 be such that #(I'/H,) > 2#A. Define a function ¢ : I'/H,, — N
by

9(X) =#(X NA)= > xa(xh), forall X =xH,eT/H,,
heH,

where x4 is the characteristic function of A. Observe that

leli= > )= > #XNA)=#A,

Xel'/H, X el /H,
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For s € §, let 3¢ denote the function defined by ;¢ (X) = ¢(sX).Let T C I' be
a set of representatives for the coset space I'/H,,. We have

g —@li= D lo@6X) =) =YD xalsxh) — xa(xh)

Xel'/H, xeT |heH,

<D0 D Ixalsxh) = xaGeh)l = Y Ixa(sy) = xa@)l

x€T heH, yell

=D xe1a(y) — xa()| = #(s7'A0A)
yel

so that
() lse — el < ellell.
Forj € N, define
Bj ={X eT'/H, : ¢(X) = j} CT/H,.

We have (see Lemma G.5.2)

Il = #B;

Jj=1
as well as

lsp —@lli = Y #(s~'B;AB)), forall sesS.
j=1

Fors e §, set
J={iz 1 46T B AB) = Vo)

Using (), we have

1 -1
Z #B; < 7 Z#(s B;AB;))
JEJs JEJs

1
< —= ) #(s'BjAB;
=g 4 (s j ])
jz1
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1
= ﬁ”s‘ﬂ —¢lh
<Velol.

Without loss of generality, we can assume that /e#S < 1. Then

DD #B < VekSllol < ) _#B;.

seS jelg j>1

It follows that there exists jo > 1 which does not belong to any Js for s € S.
For such an integer jy, we have, for every s € S,

#(s"'Bj,ABj)) < \/s#Bj,

and therefore
#8Bjo < \/E#Bjo.

#('/H,
Observe that 0 < #Bj, < #A < % Hence (G(I'/H,;;, S))m is not a

family of (#S, \/¢)-expanders. W

6.2 Norm of convolution operators

Let G be a locally compact group with left Haar measure dx. Let (77, H) be a
unitary representation of G without non-zero invariant vectors and u(x)dx an
absolutely continuous probability measure on G. We give estimates of the norm
of the associated “convolution” operator 7 (1) € L(H) in terms of Kazhdan
constants.

Recall from Section F.4 that 7 extends to a *-representation, again denoted
by 7, of the Banach *-algebra L!(G) of all integrable functions on G: for 1 in
L'(G), the operator 7 () € L(H) is defined by

n(u)f:/ wx)mw(x)édx, forall & € H.
G

Let C(G)1 + be the set of all continuous non-negative integrable functions
on G with fG p(x)dx = 1. Observe that ||z ()| < 1 forevery u € C(G)1 +.
Assume that 7 does not weakly contain 1. Proposition G.4.2 shows that
lz(w)|| < 1for u € C(G)1+ if supp (u* * ) generates a dense subgroup
in G. The following proposition is a quantitative version of this result. It is
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a slight improvement upon [Margu-91, Chapter III, Lemma 1.1.(b)]; see also
Lemma 3.3 in [FisMa-05].

Proposition 6.2.1 Let G be a locally compact group. Let Q be a compact
subset of GwithQ~' = Qand 1 € Q. Let u € C(G)1+ be such that u(x) > 0
forallx € Q.

For every ¢ > 0, there exists a constant § = (e, u) < 1 such that, for every
unitary representation (7w, H) of G without (Q, €)-invariant vectors, we have

e ()l < 8.

Proof Letf = u*xu € C(G)1+. Since ||z (f)| = |7 () ||2, it suffices to
estimate the norm of 7 (f). Since u > 0 on Q and since Q is symmetric, f > 0
on QZ. Set

o =inf{f(x) : x € 0’} > 0.

For every x € O, we have
o
f= E(XXQ + Xx0)»

since xQ and Q are contained in Q2. Set

a0
L= el

1
) @ X0-

ol
where |Q] is the Haar measure of Q. Then

(%) f=za(19+¢),
for all x € Q, where ,¢(y) = ¢(xy) forall y € G.

Let (7, ’H) be a unitary representation of G without (Q, €)-invariant vectors.
Let & be a unit vector in H. Then there exists xg € Q such that

7 (xo)7w (@9)§ — m(P)§ |l = ellm ()]l

Using the parallelogram identity, we have

I7( 10 + QI = 4Im@E I — 7o) (9)E — m(@)E|?
< @4 -eNlm@kEl?

<4-¢?
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since |7(@)|| < |l¢ll1 = 1. On the other hand, since by () the function
f —a(,-1¢ + ¢) is non-negative, we have

Il (f —a(10+0) &l < / (£ —alp( 10 + () dv = 1 -2,
0 G 0
It follows that

I7(DEN = lIm (f = a(r9 +9)) €ll + allw (0 + 0]
<(1—-2a)+avd—e2=1—a—V4—¢2).

Setting § = \/1 —a2—+4—¢2),wehave§ < land 7w ()| < 6. M

Remark 6.2.2 The same proof yields the following variation of the previous
result, in which the symmetry assumption on Q is removed. Let Q be a compact
subsetof G with 1 € Q. Let u € C(G)1 + be such that pu(x) > O forallx 02
Lete > 0.

Then there exists a constant §=4(¢e, ) with 0 <4 < 1 such that, for every
unitary representation (7, H) of G without (Q, ¢)-invariant vectors, ||z ()| <§.

In case G has Property (T), the previous proposition yields, for fixed u as
above, a uniform bound for the norms of the operators 7 (1) for every unitary
representation  without non-zero invariant vectors.

Corollary 6.2.3 Let G be locally compact group with Property (T), and let
(Q, €) be a Kazhdan pair for G, where Q is a compact Kazhdan set with 9~ =
Qandl € Q. Let p € C(G)1,4 with u > 0on Q.

Then there exists a constant § < 1 such that, for every unitary representation
7 of G without non-zero invariant vectors, we have ||w(n)| < 6.

6.3 Ergodic theory and Property (T)

Property (T) for a group G has strong implications for its measure preserving
actions. Indeed, Property (T) can be characterised in terms of such actions.

Let G be a second countable locally compact group acting measurably on
a measure space (€2, v); see Section A.6. Throughout this section, we assume
that L>(£2, v) is separable and that:

e V is a probability measure on ;
e Vv is G-invariant.
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A unitary representation 7, of G is defined on L?(£2, v) by

(@) (@) =f(g 'w), fel*2v),8€G, weQ

(Proposition A.6.1). Observe that L%(Q, v) contains the constant function 1g
on 2. The subspace orthogonal to 1g is

L3(Q2,v) = {f e L*(Q,v) : /f(w)dv(w):O}
Q

and is G-invariant. We denote by 718 the restriction of 7, to L%(SZ, V).

There is a close link, first observed by Koopman [Koopm-31], between
ergodic theory of group actions and unitary representations. In particular, the
following properties are equivalent (Exercise 6.5.4):

(i) the action of G on 2 is ergodic, which means that any measurable subset A
of Q which is G-invariant is trivial in the sense that v(A)=0 or v(2\ A)=0;
(i1) the unitary representation JTS has no non-zero invariant vectors.

The following result is a rephrasing of Corollary 6.2.3 in the context of
ergodic group actions.

Corollary 6.3.1 Let G be a second countable locally compact group with
Property (T). Let (Q, €) be a Kazhdan pair for G, where Q is a compact Kazhdan
setwithQ ' =Qand 1 € Q. Let . € C(G) 1+ with u(x) > 0 forallx € Q.
Then there exists a constant § < 1 such that, for every measure preserving
ergodic action of G on a probability space (L2,v), we have ||7'[8 () <6é.

The result above implies that there is a uniform exponential decay of the

norms of the convolution powers of u : for every measure preserving ergodic
action of G on a probability space (€2, v), we have

720 ™| < 8" forall neN.

Since f — ( fQ fdv)lq is the orthogonal projection of LZ(Q,v) onto the
constants, this is equivalent to

< 8" f 2
2(Qu)

H f Fle~ @)du(g) — / fdv
G Q
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forallf € LZ(Q, v) and all n € N. Therefore, we have

=0,

lim n(u)”f—/fdv
n—oo Q

12(2,0)

with exponential decay.

For later use, we recall that a measure preserving action of G on a prob-
ability space (£2,v) is said to be weakly mixing if the diagonal action of
G on the product measure space (2 x ,v ® v) is ergodic. Since L*($2 x
Qvev) = LXQ,v) LXK, v), the following properties are equivalent (see
Proposition A.1.12):

(1) the action of G on €2 is weakly mixing;
(ii) the unitary representation (n]? , L% (€2, v)) has no non-zero finite dimensional
subrepresentation.

In particular, this shows that every weakly mixing action is ergodic.

The Schmidt-Connes—Weiss characterisation of Property (T)

Let G be a second countable locally compact group acting measurably on the
probability space (€2, v) and preserving v. If this action is ergodic, there is no
non-trivial invariant measurable subset of 2. Nevertheless, there might exist
non-trivial asymptotically invariant subsets in the following sense.

A sequence of measurable subsets (4,), of €2 is said to be asymptotically
invariant if, for every compact subset Q of G,

lim sup v(gA, AA,) = 0,
" geQ

where A denotes the symmetric difference. If either v(4,,)) — Oor v(4,) — 1,
then (A;), is clearly asymptotically invariant. An asymptotically invariant
sequence (A;), is said to be non-trivial if

inf v(A,)(1 — v(Ay)) > 0.

The action of G on 2 is said to be strongly ergodic if there exists no non-trivial
asymptotically invariant sequence in 2.

Proposition 6.3.2 Let G be a second countable locally compact group acting
on the probability space (2,v) and preserving v. If there exists a non-trivial
asymptotically invariant sequence in 2, then the unit representation 1g is

weakly contained in 0.
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Equivalently: if 1G is not weakly contained in 71,?, then the action of G on
(2, v) is strongly ergodic.

Proof If (A,), is a non-trivial asymptotically invariant sequence in €2, set

fn = XA, — V(An)lSZ-

Then f, € L3(Q,v),

I£01% = vA) (1 —v(A,) and  [I70(g)f — full* = V(AL LA,).

It follows that 70 almost has invariant vectors. W

Remark 6.3.3 (i) The converse does not hold in the previous proposition: in
[Schmi-81, (2.7) Example], an example is given of a strongly ergodic measure
preserving action of the free group F3 on a probability space such that the
associated representation 770 almost has invariant vectors.

(i1) Let G be a second countable locally compact group acting on the prob-
ability space (€2,v) and preserving v. Following [Schmi-81], we say that a
sequence of measurable subsets (A;), of 2 is an I-sequence, if v(A,;) > 0 for
every n, lim, v(4,) = 0, and

V(gARDA,)

lim sup =0

moecg VY (An)

for every compact subset Q of G. As in the previous proposition, it is easy
to show that the existence of an I-sequence implies that the associated JTS
almost has invariant vectors. In [Schmi—81], it is shown that the converse is
true for discrete groups: if 7[9 almost has invariant vectors, then an I-sequence
exists. This was generalized to arbitrary locally compact groups in [FurSh-99,
Section 5]; see also [KleMa—99, Appendix].

Using Theorem 2.12.9, we give a slightly stronger version of the Connes—
Weiss result from [ConWe—80], with a simplified proof.

Theorem 6.3.4 (Connes—Weiss) Let G be a second countable locally compact
group. The following properties are equivalent:

(i) G has Property (T),
(ii) every measure preserving ergodic action of G is strongly ergodic;
(iii) every measure preserving weakly mixing action of G is strongly ergodic.

Proof That (i) implies (ii) follows from Proposition 6.3.2. It is clear that (ii)
implies (iii).
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We assume that G does not have Property (T) and construct a weakly mixing
action of G on ameasure space (€2, v) with a non-trivial asymptotically invariant
sequence.

There exists a unitary representation w of G on a separable Hilbert space
‘H which almost has invariant vectors but no non-zero invariant vectors. By
Theorem 2.12.9 (see also Remark 2.12.11), we can assume that 7z has no non-
zero finite dimensional subrepresentation and that 7 is the complexification of
an orthogonal representation. Thus H = H’ ® C for a real Hilbert space H’
such that 7 (g)H' = H' forall g € G.

Let /C be an infinite dimensional Gaussian Hilbert space in L%{ (2, v) for some
probability space (€2, v); this means that every X € K is a centred Gaussian
random variable on 2 (see Section A.7). We can assume that the o-algebra
generated by all X € K coincides with the o -algebra of all measurable subsets
of Q.

Let ® : H' — K be an isometric isomorphism. By Theorem A.7.13 and
Corollary A.7.15, ® extends to an isomorphism ® between the symmetric Fock
space

SH) =P s"H)
n=0

of H" and LﬁEQ, V); moreover, there exists a measure preserving action of G on
€2 such that @ intertwines the direct sum @f;o S"(7r) of the symmetric tensor
powers of 7 and the representation ,, on L%(Q, v) associated to the action of
G on Q.

Since (7, H') has no non-zero finite dimensional subrepresentation, the space

P s ) = PG H))e = Li, v)
n=1

n=1
has no non-zero finite dimensional subrepresentation (apply Propositions A.1.8

and A.1.12). Hence, the action of G on (£2, v) is weakly mixing.
Let (&,), be a sequence of unit vectors in H’ such that

lim |7 ()61 — &l = 0
uniformly on compact subsets of G. Then

lim (7 ()&, &) = 1
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uniformly on compact subsets of G. For every n € N and every g € G, set
Xo= @) and X = 7,(8)Xn-

Then X, € K and X, € K. Hence, X,, and X, are centred Gaussian random
variables on €2; they have variance 1, since ||&,|| = 1. Define

Ay, ={we Q : X,(w) > 0}.

Since the distribution of X,, is symmetric around the origin in R, we have
v(A,) = 1/2. Let a,(g) € [0, ] be defined by

(nn(g)%_n’ SI’I> = <X’§’Xn)L§(Q,U) = COS ai’l(g)

Observe that lim,, (,,(g)&,,&,) = 1 implies lim, o, (g) = 0. Upon disgarding
small values of n, we can therefore assume that «,,(g) € [0, 7 /2] for all n.
We claim that

V(gA,AA,) = “"ég )

Indeed, observe first that
gALNA, = {X;lg >0and X, < O} U{X} < 0andX, > 0}.
Write the orthogonal decomposition of X,; with respect to the subspace RX,:
X5 = (X Xn) X + Z,
with Z, € (RX,,)'. This can also be written as
X, = cos(@n ()X, + sin(e(8)) Ya,
where |
=—7,.

sin(c(8))
Then Y, is a centred Gaussian variable, with variance 1. Moreover, X,, and
Y, are independent random variables, since Y, is orthogonal to X, and both
are Gaussian variables. It follows that the joint distribution of X, and Y}, is a
probability measure 7 on R? which is rotation invariant (in fact, m is the two-

dimensional standard Gaussian measure). The v-measure of gA,, AA, coincides
with the m-measure of the following subset of R? (see Figure 6.1):

{(x,y) € R?: cos(a,(g))x + sin(e,(g))y = 0 and x < 0} U

{(x,y) € R?: cos(an(g))x + sin(a,(g))y < 0and x > 0},
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@ (9)

a, (9)

Figure 6.1 The subset of R? associated to gA,AA,

that is, the subset

1

2. _
{(x’y)ER T an(an (@)

xandx<O}U

{(x,y)€R2:y< xandeO}.

* tan(an(g))

It follows that v(gA,AA,) = ay(g)/m, as claimed.
The claim we have just proved implies that (A,), is a non-trival asymptoti-
cally invariant sequence in 2. W

Orbit equivalence and measure equivalence

Let (€2, v) be a Borel space with a non-atomic probability measure v. We will
always assume that €2 is an uncountable standard Borel space, so that there
exists an isomorphism of Borel spaces f : [0,1] — 2 (see Section F.5). We
will also assume that v is the image under f of the Lebesgue measure on [0, 1].

Given a measure preserving ergodic action of a countable group I'" on a
standard Borel space (£2,v), we consider the equivalence relation Rr on
associated to it and defined by

XRry if TI'x=Ty.
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We can ask which properties of the group I' and its action on (£2,v) are
determined by the equivalence relation Rr. This leads to the notion of orbit
equivalence.

Two measure preserving ergodic actions of two countable groups I'; and
I'; on standard Borel spaces (21, v1) and (€22, v2) are orbit equivalent if there
exist measurable subsets Q’] and Q/z with measure 1 in ; and 27 and a Borel
isomorphism f : Q/] — 9/2 with f,.(v1) = v such that, for vi-almost every
w € Q), we have

fT1w) = Daf (w).

An action of a group I" on a probability space is essentially free if, for v-almost
every o € 2, the stabiliser of w is reduced to {e}.

It has been shown by Dye [Dye—59] that any two essentially free, mea-
sure preserving ergodic actions of Z on standard probability spaces are orbit
equivalent. This has been generalized as follows by [OrnWei—80].

Theorem 6.3.5 Let ' and I'; be infinite countable amenable groups. Any two
essentially free, measure preserving ergodic actions of I'1 and " on standard
Borel spaces are orbit equivalent.

For a further generalisation of this result, see [CoFeW-81]. In contrast to
this, we have the following theorem of Hjorth [Hjort—05].

Theorem 6.3.6 Let I' be an infinite discrete group with Property (T). There
exist uncountably many essentially free, measure preserving ergodic actions of
I" which are pairwise not orbit equivalent.

Remark 6.3.7 (i) The previous result was obtained for some higher rank
lattices in [GefGo—89] as a consequence of Zimmer’s superrigidity results for
cocycles; see also [Zimm—84a, Example 5.2.13].

(i1) While the proof of Theorem 6.3.6 in [Hjort—05] is an existence result,
[Popa—06c] gives an explicit construction of uncountably many non orbit equiv-
alent ergodic actions, for any group I' containing an infinite normal subgroup
N such that (I', N) has Property (T).

As a consequence of Theorem 6.3.4, we obtain the following result from
[Schmi-81, Corollary 3.6].

Corollary 6.3.8 Let " be a countable group which is non-amenable and does
not have Property (T). Then T has two essentially free, measure preserving
ergodic actions on standard Borel spaces which are not orbit equivalent.
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Proof Consider the Bernoulli shift of I'. More precisely, let

Q =[]z1z

yel

be the direct product of copies of Z/2Z indexed by I', equipped with the prod-
uct topology and the normalised Haar measure v;. Consider the action of I" on
(21, v1) given by shifting the coordinates. The corresponding unitary represen-
tation on L%(Q 1, V1) is equivalent to a multiple of the regular representation of
I (Exercise E.4.5). Since I' is not amenable, there exists no non-trivial asymp-
totically invariant sequence in €21 (Proposition 6.3.2), that is, the I"-action on
21 is strongly ergodic. Moreover, this action is essentially free.

On the other hand, since I'" does not have Property (T), it has a measure
preserving weakly mixing action on a standard Borel space (€22, v2) which is
not strongly ergodic, by the Connes—Weiss Theorem 6.3.4. The diagonal action
of T" on the direct product (21 x 22, v; ® vp) is ergodic. Indeed, we have the
following decomposition of L (2] x €1, v; ® 12) = L2(Q1,v1) ® L*(Q2, 12)
into I'-invariant subspaces:

LX) x Q2,1 ® 1)

= (L3(@1,m) @ L3R, 1)) & (Clg, ® 13(@.12)) & Clg, g,

The unitary representation on L%(Ql , V1) ®L?* (2, v2) is equivalent to a multiple
of the regular representation of I' (Corollary E.2.6). Hence, since I is infinite,
L%(Ql, V1) ® L2(Q, vp) contains no non-zero invariant function. The space
Clg, ® L3(S2,12) = L3(Q,12) contains no non-zero invariant function, by
ergodicity of the action of I" on €2;. It follows that the only I"'-invariant functions
in L2(21 x €2, v] ® vy) are the constants.

Moreover, the action of I on 2] x €27 is obviously essentially free and not
strongly ergodic. Since strong ergodicity is an invariant for orbit equivalence
(Exercise 6.5.8), the claim follows. H

From the previous corollary together with Theorems 6.3.5 and 6.3.6, we
obtain the following characterisation of countable amenable groups.

Corollary 6.3.9 A countable group T is amenable if and only if any two
essentially free, measure preserving ergodic actions of I' on standard Borel
spaces are orbit equivalent.

We now turn to the notion of measure equivalent groups, introduced
by Gromov in [Gromo-93, 0.5.E] and studied by Furman in [Furma-99a],
[Furma—-99b].
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Definition 6.3.10 Two countable groups I" and A are measure equivalent if
there exist commuting, essentially free, and measure preserving actions of I'
and A on a standard Borel space €2, equipped with a o-finite measure v, such
that the action of each of the groups I' and A has a measurable fundamental
domain with finite measure. The space (€2, v) is called a coupling of T" and A.

Example 6.3.11 LetI" and A be lattices in a second countable locally compact
group G. Then I" and A are measure equivalent. Indeed, we can take as coupling
(G,v), where v is a left Haar measure of G and where I and A act on G by
translations from the left and from the right, respectively. Observe that G is
unimodular, since it contains a lattice (Proposition B.2.2). This shows that these
actions are measure preserving.

Remark 6.3.12 (i) Measure equivalence can be considered as a measure-
theoretic analogue of quasi-isometry (see Example 3.6.2). Indeed, the following
criterion for quasi-isometric groups holds: two finitely generated groups I" and
A are quasi-isometric if and ony if there exist commuting, proper continuous
actions of I and A on a locally compact space X such that the action of each
of the groups I and A has a compact fundamental domain (see [Gromo-93,
O.2.C/2] and [Harpe—00, Chapter IV, Exercises 34 and 35]).

(i1) Measure equivalence is related to orbit equivalence as follows. The count-
able groups I and A are measure equivalent if and only if they admit essentially
free, measure preserving actions on standard Borel spaces (21, v1) and (€22, v2)
which are stably orbit equivalent, that is, there exist measurable subsets of pos-
itive measure A of 21 and B of 2, and an isomorphism f : A — B such that
fc(1/v1(A) = va/va(B) and f (T'wNA) = Af (w) N B for almost every w € A
(see [Furma—99b, Lemma 3.2 and Theorem 3.3]).

Recall that Property (T) is not an invariant of quasi-isometry (see Theo-
rem 3.6.5). In contrast to this, we have the following result, which is Corollary
1.4 in [Furma-99a] and which is also a consequence of Theorems 4.1.7 and
4.1.9 in [Popal].

Theorem 6.3.13 Let I" and A be measure equivalent countable groups. If T’
has Property (T), then A has Property (T).

Before we proceed with the proof, we show how to associate to a unitary
representation of A a unitary representation of I".

Let (£2,v) be a coupling for I' and A. We denote the actions of elements
yeland A € Aon as

N 0] > ozl
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Let X and Y be measurable subsets of 2 which are fundamental domains for the
actions of A and I, respectively. We define a measurable cocycle : I' x X —
A as follows: for y € T" and x € X, let a(y, x) be the unique element A € A
such that yx € X A. The natural action of I on /A = X is described by

y.x:yxa(y,x)_l xeX, yel.

Let u = (v|x)/v(X), so that p is a ['-invariant probability measure on X .
Similarly, we define a measurable cocycle 8 : ¥ x A — I' and the natural
actionof AonT"\Q =Y.
Let (r,’H) be a unitary representation of A. Let [? (X,’H) be the Hilbert
space of all measurable mappings f : X — H such that

/X If 0)1Idp(x) < oo.
The formula

FH@ =ry Lo )y oy, fel’X,H)

defines a unitary representation 7 of I on L>(X , ). We call 7 the representation
of I induced by the representation  of A.

Lemma 6.3.14 Assume that w weakly contains 15. Then T weakly con-
tains 1r.

Proof Let (£,), be a sequence of unit vectors in H with
lim [l (2)§x — &/l =0

for all A € A. Letf, € L?>(X,H) be the constant mapping f, = &,. Then
I fall = 1 and

(T WS = /X (a0 e, ENd ).

Fix y € I'. Let ¢ > 0. There exists a finite subset F of A such that, for the
measurable subset

X, = {x eX : oz(y_l,x)_1 € F},

we have 1 (X;) > 1 — ¢ (compare with the hint in Exercise 6.5.8). There exists
Ny such that, for all x € X,

ey x) " DEn&) — 1] <& forall n> Np.
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Then, for all n > Ny, we have

T W)y — 1 < (1 —€)e + & < 2e.
This shows that 7 almost has I'-invariant vectors. W

Proof of Theorem 6.3.13 Assume, by contradiction, that I" has Property (T)
and A does not have Property (T).

By Theorem 2.12.9, there exists a unitary representation (v, /) of A which
weakly contains 1, and has no non-zero finite dimensional subrepresentation.
By the previous lemma, the induced I'-representation 7 weakly contains 1r.
Since I" has Property (T), it follows that there exists a non-zero mapping f €
L*(X,H) which is 7 (I')-invariant, that is,

7'[((%(7/_1,)c)_l)f(y_1 -x) =f(x) forall xeX, yerl.

We consider now the Hilbert space L(Y, H), where Y is equipped with the prob-
ability measure u’ = (v|y)/v(Y). This space carries the unitary representation
p of A defined by

(PMWY)(y) =Y (y- 1), ¥ e LAY, H).

Observe that p is unitarily equivalent to the tensor product 7 ® 7,y on H &
L2(Y , 1), where 7, is the natural representation of A associated to the action
of A on (Y,u).

We claim that L2(Y, H) contains a non-zero p (A)-invariant vector. This will
imply that & ® 7,/ contains 1, and will yield a contradiction, since 7= has no
non-zero finite dimensional subrepresentation (see Proposition A.1.12).

Extend f to a measurable mapping F' : Q2 — H by

FOA) =a(A"Hf(x) xeX, A eA.

Then F (o)) = n(A"")F(w) for all v € Q and A € A. Moreover, we have, for
allx e X andally €T,

F(yx) = F(y -xa(y,x) = n(a(y,x) Hf (y -x) =f(x) = F(x).

Itfollows that F'(yw) = F(w) forallw € Qand y € I'. Indeed, writing w = xA
for some x € X and A € A, we have

F(yw) = F(y(xx)) = F((yx)x) = 1(."HF (yx)
=7(A"HF(x) = F(xA) = F(w).
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Observe that the subset {y € Y :F(y) # 0} has non-zero measure. Indeed,
otherwise, we would have F' = 0 almost everywhere on 2 and hence f = 0
almost everywhere on X, by I'-invariance and A-invariance of the mapping
w +— ||F(w)]|. As Y has finite measure, it follows that there exists constants
C > 0 and ¢ > 0 such that the A-invariant measurable subset

Yo={yeY :e<|F(nI<C}
has non-zero measure. Define ¢ : ¥ — H by

oY) = xvy(WF(y), yeY

where xy, is the characteristic function of Yy. Then ¢ # 0 and ¢ € LZ(Y, H),
since ¢ is bounded on the probability space Y. For ally € Y and A € A, we
have

ey 1) = xyv(y-VF(y-A)
= X (MF(B(y. 1)~ "yd)
= xv, (MF(yr)
= Xr(MTATHF(y)
=7 He(y).

This shows that ¢ is a non-zero p (A)-invariant vector in L2 (Y, H). As claimed,
this finishes the proof. W

Remark 6.3.15 Zimmer introduced a notion of Property (T) for a measured
equivalence relation and, in particular, for an essentially free ergodic action of
a countable group I' on a standard Borel space (€2, v) with a quasi-invariant
probability measure v (see [Zimme—81] and [Moore—82]). He showed that, if v
is invariant and the action is weakly mixing, then the action has Property (T) if
and only if I" has Property (T). For a generalization to the context of groupoids,
see [Anant-05].

6.4 Uniqueness of invariant means

Let n be an integer, n > 1. The so-called Banach—Ruziewicz problem asks
whether the normalised Lebesgue measure A, defined on all Lebesgue mea-
surable subsets of the unit sphere S” in R**!, is the unique normalised
SO,+1(R)-invariant finitely additive measure. In the case n = 1, it was shown by
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Banach that the answer is negative. Moreover, Tarski proved, using the Banach—
Tarski paradox, that every SO, (R)-invariant finitely additive measure on the
Lebesgue measurable subsets of $” has to be absolutely continuous with respect
to the Lebesgue measure A. This shows that the Banach—Ruziewicz problem
can be formulated as follows (see Section G.1): Is integration against \ the
unique SOp11(R)-invariant mean on L*°(S", 1) ? The following result, due to
Rosenblatt [Rosen—81], Schmidt [Schmi—81] and Losert-Rindler [LosRi-81],
relates the Banach—Ruziewicz problem to Property (T).

Proposition 6.4.1 Let " be a countable group acting in a measure preserving
way on a probability space (2, V). Assume that the associated unitary repre-
sentation n,? of T on L(z)(Q, V) does not weakly contains 1. Then integration
against v is the unique T-invariant mean on L*° (2, v).

Proof Letm be a I'-invariant mean on L*° (€2, v). We show that m = v. The
arguments are similar to arguments used in the proofs of Theorems G.3.1 and
G3.2.

Using the density of

Ll(sz,u)l,+={feL1(sz,u) :f>0 and /fdv:l}
Q

in the set of means on L>® (€2, v), we find a net (g;); in L' (, V)14, converging
to m in the weak*-topology. By invariance of m, we have

() lim(,g; —g) =0 forall yel,
1

in the weak topology of L' (2, v), where y8&i(w) = gi(yw). Using Namioka’s
argument (see the proof of Theorem G.3.1), we can assume that the convergence
in (x) holds in the L'-norm.

Define f; = \/gi € L?(2,v). Then || f;|l> = 1 and, as in the proof of G.3.2,

hlm ()i —fillo=0 forall y eTl.

Let f; = & + cilq be the orthogonal decomposition of f;, where &; € L%(Q, V)
and ¢; = [, fidv. We have

lim [I7(y)& — &illz =0 forall y €T
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Since 11 is not weakly contained in nS , it follows that
inf ||&;]l2 = 0.
1

Hence, upon passing to a subnet, we can assume that lim; ||£;||2 = 0. It follows
that lim; ¢; = 1 and hence lim; || f; — 1q]l2 = 0. Since

lgi — lalli =/ |f,-2—1|dv=f lfi = HIfi + 1ldv
Q Q
= Ifi = lall2llfi + 1all2 = 2| fi — Lall2,

we have lim; ||g; — 1q|l1 = 0. Hence (g;); converges weakly to v and it follows
thatm=v. W

Remark 6.4.2 In the previous proposition, the converse is also true: if v is
the unique invariant mean on L*°(£2, v), then nS does not weakly contains 1.
This implication holds for arbitrary second countable locally compact groups
(see [FurSh-99, Theorem 1.6]).

Corollary 6.4.3 Let " be a discrete group with Property (T) acting in a mea-
sure preserving way on a probability space (2, V). Assume that this action is
ergodic. Then v is the unique invariant mean on L* (2, v).

Proof Since the action of I is ergodic, the representation JTS has no non-zero
fixed vectors, and the claim follows from the previous proposition. W

The following theorem, due to Margulis [Margu—80] and Sullivan [Sulli-81],
combined with the previous corollary, shows that the Banach—Ruziewicz prob-
lem for S” has a positive answer when n > 4. Observe that a dense subgroup
group I' of SO,+1(R) acts ergodically on S”. Indeed, if f € L%(S ",A) is a
[-invariant function, then f is SO,,11 (R)-invariant, by density of I', and hence

f=0.

Theorem 6.4.4 Forn > 5, the group SO, (R) contains a dense subgroup T’
which has Property (T) as discrete group.

Proof We follow the construction from [Margu—80]. Let p be a prime integer
withp = 1 mod 4. Since the equation x> = —1 has a solution in Qp, the group
SO, has Q,-rank equal to [1/2]. Hence, SO, (Q,) has Property (T) forn > 5 (see
Theorem 1.6.1; observe that SOy is not simple). The group A = SO, (Z[1/p])
embeds diagonally into the Kazhdan group

G= SOn(Qp) x §O,(R)
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as a lattice in G, and therefore has Property (T). Denote by I" the projection of
A to SO, (R). Then T is a dense subgroup of SO, (R) and has Property (T). W

Remark 6.4.5 (i) Zimmer [Zimm-84c] showed that SO,,(R) does not contain
an infinite countable group with Property (T) for n = 3, 4. A stronger result was
proved in [GuHiW-05]: For a field K, every countable subgroup of GL,(K)
has the Haagerup property (see Definition 2.7.5).

(ii) The previous theorem has the following extension. Let G be a simple
compact real Lie group which is not locally isomorphic to SO3(R). Then G
contains a dense subgroup I' which has Property (T) as discrete group (see
[Margu-91, Chapter III, Proposition 5.7]).

(iii) Drinfeld [Drinf-84] proved, using deep estimates for Fourier coefficients
of modular forms, that SO, (R), for n = 3,4, contains a dense subgroup I" such
that the I"-representation nf on L%(S”’l, A) does not weakly contain 1r. So,
Proposition 6.4.1 still applies and shows that the Banach—Ruziewicz problem
has a positive answer for n = 2, 3.

In summary, we have the following result.

Corollary 6.4.6 For n > 2, the Lebesgue measure is the unique rotation-
invariant, finitely additive normalised measure defined on all Lebesgue
measurable subsets of S™.

Remark 6.4.7 Itis crucial that we considered above the Lebesgue measurable
subsets of §”. The corresponding problem for the Borel subsets of S” is open.

6.5 Exercises

Exercise 6.5.1 Prove the claims of Example 6.1.2.

[Hint: The proofs of (i) and (ii) are straightforward. To prove (iii), one can
proceed as follows (compare [CeGrH-99, Item 47]). Let F be a finite subset of
the k regular tree T} for k > 2. We claim that

() #OF > (k —2)(#F) + 2,

with equality when F is connected.

Let Fq, ..., F, be the connected components of F. Claim (%) is proved by
induction on 7.

To start with, assume first that n = 1, that is, F' is connected. Use induction
on #F to prove that #0F = (k — 2)(#F) + 2.
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Assume now that n > 2. Show that, changing the numbering of the F;’s if
necessary, we can assume that dF| has at most one vertex in common with
d(Uy<j<y, Fi). Use the induction hypothesis to prove (x).]

Exercise 6.5.2 Construct a locally finite tree X = (V, E) such that

#0A
sup{ - :A;V,O<#A<oo}=+oo.
min{#A,#(V \ A)}

Exercise 6.5.3 LetG = (V,E) be a finite k-regular connected graph. Prove
that N

1

5 < h(9),

where A1 is the smallest non-zero eigenvalue of the Laplace operator A on V
(see Remark 6.1.5).
[Hint: For a subset A of V, let f € Z%(V) be defined as in the proof of
Lemma 6.1.7. Using Proposition 5.2.2, show that

Mo_ #3A
2 T min{#A,#(V \ A)}

]

Exercise 6.5.4 Consider a measure preserving action of a second countable
locally compact group G on a o-finite measure space (€2, v) and the unitary
representation 7, of G on LZ(Q, v), as in Section A.6.

(i) Letf € L%(Q,v) be a 7, (G)-invariant function, that is, for every g € G,
there exists a measurable subset N, of X such that v(N,) = O and f (gx) = f (x)
for all x € X \ Ng. Show that there exists a measurable functionj~r on X such
that]7 = f almost everywhere on X and such that f (gx) = f(x) forall g € G
andx € X.

[Hint: Look at the proof of Theorem E.3.1.]

(ii) Show that the action of G on X is ergodic if and only if the restriction of

7Ty to L%(Q, v) has no non-zero invariant vectors.
[Hint: Assume that the action of G is ergodic. Let f € L%(Q,v) be a 7,(G)-
invariant real-valued function. We have to show that f is constant almost
everywhere. By (i), we can assume that f (gx) = f(x) forallg € Gandx € X.
Now, f can be approximated in L?(X) by linear combinations of characteristic
functions x4 of subsets of the form A =f_1 ([a, b)) for intervalls [a, b) C R.]

Exercise 6.5.5 LetI" be adiscrete group acting by continuous automorphisms
on a compact abelian group A.
(i) Show that the normalised Haar measure v on A is preserved under I'.
(ii) Show that the action of I" is ergodic if and only if, except the unit character
14, all the I'-orbits for the dual action of I" on A are infinite.
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[Hint: If B is a I'-invariant measurable subset of A, observe that the Fourier
transform of xp is a ['-invariant function in £2(A).]

Exercise 6.5.6 Forn > 2, consider the natural action of SL,,(Z) on the n-torus
T = R"/Z".

(i) Show that this action is ergodic.

(ii) Show that this action is weakly mixing.
[Hint: Apply Exercise 6.5.5. Compare also with Exercise D.5.7]

Exercise 6.5.7 Let I' be an infinite group and let K be a compact abelian
group. For each y € I, set K, = K and let Q& = Hye[‘ K, be the direct
product, equipped with the product topology and the Haar measure v. Then I
acts on of €2 via shifting on the left:

)//(ky)yel" = (k,,/*l},)yel“’ )// erl.

(1) Show that this action is ergodic.
[Hint: Apply Exercise 6.5.5.]

(i1) Show that this action is strongly mixing, that is, given measurable subsets
A and B of 2 and ¢ > 0, there exists a finite subset ' of I such that

[v(yANB) —v(A)v(B)| <e, forall y eF.

[Hint: Apply Exercise E.4.5]

Exercise 6.5.8 LetI'; and I'; be countable groups with essentially free, mea-
sure preserving actions on standard Borel spaces (€21, v1) and (£21, v1). Assume
that there exists an orbit equivalence 6 : 21 — 2. Let (4,), be an asymp-
totically invariant sequence in 2. Show that (9~'(4,)), is an asymptotically
invariant sequence in 2.

[Hint: For y; € I'1 and w € 21, let a(y1, w) be the unique element in I'; such
that 6 (y1w) = a(y1,w)0 (w). The mapping « : I'1 x 21 — [ is a measurable
cocycle. Given y; € I'1, show that, for every ¢ > 0, there exists a finite subset
F of I'> such that v (X,) > 1 — &, where

X ={weQ : aly),w) € F}.

Write 0~1(A,) = (071(A) N X) U (071 (An) \ Xe).]
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A short list of open questions

We have collected below a sample of open questions which are standard in the
subject. There are several other ones in the various papers of our reference list.

Open examples of groups

(7.1) It is not known whether the automorphism group Aut(Fy) of anon-abelian
free group Fj on k generators has Property (T) for k large enough. The question
is often asked for the related group Out(Fy) of outer automorphisms, which
is the quotient of Aut(Fy) by the group of inner automorphisms (which is
isomorphic to Fy).

The relevance of the question is discussed in [LubPa—01]; see the end of our
historical introduction. Observe that Aut(F>) does not have Property (T) since
it has a quotient isomorphic to GL»(Z), neither does Aut(F3) by [McCoo—-89].
See also Corollary 1.3 in [GruLu].

(7.2) Let X denote a closed oriented surface of genus g > 2. Denote by Mod,
the corresponding mapping class group, namely the group of homotopy classes
of orientation preserving homeomorphisms of X, . It is not known whether this
group has Property (T) for g large enough.

There is in [Taher—00] a report of a GAP-assisted computation which shows
that Mod; does not have Property (T).

(7.3) Similarly, we do not know whether Property (T) holds for the Burnside
group

B(k,n) = F/(x" =1 |x € Fy),
or for some infinite quotient of it (it is natural to assume k > 2 and n large
enough for B(k, n) to be infinite). See the last section in [Shal-ICM] for a short
discussion.

282
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(7.4) Does there exist a subgroup of infinite index in SL3(Z) which has
Property (T)?

More generally, if G denotes one of the groups SL3(R), Sp4(R), and Sp(2, 1),
does there exist a discrete subgroup of G which is not a lattice and which has
Property (T)?

(7.5) What are the groups of homeomorphisms of the circle which have Prop-
erty (FH)? See Section 2.9 for the result of Navas and Reznikov on the
appropriate diffeomorphism group.

It is known that, for n > 1, the group of homeomorphisms of the sphere of
dimension n, viewed as a discrete group, has Property (FH) [Cornu—06b].

Open examples of pairs of groups

(7.6) We feel that we do not know enough examples of pairs (I', A) which have
Property (T). As a sample of specific pairs for which we do not know whether
Property (T) holds or not, there are

o (Aut(Fy), Fy), where Fj is embedded via inner automorphisms;
o (Aut(Fy) X Fy, Fi), where Fj, is embedded as the second factor;
. (Modg D(ﬂl(Eg),ﬂl(Eg)).

(7.7) Let G be a locally compact group; in case it helps for what follows,
assume that G is compactly generated and second countable. Let H, K, L be
closed subgroups of G such that L C K C H C G. As a first preliminary
observation, let us point out that, if the pair (H, K) has Property (T), then so
does (G, L). From now on, assume that there exists a finite K-invariant measure
on K /L and a finite G-invariant measure on G/H . Recall that, if the pair (G, L)
has Property (T), then the pair (G, K) also has it.

If the pair (G, L) has Property (T), does it follow that (H, L) has it? The
answer is known to be affirmative in the particular case where L is moreover a
normal subgroup of G.

See Theorems 1.4 and 1.5 in [BatRo-99], as well as [Jolis—05].

Properties of Kazhdan groups

(7.8) Is it true that a countable group which can be left ordered does not have
Property (T)?

For comparison with Question (7.5), recall that a countable group is left
orderable if and only if it is isomorphic to a subgroup of the group of orientation
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preserving homeomorphisms of the real line (see for example Theorem 6.8 in
[Ghys—01]).

A related result was proved in [ChMaV-04]: a left ordered locally compact
group G with the property that segments {x € G : a < x < b} are measurable
with finite Haar measure cannot have Property (T).

(7.9) Does there exist an infinite group with Kazhdan Property (T) which is not
of uniform exponential growth?
See the discussion in [Harpe—02].

(7.10) Does there exist a countable infinite Kazhdan group I' such that the
subset {w € I' : dim(;r) < oo} is dense in the unitary dual I" of I"?
See [Bekk—99] and [LubSh-04].

Uniform Kazhdan property

(7.11) Say that a finitely generated group I" has Property (T) uniformly if there
exists a number ¥ > 0 which is a Kazhdan constant for I" and every finite
generating set Q of I' (Definition 1.1.3).

Does the group SL3(Z) have Property (T) uniformly? (This appears for
example as Problem 10.3.1 in [Lubot-94].)

A related question is to know whether there exists «' > 0 which is a Kazhdan
constant for SL3(Z) and every generating set of at most 100 (say) elements.
For groups which have Property (T) but which do not have it uniformly,
see [GelZu—02] and [Osin—02]. For an infinite group which has Property (T)
uniformly, see [OsiSo].

Kazhdan subsets of amenable groups

(7.12) The Kazhdan property involves compact Kazhdan sets, but arbitrary
Kazhdan sets (Definition 1.1.3) could deserve more attention.

The question of knowing if a subset Q of Z is a Kazhdan set is possibly
related to the equidistribution in the circle of the sequence (e ”Q)HEQ for 6
irrational, in the sense of Weyl [Weyl—16] (this was brought to our attention by
Y. Shalom).

More generally, what are the Kazhdan subsets of 7k, R¥, the Heisenberg
group, other infinite amenable groups? Observe that, for a countable group
which has Property (T), a subset is a Kazhdan set if and only if it is generating.
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Fundamental groups of manifolds

(7.13) Let I be the fundamental group of a compact manifold M. If T" has
Property (T), what are the consequences for the topology and the geometry of
M?

For example, if M is a closed Riemannian manifold with pinched sec-
tional curvature, —4 < K < —1, can w{(M) be Kazhdan? (Problem 5.3 in
[Spatz—95]).

(7.14) Let I" be the fundamental group of a compact orientable 3-manifold. Is
there an elementary proof which would show that I" has Property (T) if and
only if I is finite?

In [Fujiw—99] (see also Exercise 1.8.18), there is an argument reducing the
claim to the geometrization conjecture of Thurston.

(7.15) If the manifold is hyperbolic, is it true that I does not have Property (7)?
This is the so-called Lubotzky—Sarnak conjecture. See Conjecture 4.2 in
[Lubot—97], and [Lacke—06].
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Appendix A

Unitary group representations

A linear representation, or simply a representation, of a group G in a vector
space V is a group homomorphism from G to the group of linear automor-
phisms of V. Appendix A collects basic facts about unitary representations of
topological groups in Hilbert spaces. Hilbert spaces are assumed to be complex,
unless stated otherwise (as in Chapter 2, Section A.7, and Section C.2, where
Hilbert spaces are most often real). Topological groups are always assumed to
be Hausdorff.

A.1 Unitary representations

The inner product of two vectors &, 1 in a Hilbert space H is denoted by (£, 1),
and is linear in the first variable. We denote by L(H, H>) the vector space of
all continuous linear operators from a Hilbert space H; to a Hilbert space H>;
an operator T € L(H1,H>) has an adjoint T* € L(H2, H1). We write L(H)
for L(H,H), and observe that it is naturally an involutive complex algebra,
with unit the identity operator I of H. An operator U : ' H — 'H is unitary if

uu*=U"U =1

or, equivalently, if (U§,Un) = (&€,n) for all £,n € H and if U is onto. The
unitary group U(H) of H is the group of all unitary operators in L(H).

Definition A.1.1 A unitary representation of a topological group G in a
Hilbert space H is a group homomorphism 7 : G — U (H) which is strongly
continuous in the sense that the mapping

G—>H, g 7w(g)é

is continuous for every vector £ in H. We will often write (7, H) instead of
7w :G — U(H). About continuity, see Exercise A.8.1.

289
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Let (7r, H) be a unitary representation of G, and let K be a closed G-invariant
subspace of H. Denoting, for every g in G, by

nIC(g) K=K
the restriction of the operator 7 (g) to /C, we obtain a unitary representation nk
of G on K. We say that 7 is a subrepresentation of 7.
Given a unitary representation (w,H) of G and vectors &,n in H, the
continuous function

G—>C, g (7(9)§,n)

is called a matrix coefficient of 7.

An important feature of unitary representations is that they are completely
reducible in the sense that every closed invariant subspace has a closed invariant
complement. More precisely:

Proposition A.1.2 Let (r, H) be a unitary representation of G, and let IC be
a G-invariant subspace. Then K+, the orthogonal complement of K in H, is
G-invariant.

Proof We have

(m(g)&,m) = (€, m(g)"n) = (§,7(g" Hm) =0,

for every g in G, £ in K+, and nin/C. A

Definition A.1.3 An intertwining operator between two unitary representa-
tions (1, H1) and (72, H3) of G is a continuous linear operator 7 from H; to
‘H> such that Twry(g) = m2(g)T for all g € G. The representations w1 and 7,
are equivalent, and we will write w1 >~ 75, if there exists an intertwining oper-
ator T € L(H1,H>) which is isometric and onto; the next proposition shows
in particular that we would define the same notion by requiring only 7" to be
invertible.

First, let us recall some terminology. An operator U from a Hilbert space
‘H1 to another Hilbert space H> is a partial isometry if there exists a closed
subspace M of H; such that the restriction of U to M is an isometry (that
is, |U&|| = ||€] for all £ in M) and such that U = 0 on M. The subspace
M = (KerU)™' is the initial space and U (M) the final space of the partial
isometry U.

Given a continuous operator T : H| — Ha, set |T| = (T*T)'/?. Since

NTIEN? = (T*T&,&) = ITE|?,
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the mapping || +— T¢& extends to an isometry U from the closure of |T'|(H1)
onto the closure of T (H1). Extend now U linearly to H; by setting U = 0 on
IT|(H1)*+ = KerT.Then U isa partial isometry with initial space (KerT)+ and
final space the closure of 7' (1), and we have T = U|T|. This is the so-called
polar decomposition of T (for more details, see Problem 105 in [Halmo—-67]).

Proposition A.1.4 Let (771, H1) and (72, Hy) be two unitary representations
of G. Let T € L(H1,H2) be an intertwining operator between 7wy and mwy; set
M = (KerT)J‘ and let My denote the closure of the image of T .

Then My and My are closed invariant subspaces of Hi and Hy resp-
ectively, and the subrepresentation of w| defined by M is equivalent to the
subrepresentation of my defined by M.

Proof We first check that T* € L(H,, H1) intertwines > and 771 . Indeed, for
all g € G, we have

T*m2(g) = (m (g™ HT)* = (T (g™ ))* = mi(e)T*.

It follows that T*T € L£(H,) intertwines 71 withitself. Since |T| = (T*T)/?is
a limit in the strong operator topology of polynomials in 7*T (see Problem 95
in [Halmo-67]), |T| also intertwines 7y with itself. Let 7 = U|T| be the
polar decomposition of 7; then KerU = KerT and the restriction of U to
M = (KerT)' is an isometry onto M. It remains to check that U intertwines
1 with .

Let g in G. On the one hand,

m(Q)UIT|E = m2(g)TE =Tmi1(9)é = UlT|m1(9)é = Umi(9IT|§,

for all & in H;. This shows that m>(g)U and U (g) coincide on the image of
|T|, and therefore on its closure M. On the other hand, U = 0 on Ker7 and
KerT is 7 (G)-invariant. Hence m2(g)U = Umi(g) on H;. A

Definition A.1.5 A unitary representation p of G is strongly contained or
contained in a representation w of G if p is equivalent to a subrepresentation
of 7. This is denoted by p C 7.

Let (H;, (-, -)i)ier be a family of Hilbert spaces. The Hilbert direct sum of the
‘H;’s, denoted by @ie ; Hi, is the Hilbert space consisting of all families (&;);
with & € H; such that ) _;(&;,&;); < oo with inner product

(EDis i) = Y _(Eirmidic

1
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‘We denote the elements of @ie ; Hi by ®;&; instead of (&;);.
Let (;r,’H) be a unitary representation of G, and let /C be a closed
G-invariant subspace. Then

n(g) =) @ n’CL(g),

. . . €L
forall g € G. Thus, 7 is the direct sum of the two representations 7 and 7%,
in the sense of the following definition.

Definition A.1.6 Let (77;, H;)ic; be a family of unitary representations of G.
Let H = €P,; Hi be the Hilbert direct sum of the H;’s. The direct sum of the
representations m; is the unitary representation 7 of G on H, defined by

m(g) (®i&) = ®imi(g);, forall ge G, @& eH.

Viewing each H; as a subspace of H, the representation (7r;, ;) can be identified
with a subrepresentation of . We write 7 = @, 7.

If all the representations m; are equivalent to the same representation o, we
will sometimes write w = no, where n is the cardinality of .

Definition A.1.7 Aunitary representation (7, H) of G is said to be irreducible
if the only G-invariant closed subspaces of H are the trivial ones, that is, {0}
and H.

The set of equivalence classes of irreducible representations of G is called the
unitary dual of G and is denoted by G.

At this point, it is not clear that G is a set. It will be seen that this is indeed the
case, in Corollary A.2.3 for abelian groups and in Remark C.4.13 in general;
we will also equip G with a natural topology, in Definition A.2.4 for abelian
groups and in Section F.2 in general.

We will use several times the following elementary fact.

Proposition A.1.8 Let (;, H;)ier be a family of unitary representations of G
and let (r,KC) be an irreducible unitary representation of G. Assume that
is strongly contained in @;; m;. Then 7 is strongly contained in m; for some
iel.

Proof Set H = @ie, ‘H; and, for every i € I, let p;: H — 'H; denote the
corresponding orthogonal projection.

Since 7 is strongly contained in €D, ; 7;, there exists a non-zero intertwining
operator T:/C — @P,.; Hi. Hence, there exists i € I such that T; = p; o
T is non-zero. It is clear that T; is an intertwining operator between 7w and
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7;. As m is irreducible, we have Ker 7; = {0} and the claim follows from
Proposition A.1.4. W

One-dimensional unitary representations of G are obviously irreducible.
They correspond to the unitary characters of G.

Definition A.1.9 A unitary character of G is a continuous homomorphism
x:G — S!, where S is the multiplicative group of all complex numbers of
modulus 1. We will identify a one-dimensional representation = of G with its
character g — Trace(m(g)).

The constant character

G—>Sl, g1

is called the unit representation or unit character of G and will be denoted
by 1g.

Observe that 15 is contained in a unitary representation (v, ) if and only
if the subspace

HC ={ e H:n(g)e =&, forall g e G}

of G-invariant vectors in H is non-zero. Observe also that two one-dimensional
unitary representations are equivalent if and only if their associated unitary
characters coincide.

Let N be a closed normal subgroup of G. Let the quotient group G/N be given
the quotient topology, and let p: G — G/N denote the canonical projection.
Let (v, H) be a unitary representation of G/N. Then (w o p,’H) is a unitary
representation of G called the /ift of = to G. We will often use the same notation
for 7 and its lift to G, and in particular view E/W as a subset of G.

Let H be a Hilbert space. The conjugate Hilbert space H is the Hilbert space
with underlying additive group identical to that of H, with scalar multiplication
defined by

(ME)>LE, reC EeH

and with inner product [-, -] defined by

[5,77]2(77,5% 5’77671-

By Riesz’s Theorem, the mapping

H— LH,C), 1> ¢,
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with ¢, (§) = (£, n), is a linear isomorphism of complex vector spaces.

Let G be a topological group and (7, ) a unitary representation of G. For
g € G, denote by 7 (g) the operator on 'H which coincides with 7 (g) as a
set-theoretical transformation. It is straightforward to check that 7 is a unitary
representation of G in . Observe that 7 = 7.

Definition A.1.10 The representation 7 is called the contragredient or
conjugate representation of .

We now discuss tensor products of unitary representations. Let H and X be
Hilbert spaces, and H ® I their algebraic tensor product. The completion of
‘H ® IC, with respect to the unique inner product for which

(&1 ®@n1,& @ m) = (&1,&)(n1,m), &.& eH, n,m ek,

is called the Hilbert tensor product of H and K and is again denoted by H ® K.

Definition A.1.11 If 7 and p are unitary representations of a topological
group G on H and KC, their tensor product is the unitary representation 7 ® p
of G defined on H ® K by

(T ®p)E RN =78 R p(En,

forallé e H,n € K,and g € G.

Observe that m ® p is the restriction to the diagonal subgroup A = G of the
outer tensor product w X p, a unitary representation of G x G defined on the
same Hilbert space by

(T x p)(g1,82)(E ®n) =7(g1§  p(g2)n.

We discuss now another realisation of 7 ® p. Let K be the conjugate Hilbert
space of C, and denote by HS(KC, H) the space of Hilbert—Schmidt operators
from KC to H. Equipped with the inner product

(T,S) — Trace(S*T), T,S € HS(K, H),

HS(IC, H) is a Hilbert space. Let ® : H®K — HS (I, H) be the linear mapping
defined, for all £ € H and n € K, by

PERME) =8¢, ek,

where the inner product on the right is taken in K. Then @ is easily seen to be
an isomorphism of Hilbert spaces.
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The tensor product ¥ ® p corresponds to the unitary representation of G on
HS (KC, H) given by

T n(e)Tpg™"), T eHSK,H), g €GC.

This realisation of 7 ® p is often very useful. For instance, it shows immedi-
ately that if 7 is finite dimensional then m ® 7 contains the unit representation:
the identity operator [ is obviously invariant. This is a particular case of the
following proposition.

Proposition A.1.12 Let 7w and p be unitary representations of the topological
group G on H and K. The following properties are equivalent:

(i) T ® p contains the unit representation 1g (that is, Tt ® p has a non-zero
invariant vector);

(ii) there exists a finite dimensional representation of G which is a subrepre-
sentation of both w and p.

Proof That (ii) implies (i) was already mentioned. Assume that 7 ® p contains
1. Then there exists a non-zero T € HS (K, H) with

n@TpigH=T

for all g € G. Thus, T intertwines 7 and p. Since T*T € LK) is a compact
positive operator and is non-zero, it has an eigenvalue A > 0. The corresponding
eigenspace E; of T*T is a finite dimensional closed subspace of IC. As T*T
intertwines st with itself, E; is invariant. Since

ITEN? = (T*TE, &) = A|E||°, forall & e E;,

the restriction of A~!/2T to E;, is a bijective isometry between the finite dimen-
sional invariant subspaces E) and T (Ej) of K and H, intertwining p and
7. A

Corollary A.1.13 Let w and p be unitary representations of the topologi-
cal group G, and assume that m is irreducible. The following properties are
equivalent:

(i) T ® p contains the unit representation 1g;
(ii) m is finite dimensional and 7 is contained in p.
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A.2 Schur’s Lemma

For a unitary representation (7, ) of G, the set of all operators T € L(H)
which intertwine 7 with itself (that is, those such that T (g) = 7 (g)T for all
g € G) is called the commutant of (G) and is denoted by 7 (G)'.

It is obvious that 77 (G)' is a subalgebra of £(H) which is closed for the weak
operator topology. Moreover, 7 (G)' is self-adjoint, that is, if T € 7 (G)’ then
T* € 7(G)'; see the proof of Proposition A.1.4.

Proposition A.2.1 Let (7, H) be a unitary representation of G. Let K be a
closed subspace of H and let P € L(H) be the orthogonal projection onto IC.
Then K is G-invariant if and only if P € 7w (G)'.

Proof Assume that K is G-invariant. Then 7 (g)P = Pr(g)P forall g € G.
Hence

Pr(g) = (x(g HP)* = (Pr(g™")P)* = Pr(g)P

and therefore 7w (g)P = Pn(g) forall g € G.
Conversely, assume that 7(g)P = Pm(g) for all g in G. Then, clearly, K is
G-invariant. W

For an operator T € L(H), recall that the spectrum o (T') of T is the set of
all & € Csuch that T — Al is not invertible. It is a non-empty, compact subset
of C. We assume from now on that T is self-adjoint (that is, T = T*), so that
o (T) is contained in R.

The functional calculus associates to any bounded Borel functionf : o (T) —
C, an operator f (T) € L(H) in such a way that the following properties hold:

() if f(x) = Y. yax' is a polynomial with complex coefficients, then
(1) =Y gailh;

(ii) let B(o (T')) denote the x-algebra of complex-valued bounded Borel func-
tions on o (T'), with pointwise operations and complex conjugation, and let
W*(T) denote the closure of the x-algebra

n
{ZaiTi:nzo, ap, . ..,d, EC}

i=0

in L(H) for the strong operator topology; then f + f(T) is a x-algebra
homomorphism from B(o (T)) onto W*(T);

(iii) let C(o(T)) be the algebra of complex-valued continuous functions
on o (T) equipped with the supremum norm; the restriction of f +— f(T) to
C(o(T)) is isometric.
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It follows from (ii) that, for f € B(o(T)), the operator f(T) commutes
with every bounded operator on H which commutes with 7. For all this, see
[Rudin-73, 12.24].

Theorem A.2.2 (Schur’s Lemma) A unitary representation (7w, H) of G is
irreducible if and only if w(G)' consists of the scalar multiples of the identity
operator I.

Proof Assume that 7(G)’ consists of the multiples of I. Let K be a closed
G-invariant subspace of H, with corresponding orthogonal projection P. By
the previous proposition, P € (G)'. So, P = Al for some complex number A.
As P2 = P,wehave A = Qor A = 1, that is, K = {0} or IC = 'H. Thus, 7 is
irreducible.

Conversely, assume that 7z is irreducible and let T €x (G)'. Set T\ =(T+T%*) /2
and T, = (T — T*)/2i. Then Ty and T, are self-adjoint, T = T} + iT, and
T1,T> € (G)'. If we can show that T} and T are scalar multiples of I, then T
is a scalar multiple of /. Hence, we can assume that 7T is self-adjoint.

We claim that the spectrum o (T") of T consists of a single real number A.
Once proved, the functional calculus shows that 7 = A[.

Assume, by contradiction, that there exist Aj,Ay € o(T) with A1 # Ap.
Let U; and U be disjoint neighbourhoods of A; and A; in o (T"). We can find
real-valued functions f1,f> € C(o(T)) with

0<fi<xy and f;#0, for i=1,2,

where xy, denotes the characteristic function of U;. Let fi(T), xu,(T) € L(H)
be defined by functional calculus. Then, by (ii) and (iii) above, we have

0<fi(T) < xu,(T) and fi(T)#0, for i=1,2.
Hence, xy,(T) # 0 for i = 1,2. Moreover,
xu (D)* = xu,(T) = xu, (1),

that is, xy,(T) is an orthogonal projection. Now xy,(T) € n(G)’, since T
commutes withevery 7 (g). Hence, xy, (T) = Oor xy,(T) = I, by irreducibility
of m. As xy,(T) # 0, it follows that xy,(T) = I fori = 1,2. This is a
contradiction since xy, (T) xu,(T) = (xv, xv,)(T) =0. A

Corollary A.2.3 Let G be an abelian topological group. Then any irreducible
unitary representation of G is one-dimensional. Thus, the unitary dual G can
be identified with the set of unitary characters of G.
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Proof Let (;r,’H) be an irreducible unitary representation of G. Since G is
abelian, 77 (G) is contained in 77 (G)’. Thus, by Schur’s Lemma, forevery g € G,
the unitary operator 7 (g) is of the form x (g)[. It is clear that the dimension of
‘H is 1 and that g — x(g) is a unitary character of G. W

For an arbitrary topological group G, the set of unitary characters of G is a
group for pointwise multiplication

x1x2(8) == x1(8)x2(g), g e€G,

the group unit being the unit character, and the inverse of x being the conjugate
character x (which corresponds to the contragredient representation). Hence,
if G is abelian, the unitary dual G is an abelian group.

Definition A.2.4 Let G be an abelian topological group. The unitary dual
G of G is called the dual group of G. Equipped with the topology of uni-
form convergence on compact subsets of G, the dual group G is a topological

group.

Let G be again arbitrary; let [G, G] denote the closure of the subgroup gen-
erated by all commutators [g,h] = ghg~'h~! for g,h € G. Every unitary
character of G is the lift of a character of G/[G, G]. Thus, the set of unitary
characters of G can be identified with the dual group of G/[G, G].

Example A.2.5 (i) Every y € R defines a unitary character of R by

2mixy

xy(x) =e , xeR.

We claim that every unitary character of R is of the form x, for a unique y € R.
This can be shown as follows (see [Folla—95, (4.5)] for a proof using differential
equations).

Let x € R. By continuity of x, there exists a sequence (y,), in R with
lim,, y, = 0 such that x (27") = ¢¥*®n_forall n. Since x (27") = x (2~ T2,
we have ¢27/(2n+1=¥) — | and, hence,

2ypt1 —yn € L.

Thus, there exists some N such that 2y, 11 = y, for all n > N. Hence, 2"y, =
2Vyy, foralln > N. Sety = 2Vyy. Then x(27") = x,(27") foralln > N.
This implies that x (k27") = x,(k27") for all k € Z and all n € N. Hence,
by density, x (x) = xy(x) for all x € R. The uniqueness of y is clear, and the
mapping y — x, from R to Risa group isomorphism.
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See Proposition D.4.5 for a generalisation of this to any local field.

(i) Let Gi,...,G, be abelian topological groups, and let G be their
direct product. The mapping

(Xla*”vxn)'_) X1®®X}’l5

where (x1 ® -+ ® xn)X1,...,%) = X1(x1) -+ - xn(xn), 1S an isomorphism
betweena X e X 5; and G.

Indeed, x1 ® - - - ® x, is a character of G for x; € a Conversely, if x € 5,
then x = x1 ® -+ ® xu, for x; € 51 defined by

xikx) =x(e,...,e,x,e,...,e), x¢€G.

(iii) Every y = (y1,...,yn) € R" defines a unitary character of R" by
n
Xy(x) = 1_[ Xk x = (x1,...,x,) € R".
k=1

It follows from (i) and (ii) that y + x, is an isomorphism between R" and R".
(Compare with Corollary D.4.6.)

(iv) A character x, of R" factorises through the torus T" = R"/Z" if and
only if y € Z". Hence, T is isomomorphic to Z".

A.3 The Haar measure of a locally compact group

A topological group G is locally compact if and only if there exists a compact
neighbourhood of the group unit e. This class of groups includes all discrete
groups (that is, groups with the discrete topology), all compact groups, and all
(finite dimensional) Lie groups.

One of the features which distinguishes locally compact groups from other
topological groups is the existence of a Haar measure. We first recall a few
facts about measure theory on locally compact spaces. It should be mentioned
that our measures are usually not assumed to be o-finite. For what follows,
some good references are [BeChR—84], [Bou-Int1], [Bou—Int2], [Halmo—74],
[HewRo—-63], and [Rudin-3].

Let X be a locally compact space. A Borel measure on X is a (not necessarily
finite) positive measure on the o-algebra B(X) of Borel subsets of X (this is
the smallest o -algebra containing all open subsets). A Borel measure  on X is
said to be regular if
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(1) u(B) =inf{u(V):V isopenand B C V} for every Borel set B,
(1) u(U) = sup{u(K):K iscompactand K C U} for every open subset
U ofX,
(iii) u(K) < oo for every compact subset K of X .

If every open subset of X is o-compact (that is, a countable union of com-
pact subsets), then (iii) implies (i) and (ii); see [Rudin—3, Theorem 2.18].

Let C.(X) denote the space of continuous functions on X with com-
pact support. A linear functional ¢:C.(X) — C is said to be positive
if ¢(f) > 0 for all non-negative real valued functions f in C.(X). Such
a linear functional is called a Radon measure on X. A regular measure
(o defines a Radon measure on X, still denoted by p, by means of the
formula

u(f) = / F@du(), forall f e C.(X).
X

Conversely, any Radon measure on X is obtained in this way from a unique
regular Borel measure on X . This is the standard Riesz Representation Theorem
(see [Rudin—3, Theorem 2.14]).

Let G be a locally compact group. There exists a non-zero regular Borel
measure i on G which is left invariant, that is,

uw(gB) = u(B), forall Be B(G),g <G,

or, equivalently,

/f(gfl)C)dM(X) = /f(X)d/L(X), forall f e Cc(G).g €G.
G G

Moreover p is unique, up to a multiplicative constant, that is, if x/ is another
regular Borel measure which is left invariant, then ' = cu for some non-
negative number c. For all this, see [HewRo—63, Chapter 15]. The measure u
is called a left Haar measure on G.

Remark A.3.1 A result of Weil says that the class of groups which admit a
left invariant measure essentially coincides with the class of locally compact
groups. See [Weil-65, pp. 140-146]; see also [Macke—57] and [Varad—68].

As the next proposition shows, the support of a Haar measure on G is G.
Recall that the support of a regular Borel measure w on a locally compact
space X is the smallest closed subset F' of X such that (X \ F) = 0.
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Proposition A.3.2 Let u be a left Haar measure on G. Then, u(U) > 0
for every non-empty open subset U of G and fo(x)du(x) > 0 for every
non-negative function f € C.(G) withf # 0.

Proof Assume that ;(U) = 0 for some open non-empty subset U of G. Then
u(gU) = 0 for all g € G, by left invariance of . For any compact subset K
of G, there exists g1,...,g, € G such that K C Uf‘zlgiU. Hence, w(K) =0
for every compact subset K of G. Since u is regular, this implies that © = 0, a
contradiction.

Letf € C.(G) be non-negative and f # 0. Then, by continuity, f > ¢ on a
non-empty open subset U of G and for some ¢ > 0. Hence,

/Gf(x)dM(X) > en(U) >0,

as claimed. W

Sometimes, but not always, left Haar measures are also right invariant.
Whether this happens or not depends on the modular function of the group,
to be introduced below. For each fixed g € G, the Borel measure 1, defined by

e (B) = u(Bg), forall B e B(G),

is a non-zero regular positive Borel measure which is left invariant. Hence,
g = Ag(g)u for some positive number Ag(g). Observe that Ag(g) does not
depend on the choice of . We have

/Gf(Xg_])d/L(X) = Ag(g) fcf(X)dM(X), forall f e Cc(G),g €G.

The function A g, which is clearly a homomorphism from G to the multiplicative
group R of positive real numbers, is called the modular function of G. We
now show that it is continuous.

A mapping f from a topological group G to some metric space (X, d) is said
to be left uniformly continuous (respectively, right uniformly continuous) if for
every ¢ > 0, there exists a neighbourhood U of e such that

supd(f (ux), f(x)) < e (respectively, supd(f (xu),f (x)) < ¢)
xeG xeG

for all u € U. (These definitions are often reversed in the literature.)
A standard e/2-argument shows that, if f is continuous and has compact
support, then f is left and right uniformly continuous.
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For a subset A of a group and an integer n > 1, denote by A~ the set of all
a !fora € Aand by A" the set of all products aja; - - - a, for ay, . ..,a, € A.
Setalso A" = (A~ 1" and A° = {e}.

Proposition A.3.3 The modular function Ag is continuous.
Proof Letf € C.(G) be such that fG fx)du(x) # 0. Then

Jof g™ Hdp(x)

A AT e

We claim that ¢ : g > |, of (xg~du(x) is continuous. Indeed, let ¢ € G and
& > 0. Choose a compact neighbourhood Uy of e. As f is right uniformly con-
tinuous, there exists a neighbourhood U = U —1 of e contained in Uy such
that

sup [f(xu_l) —f®| < e/u(KUpg), forall ueU,

xeG

where K = supp f. Then

lp(ug) — o(g)| < /G If (g~ 'u™h) — f (g ™Dl (x)

< w(KUpg) sup |[f (™) — f ()| < e,

xeG
forallueU. N

Lemma A.3.4 We have
fG Fe Ddux) = /G A Hf (0 du (),

forall f € C.(G), that is, symbolically, du(x~") = Ag(x™Hdu(x).

Proof The linear functional
[ fG S Ndu)

on C.(G) defines a right invariant Haar measure on G. On the other hand, the
same is true for the functional

fe /G A (dp (),
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as a consequence of the definition of Ag. Hence, by uniqueness, there exists
¢ > 0 such that

(*) / Fe Hdu) =c / A Df (Wdu(x), forall f e C(G).
G G

It remains to show that ¢ = 1. Replacing in this equality f by f , defined by
f ) =f (1), we obtain

f f@dux) =c f AN Ndu(x), forall f e Co(G).
G G

As
/G AN Ddux) = ¢ /G f@du(x)

by (%), it follows that ¢> = 1, thatis,c = 1. W

It is clear that a left Haar measure p on G is right invariant if and only
Ag = 1. In this case, G is said to be unimodular.

Example A.3.5 (i) The Lebesgue measure is a Haar measure on R”. The same
is true for the torus T" = R"/Z". Locally compact groups which are abelian
are obviously unimodular.

(i1) If G is discrete, the counting measure p defined by w(B) = #B for any
subset B of G is a Haar measure. As u is also right invariant, discrete groups
are unimodular.

(iii) Let

GL,(R) = {X = (xjj)1<i,j<n € Mp(R): detX # 0}

be the group of all invertible real (n x n) matrices, with its topology as open sub-
set of M,(R) = R"z. The measure du(X) = |det X |™" Hlii’jfn dx;j, defined
by

/ f(X)dM(X):/ f(xllv-~',xnn)|detx|_ndxll~'-dxnn
GL,(R) GL,(R)

for f € C.(GL,(R)), is a left Haar measure which is also right invariant
(Exercise A.8.9). So, GL,(R) is unimodular.
(iv) Let G be the so-called (ax + b)-group (over R). Thus,

_ a b\ x
G-{(O 1>.aeR,beR}.
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Then |a|~2dadb is a left Haar measure, while |a|~'dadb is a right Haar measure
on G (Exercise A.8.5). This implies that the modular function of G is

a b . —1
AG(O 1>_|a| .

(v) Let G be the group of 2 x 2 real upper triangular matrices with determinant
1. Then a—2dadb is a left Haar measure on G and

a b )
AG(O a_l )—a .

1
G = 0
0

(vi) Let

x,y,z€R ¢,

S = =
— < N

the so-called Heisenberg group. Then dxdydz is a left and right Haar measure on
G (Exercise A.8.6).

(vii) The existence of Haar measures on connected Lie groups is easy to
establish. Indeed, let G be such a group, say of dimension n. Fix a non-zero
alternating n-form w, on the tangent space 7,(G) at the group unit e. For each
g € G, let w, be the alternating n-form on 7T, (G) which is the image of w,
under left translation by g ~!. In this way, we obtain a left invariant n-form w
on G. This defines an orientation on G, and

fi / fo. feC0),
G

is a left invariant Borel measure on G.

(viii) Any compact group G is unimodular. Indeed, Ag(G) is a compact
subgroup of R%. Since {1} is the only such subgroup of RY, it follows that
Ag = 1.

(ix) More generally, if G/[G,G] is compact, then G is unimodular. For
instance,

G=SL,(R)={g e M,(R): detg =1}
is unimodular, since [G, G] = G.

(x) By (ix), semisimple real Lie groups are unimodular.

The modular function of a connected Lie group G can be determined as
follows. Let g be the Lie algebra of G, identified with the tangent space of G ate.
For g in G, let Ad(g) : g — g be the differential at e of the group automorphism
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G — G, x — gxg~!. Then Ad(g) is an automorphism of the Lie algebra g,
and Ad: G — GL(g) is arepresentation of G, called the adjoint representation
of G. The proof of the following proposition is left as Exercise A.8.7.

Proposition A.3.6 Let G be a connected Lie group. Then
Ag(g) = det(Ad(g™")), g €G.

Example A.3.7 Let G be a connected nilpotent Lie group. Then Ad(g) is
unipotent (that is Ad(g) — 1 is nilpotent) and, hence, det(Ad(g)) = 1 for every
g in G. Thus, connected nilpotent Lie groups are unimodular. More generally,
any locally compact nilpotent group is unimodular. Indeed, such a group G is
of polynomial growth, that is, for every compact neighbourhood U of G, there
exist a constant C > 0 and an integer d such that u(U") < Cnd foralln € N,
where u is a left Haar measure on G [Guiva—73]. On the other hand, a locally
compact group with polynomial growth is unimodular (Exercise A.8.10).

A.4 The regular representation of a locally
compact group

Thoughout this section, G is a locally compact group, with fixed left Haar
measure, usually denoted by dg.

For a function f : G — C on G and for a € G, we define the left and right
translates ,f :G — Candf,: G — Coff by

J @) =flax) and f;(x) =fxa) forall xeG.
Let L2(G) = L*(G,dg) be the Hilbert space of (equivalence classes of)
square integrable functions f : G — C with respect to the Haar measure. For g

in G, the operator Ag(g) :LZ(G) — L%(G) defined by

MG (QEX) = (i1E)(x) =E(g"'x), &€ L’(G), x€G,

is unitary, by left invariance of the Haar measure. Moreover, Ag(gh) =
rc(g)Ag(h) for g, hin G, and the mapping

G — L*(G), g > rG(9)E

is continuous for each & in L%(G); see Exercise A.8.3. Thus, (Ag, L2(G)) is a
unitary representation, called the left regular representation of G.
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The right regular representation of G is the unitary representation pg on
L?(G) defined by

PG (QEX) = Ac(2)' (5 (0) = Ag(9)*E(xg), & € L*(G), g, x €G,
the constant factor Ag(g)'/? being introduced in order to insure the unitar-
ity of pG(g)-

Proposition A.4.1 The regular representations Lg and pg are equivalent.
Proof Let7:L*(G) — L*(G) be defined by
Té) = A~ PECT), & € LX(G).

By Lemma A.3.4 above, T is a unitary operator. It is clear that TAg(g) =
pG(@)T,forallginG. A

Combining the representations Ag and pg, we obtain a unitary representation
7 of the product G x G on L*(G), defined by

7(g1,82)5(x) = A6 (81)pG(82)6(x)
= Ac(2)'*E(ey 'xg2), & €L(G)x €,

and called the left-right regular representation of G x G. The restriction of 7 to

the diagonal subgroup {(g,g):g € G} = G is the conjugation representation
vG in L2(G):

V6 ()E(X) = Ag(9)'*e(g xg), & € L*(G),g.x€G.

A.5 Representations of compact groups

Let G be a compact group. Then its Haar measure dg is finite, that is, fG dg <
oo and the constant functions on G belong to L?(G). In particular, the unit
representation 1 is contained in the regular representation Ag. Each of these
properties characterises compact groups:

Proposition A.5.1 For a locally compact group G, the following properties
are equivalent:

(i) G is compact;
(ii) 1¢ is contained in Ag;
(iii) the Haar measure on G is finite.
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Proof It is obvious that (i) implies (ii) and that (ii) implies (iii). To show that
(iii) implies (i), denote by © a Haar measure on G. Let U be a compact neigh-
bourhood of e. Assume that G is not compact. Then, we can find inductively
an infinite sequence g1, g2, . . . in G with

n
Sn+l ¢ Ug,»U, forall neN.
i=1

Choose a neighbourhood V of e with V.= V=1 and V2 c U. Then
gnVNg,V=0, forall n#m.

Hence,

w(G) = (U gnV> =Y gy =) uV)=oo,

neN neN neN
since w is invariant and since (V) > 0. W

The central result in the “abstract” theory of unitary representations of com-
pact groups is the Peter—Weyl Theorem (see [Robet—83, Chapter 5]). For the
definition of the unitary dual G of G, see A.1.7.

Theorem A.5.2 (Peter—Weyl) Let G be a compact group.

(i) Every unitary representation of G is the direct sum of irreducible
subrepresentations.
(ii) Every irreducible unitary representation of G is finite dimensional.
(iii) Every irreducible unitary representation of G is contained in the regular
representation g of G. More precisely, Ag is the direct sum @ ¢ 0 of
subrepresentations o, where each oy is equivalent to (dim ).

A.6 Unitary representations associated to group actions

The regular representation is an example of more general representations
associated to group actions on measure spaces.

A measure space (2,18, 1) is a set Q equipped with a o-algebra 3 and a
positive measure u: B — R.

Let G be a topological group. A group action of G on the measure space 2
is measurable if the mapping

GxQL—>Q, (g,x)—gx



308 Unitary group representations

is measurable, when G is equipped with the o-algebra of its Borel subsets.
Given such an action, we define for each g € G ameasure g on Q2 by guu(A) =
w(g~'A), where A is a measurable subset of 2.

The measure p is invariant if g = p for all g € G. We say that u is quasi-
invariant if p and gu are equivalent measures for all g € G. Recall that two
measures (1 and py on 2 are equivalent if, for every measurable subset A of
2, we have 1 (A) = 0if and only if uy(A) = 0.

Consider a measurable group action of G on €2 such that u is quasi-invariant.
Assume either that u is o -finite (that is, €2 is a countable union of measurable
subsets of finite measure) or that €2 is a locally compact space, that G acts
continuously on €2, and that w is a regular Borel measure. Then there exists
a non-negative measurable function d{f—ﬂ“ on €2, called the Radon—Nikodym
derivative of gu with respect to u, such that

dgp
| 10 @i = [ r@duo. foran s etl@p
Q du Q
(see [Bou-Intl, Chapter 5, Section 5, No 5]). Moreover, the function
, * dgp
cu:GxQ—>RY, cu(g,w)=— ()
du
is measurable and satisfies the cocycle relation

() cp(g182, w) = ¢, (g1, 82w)c; (g2, )

for all g1, g» in G and for p-almost all w in 2.
In this situation, define for each g in G an operator m,(g) on L2(2, ), the
Hilbert space of square-integrable complex-valued functions on €2, by

T () (@) = cu(g™ @) f (g7 w)

for all f € L>(Q, 1) and w € Q. It follows from the defining property of the
Radon-Nikodym derivative that the operator 7, (g) is unitary and from the
cocycle relation (x) that

70 G — UL (2, 1)

is a group homomorphism. The homomorphism 7, need not be arepresentation:
see Remark A.6.3.ii below; but the following proposition shows an important
case in which such pathologies do not occur.
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Proposition A.6.1 Let G be a o-compact locally compact group, let (2, 1) be
a o -finite measurable space such that L*>(S2, 11) is separable, and let GX 2 —
be a measurable action such that wu is quasi-invariant.

Then the homomorphism 7, defined above is a unitary representation of G
on L2(2, 1v).

Proof Since G is o-compact, for all f1,f> € Lz(Q, W), the matrix coefficient

¢ (@)1 f2) = /Q cule™ ) 2fi (g )@ ()

is a measurable function on G, by Fubini’s Theorem. The strong continuity of
7y, follows from the next lemma. W

Lemma A.6.2 Let G be a locally compact group, and let H be a separable
Hilbert space. Let w : G — U(H) be a homomorphism from G to the unitary
group of 'H. Assume that the function g +— (w(g)&,£&) is measurable for all
& € 'H. Then m is strongly continuous.

Proof Leté& beavectorinH. It suffices to show that g — m(g)£& is continuous
at the unit element e.

Choose ¢ > Oandset A = {g € G:||7(g)é — &|| < ¢/2}. Then A is
measurable, since

A ={g € G:2Re(n(9)E,8) > 2|&|* — &2/4).
Moreover, A = A~! and
A’ =AAT' C g e G lIn(g)E — & <),

since [|7(g182)6 — &l < [Iw(g1)§ — &Il + lIm(g2)§ — &l forall g1,82 € G.

The subset 7(G)é = {m(g):g € G} is separable, since H is separable.
Hence, there exists a sequence (g,), in G such that (7w (g,)&€), is dense in
m(G)&. For any g € G, we have

|78, 9)E — £| = |m ()& — m(gn)E| < /2

for some n. Therefore, G = Un gnA and the Haar measure of A is non-zero.
It follows that A> = AA™! is a neighbourhood of e (Exercise C.6.11) and this
proves the claim. W

Remark A.6.3 (i) The Radon—-Nikodym Theorem is not valid for a general
measure space 2: for instance, consider €2 = R with the o -algebra of its Borel
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subsets and the counting measure . The Lebesgue measure A on R is obviously
absolutely continuous with respect to p (in the sense that every p-null set is
a A-null set), but there exists no measurable function f such that A = fpu.
For an extensive discussion of the Radon—Nikodym Theorem, see [Halmo—74,
Section 31].

(ii) The separability condition on H in the previous lemma is necessary: let
R, denote the group R equipped with the discrete topology, and let 7w be the
regular representation of R on 2(Ry). Then x — (w(x)&, &) is a measurable
function on R for all £ € £2(Ry), but 7 is not strongly continuous; for more
details, see Exercise A.8.4 and [HewRo-63, (22.20),(¢)].

(iii) Let (€2, B, i) be a measure space. The Hilbert space L>(£2, i) is separa-
ble when B is generated as o -algebra by a countable family of subsets. More
generally, say that two subsets A, B € B are equivalent if u(AAB) = 0, where

AAB = (A\B)U (B\ A)

denotes the symmetric difference. The set S(u) of equivalence classes of ele-
ments in B of finite measure is a metric space for the distance d(A,B) =
W(AAB). Then L*(2, ) is separable if and only if S(u) is separable; see
[Halmo—74, Section 42, Exercise 1].

Example A.6.4 (i) Interesting geometrical examples arise when €2 is an ori-
ented manifold and G is a topological group acting by diffeomorphisms on €2.
Let v be a volume form on 2. For g in G, let g*v be the volume form which is
the pull-back of v by the diffeomorphism g. Then we have

1,w)v(a)) forall w e L,

g v(w) = c(g”
for some continuous function ¢ : G x € — R . Thus, the regular Borel measure
My on 2 associated to v is quasi-invariant under G.

(ii) As an example for the situation described in (i), the group G = SL,(R)
acts by fractional linear transformations on the real projective line RU{co}. The
Lebesgue measure i on R U {oo} is quasi-invariant (and not invariant) under
the action of G. The associated unitary representation m;, is the representation
of SLy(R) on L>(R U {o0}) given by

”u( . )f(w) =l-co+al”f <M>

—cw +a

for all f € L>(R U {00}). The representation 7, is a so-called principal series
representation (see Example E.1.8).
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Observe that R U {oo} is a homogeneous space since the action of SL(R) is
transitive. Indeed, R U {00} is diffeomorphic to SL, (R)/P, where

P:{(g aél ):a,beR,a;&O}

is the stabiliser of {o0}.

We claim that there is no non-zero SL,(R)-invariant Borel measure on
R U {oco}. Indeed, let v be such a measure. Then v is invariant under the
transformations x — x + ¢ given by the matrices

1 ¢
t e R.
Because of the uniqueness of the Lebesgue measure u as normalised translation-

invariant measure on R, this implies that v = ¢1u 4 ¢2800 for some constants

c1,c3 > 0. On the other hand, neither u nor § is invariant under the trans-

formation x — —1/x given by the matrix ( _(i (1)) Hence ¢; = ¢ = 0 and

v = 0. For another proof, see Example B.1.11.

As we will discuss in the next chapter, quasi-invariant measures on homo-
geneous spaces always exist and we will determine exactly when there are
invariant ones.

A.7 Group actions associated to orthogonal
representations

Let G be a second countable locally compact group with a measure preserving
action on a probability space (€2, ). The space L%(SZ, w) of all real-valued
square-integrable functions on €2, modulo equality p-almost everywhere, is
a real Hilbert space. As in Section A.6, we can define, for each g € G, an
orthogonal operator 7, (g) on L%{(SZ, ). Assuming that L%{ (€2, ) is separable,
the mapping g + m,,(g) is an orthogonal representation of G in the sense of
the definition below. The aim of this section is to show that every orthogonal
representation of G occurs as subrepresentation of a representation of the form
(7T, L%( (€2, n)) for some probability space (€2, u).

Definition A.7.1 An orthogonal representation of a topological group G in a
real Hilbert space H is a strongly continuous group homomorphism from G to
the orthogonal group O(H) of H.
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The notions of orthogonal equivalence, subrepresentation, direct sum, and
tensor product of orthogonal representations are defined in the same way as for
unitary representations.

Remark A.7.2 To every orthogonal representation (77, ) of the topological
group G is canonically associated a unitary representation w¢ of G, called the
complexification of m; it acts on the complexification Hc = H ®Rr C of H by

7c(@EQN) =7(gERL, ge€G,EeH, LeC.

Let us recall some standard notions from probability theory (see, for instance,
[Loeve-77]). Let (€2, B, ) be a probability space.

Definition A.7.3 A real-valued random variable X on 2 is a measurable
function from 2 to the real line R; two random variables are identified if they
are equal p-almost everywhere.

The distribution (or the law) of a random variable X on €2 is the measure
ux on R which is the image of w under X. If X is either integrable on 2 or
positive-valued, its expectation or mean value E[X] is defined by

E[X] = / X (@)du() = / xdux ().
Q R

A random variable X is centred if E[X] = 0.

Assume that X isin L%(Q, w);thenX € L%{(SZ, W), since w is a finite measure.
The variance o2 of X is 02 = E[(X — m)z], where m = E[X]. It is easy to
check that 02 = E[X?] — E[X ]*.

When the measure py on R is absolutely continuous with respect to the
Lebesgue measure, X has a density function which is the positive-valued
function p : R — Ry such that duy (x) = p(x)dx and fj;o px)dx = 1.

Let (X;);es be a family of real-valued random variables on 2. The o -algebra
generated by (X;)ies is the smallest sub-o -algebra of B which contains X ,._1 (B)
for all i € I and all Borel subsets B of R. The family (X;);es is indepen-
dent if, for every finite subset F' of / and all Borel subsets B; of R, i € F,
we have

" (ﬂ x,.—l(B») =[[n& "' ®B)).
ieF ieF

We will need a few facts about Gaussian Hilbert spaces (for more on this,
see [Neveu—68] or [Janso—97]).
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Definition A.7.4 A real-valued random variable X on 2 is Gaussian if either
X is constant or the distribution of X is absolutely continuous with respect to
Lebesgue measure, with a density p(x) of the form

2 2
e—(x—m) /20

p(x)=am ,

for some real numbers o > 0 and m. In this case, E[X] = m and E[(X —
m)z] =2
A Gaussian Hilbert space is a closed subspace /C of Lﬁ(Q, W) such that each

X € K is a centred Gaussian random variable.

Remark A.7.5 (i) Observe that a Gaussian random variable is in L%(Q, w)
for all p € [1, 400), since it is constant or its density function is a function of
rapid decay on the real line.

(i) Let X be arandom variable in Lﬁ (€2, v) which s the L2-limit of a sequence
of centred Gaussian random variables (X;);>1. Then X is a centred Gaussian
random variable. Indeed, X is centred since E[X ] = lim; E[X;]=0. Then, if
o? =E[X?1=X;|5 and 02 =E[X?] = | X |3, we have lim; 07 =02. If 6 =0,
then X = 0; otherwise, for every f € C.(R), we have

lim e/ 20"2f (x)dx = e/ zazf (x)dx,

1 1
i o;/2m JR o2m JR

which shows that the distribution of X is the measure m}ﬂe"‘z/ 20% gy,

(iii) A product X1X7 - - - X;, of finitely many Gaussian random variables is
also in L’;{ (2, ) for all p € [1, 00). Indeed, ﬂpe 1,00) LR(Q W) is an algebra,
as follows from the generalised Holder’s inequality: for p1,...,p,, r € [1,00)
with Y7 1/p;i = 1/rand X1 € Ly (1), ..., X, € Lg (2, i), we have

X1 Xallr < I1X1llpy - - 1 Xnllp,-

(iv) If X is a centred Gaussian variable with variance o2 = E[X?2] > 0, then
expX € L (Q, u) and

ElexpX] =

e 2 gy = ¢77/2 = ex (lE[XZ])
m/— P\2

Example A.7.6 Let/ be an arbitrary index set. Let

1
dV(X) = Ee_xz/zdx
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be the standard Gaussian measure on R, defined on the o-algebra F of the

Borel subsets of R. Let Q = [];; R be the product of copies of R, equipped

with the product o -algebra 5 = ®;¢; F and the product measure yt = ®;jeyv.
Foreachi € 1, let X; : 2 — R be the projection on the i-th factor:

Xi(w))jer) = w;.

The X;’s are independent centred Gaussian random variables with variance
1. It follows that every linear combination of the X;’s is a centred Gaussian
random variable. Let /C be the closed linear subspace of L%{(Q, ) generated
by {X;:i € I}. By (ii) of the previous remark, C is a Gaussian Hilbert space;
its dimension is the cardinality of 1.

Remark A.7.7 Every real Hilbert space is isometrically isomorphic to a Gaus-
sian Hilbert space. Indeed, as the previous example shows, Gaussian Hilbert
spaces of arbitrary dimensions exist.

Lemma A.7.8 Let KC be a Gaussian Hilbert space in L%(Q, B, ). Assume
that the o-algebra generated by all the random variables X € IKC coincides
with BB. Then the set {exp(X): X € K} is total in L%(Q, B, ).

Proof LetY € L%(Q, ) be orthogonal to {exp(X):X € K}. Consider the
(non-necessarily positive) bounded measure Y (w)du(w) on 2.

Let (X;);es be an orthonormal basis of K and let {iy, ..., i,} be a finite subset
of 1. Denote by v the measure on R” which is the image of Y (w)du (w) under
the mapping

Q—=R" o X (0),....X, ().

Then
n n
f exp (Z ukxk> dv(x) = / exp (Z u X, (a))) Y (0)dp(w) =0,
! k=1 & k=1

for all uy,...,u, € R. By analytic continuation, this holds for all uy,...,u, €
C. In particular, the Fourier transform of v is identically 0. Hence, v = 0. This
implies that the measure Y (w)du (w) vanishes on the o-algebra o {X;,, ..., X;,}
generated by {X;,,...,X; }.

The union R of all o {X;,, ..., X;,}, where {iy,...,i,} runs over all the finite

subsets of I, is a ring of subsets of 2. (For the definition of a ring of sets,
see the beginning of G.1.) We have just shown that the non-negative mea-
sures YV (w)du(w) and Y~ (w)du(w) agree on R, where Y and Y~ denote
the positive and negative parts of the real-valued function Y. It follows that
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YT (w)du(w) and Y ~ (w)d (w) agree on the o -algebra generated by R (see, for
instance, [Halmo—74, §13, Theorem A]). Since, by assumption, this o -algebra
coincides with B, the measure Y (w)du(w) vanishes on B. Therefore Y = 0 in
LA(Q2,p). W

Let H be a real or complex Hilbert space. We review the construction of the
symmetric Fock space of H.

For every integer n > 1, let H®" be the Hilbert n-th tensor power of . The
symmetric group X, acts by orthogonal transformations U, on H®" defined by

Us (51 @ ®&) =51y ® - ®&em)>» 0 € Xy, &1,....5 € H.
The closed subspace
S"(H) ={& e H®": U6 = ¢ forall o € %,}
is the n-th symmetric tensor power of H. The orthogonal projection P, : H®" —

S"(H) is given by
1
Pu=— > Us.
ogex,

For&y,...,&, € H,wewrite£;®- - -O&, for P,(§1®- - -®&,). Set S°(H) = Ror
C, depending on whether H is a real or a complex Hilbert space. The symmetric
Fock space S(H) of H is

S(H) = P S"(H),

n>0

the Hilbert space direct sum of the S (H)’s.
Let EXP:H — S(H) be the mapping defined by

1
EXP(¢) = — g0, .
) Z:jo ms EeH

Observe that
(1) (EXP(&),EXP(n)) =exp(&,n) forall &,neH.

We will need the following elementary lemma.

Lemma A.7.9 The set {EXP(§):& € H} is total in S(H).
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Proof Let L be the closed linear subspace generated by {EXP(§): & € H}.
For & € H, consider the function f : R — S(H) defined by f (t) = EXP(t§);
for every n > 0, the n-th derivative of f at 0 is

f(n)(o) — ms(an_

Since f (t) € L for every ¢t € R, it follows that £°" ¢ L for every £ € H and
n>0.Hence, L=S(H). &

Remark A.7.10 The set {EXP(§):£& € H} is linearly independent (see
Proposition 2.2 in [Guic—72b]); we will not need this fact.

Given an isomorphism @ between a real Hilbert space H and an appropriate
Hilbert space of Gaussian variables on a probability space (£2, B, ), we will
extend ® to an isomorphism between S(7) and L%{(SZ, ), with the follow-
ing property: every orthogonal operator on H induces a measure preserving
transformation of (€2, ).

By a measure preserving transformation of (€2, t), we mean a measurable
bijective mapping 6: Q2 — € such that 6,(1) = u and such that 67! is
measurable. Observe that any such transformation gives rise to an orthogonal
operator

0% LA () — LA(2,u), X+ Xo07!,

with the property 6*(YZ) = 6*(Y)6*(Z) for every pair (Y, Z) of characteristic
functions of measurable subsets. The next lemma shows that the converse is
true if €2 is a standard Borel space.

Let B be the quotient space of B by the equivalence relation By ~ By if
w(B1ABy) = 0. Then Bis in a natural way a Boolean o -algebra under the oper-
ations of complementation, countable unions and intersections, and the measure
1 induces a measure I on B defined by (B) = w(B) if B is the equivalence
class of B € B. The pair (E, 1) is called the measure algebra of (2, B, ). An
automorphism of (5, 1) is a bijection B — B which preserves complements,
countable unions, and the measure /i. A measure preserving transformation of
€2 induces in a natural way an automorphism of (g, ).

For the notion of a standard Borel space, see Definition F.5.2.

Lemma A.7.11 Let (2,B) be a standard Borel space equipped with a
non-atomic probability measure . Let V :L[*(Q) — L*(Q) be a bijective
orthogonal linear mapping. Assume that V(YZ) = V(Y)V(Z) and V=" (YZ) =
VYY)V =UZ) for every pair (Y, Z) of characteristic functions of measurable
subsets.
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Then there exists a measure preserving transformation 0 of Q such that
V =06*

Proof LetB € B. Then, by assumption, we have V(xp)? = V(Xé) = V(xB).
Hence, there exists B' € BB such that V (xp) = xp- This defines a mapping

r»:B—> B, BB,

where B is the class of Bin the measure algebra (g, 1t). Using the same procedure
for V! and the fact that V is orthogonal, it is straightforward to check (see the
proof of Theorem 2.4 in [Walte—82]) that A is an automorphism of (E, ).

Since €2 is a standard Borel space and p is non-atomic, we can assume
without loss of generality that 2 = [0, 1] and u is the Lebesgue measure (see
[Sriva—98, Theorem 3.4.2.3]). It is then known that A is induced by a measure
preserving transformation 6 of Q (see [vNeum—32, Satz 1]). We clearly have
V=06 1

Example A.7.12 We illustrate the construction given in the proof of The-
orem A.7.13 below in the case H = R. Let u be the standard Gaussian
measure on R. Let X € Lﬁ (R, ) denote the identity mapping x +— x on
R. Let ®:R — RX be the isomorphism defined by ® (1) = X. Recall that

[

is an orthonormal basis of L% (R, i), where the H,’s are the Hermite poly-
nomials. Since {1©":n > 0} is an orthonormal basis of S(R), we can
extend @ to an isometric isomorphism ) :S(R) — L%{(R, ) by defining
DO = ﬁH,I(X) forall n > 0.

We give another description of ®. It is known that

ux—u®/2 S u"
e = E —'Hn(x) for all u,x € R.
n:
n=0

Hence, CTD(EXP(M)) = exp(uX — u?/2) for every u € R. By Lemma A.7.9, this
formula entirely determines &.

Let H be a real Hilbert space; every U € O(H) extends in a canonical way
to an orthogonal operator S(U) on S(H) defined on S”(H) by

S(U)(i:l@"‘@én)ZU%-]@"’GU&D Slv~'-’§n€H~
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Observe that S(U~") = S(U)~! and that S(U)(EXP(&)) = EXP(U§) for all
& eH.

Theorem A.7.13 Let H be a separable real Hilbert space. Let ® : H — K
be an isometric isomorphism between H and a Gaussian Hilbert space K C
L%{(Q, w) for a probability space (2, B, ). Assume that 2 is a standard Borel
space, that | is non-atomic, and that the o -algebra generated by all the random
variables X € IC coincides with B.

Then ® extends to an isometric isomorphism d:S H) — L%{(Q, ) with the
following property: for every orthogonal operator U : ' H — 'H, there exists a
unique (up to a subset of measure 0) measure preserving transformatzon Ou of
the probability space (2, ) such that o SWU) = 9* o ®.

Proof e First step: For&,np € H,set X = ®(&),Y = &(n) € K. We claim
that

@) (exp (X = JEIX]) exp (¥ - JE[Y?])) = (EXP(&), EXP(1)

Indeed, we have

1 2 1 2

exp|X — EE[X 1).,exp|Y — EE[Y ]
1 2 1 2
=E|[exp|X — E]E[X ])explY — EE[Y ]

[ow (¥ - 20071 - e
=E|[exp|{X +Y — -E[X°] — ZE[Y~"]
2 2
1
= exp (—E(E[Xz] + E[Yﬁ)) E [exp(X + Y)]
1 2 2 1 2
= exp (_E(E[X 1+ E[Y ])) exp (E[E(X +7) ])

=expE[XY] =exp (X,Y)

= exp(P(§), () =exp (&, n)

= (EXP(§),EXP(n)),

where we used Remark A.7.5.iv, the fact that ® is an isometry, and formula (1)
above.
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o Second step: We extend P to the symmetric Fock space S(H) of H.

Define a mapping ® from the set {EXP(&):& € H} to L%{(Q, W) by

~ 1
®(EXP(£)) = exp <<I>(E) - ;E[cb(&)z]) :
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Lemma A.7.9 and formula (2) above show that ® extends to an isometric linear

mapping ®: S(H) — L2 (2, ). By Lemma A.7.8, d is onto.

Let now U:'H — H be an orthogonal operator and S(U) its canonical
extension to S(H). Then V = doS U)o ®!is an orthogonal operator on

Lg (R, ).

e Third step: Let Y = ®(EXP(¢)) and Z = ®EXP(y)) for &, € H. We

claim that YZ € L% (2, i) and that
3) V¥2)=vX)vV(Z) and V'¥z)=vl¥)v (2.
Indeed, by definition of V, we have

V(Y) = V(®EXP)) = @ (S(U)(EXP(£)))
= & (EXP(U¥))

= exp <¢(Us> - %E[@(U&)z]) :
Similarly, we have
V@) =exp (<I>(Un) - %E[cb(vmz]) ,
so that
V(Y)V(Z) = exp (cb (UE+m) - %E[fb(Ué)z + <I>(U77)2]> :
On the other hand, we have
YZ = exp (cb(&) - %E[cb(s)z]) exp <<I>(n) - %H‘D(n)z])

1
= exp (CD(S +n) - E]E[(CD(S + n))2]> exp (E[®(E)P(m])

= exp (E[®(§)@(1)]) ® (EXP(§ + 1))
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This shows that YZ € L%{(Q, W) and that
V(YZ) = exp (E[PE)P(m)])

1
X exp (@(U(& +m) = SE[®UE + n))2]> :
Since ® and U are isometric, we have

E[®@E)®(m] = (§.n) = (U, Un)
= E[®U§)PUn)].

It follows that
V(YZ) = exp (E[P(U&)P(Un)])
X exp (‘D(U(E +n) — %EN’(U(S + 77))2])
=VY)V(Z).

Since V=1 = ® 0 S(U™') 0 !, the same computation applied to U~! in
place of U shows that V=1(YZ) = V-1 () V- 1(2).

e Fourth step: There exists a measure preserving transformation 6 of the
probability space (€2, ) such that 6* = V. The set {5(EXP(€) : &£ eH}is
total in L%{(Q, w) as well as in Li‘{(Q,,u); indeed, the proof of Lemma A.7.8
shows that this set is total in L’l; (2, w) forevery p € [1, 00). It follows from the
third step that Equation (3) holds for any pair (Y, Z) of characteristic functions
of measurable subsets of 2. We conclude with Lemma A.7.11. W

Remark A.7.14 If (;r, H) is an orthogonal representation of G, then, for every
n > 0, the subspace S"(H) is a closed G-invariant subspace of H®" and defines
a subrepresentation of 7®", which is called the n-th symmetric tensor power of
7 and which we denote by S” ().

Corollary A.7.15 Let G be a second countable locally compact group, and
let w be an orthogonal representation of G in a separable real Hilbert space
‘H. There exist a probability space (L2, 1) and a measure preserving action of
G on Q2 such that the associated orthogonal representation of G on L% (2, ) is
equivalent to the direct sum @f’io S™(m) of all symmetric tensor powers of 7.

Proof Let ® be an isometric isomorphism between H and a Gaussian Hilbert
space K C L%{(Q, w). As Example A.7.6 shows, we can assume that Q2 is a
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standard Borel space and that p is non-atomic; we can also assume that the o -
algebra generated by all X € K coincides with the o -algebra of all measurable
subsets of €.

Let®:S H) — L%(Q, 1) be the extension of @ as in the previous theorem.
For g € G, the orthogonal operator 7 (g) on H induces a measure preserving
mapping 6, : Q — . Since 7 is a representation of G, we have for every
g, hegq,

0y (On(®)) = Ogp(w) for almostall w € €,

0o-1(0g (@) = @ foralmostall w € .

It follows that there exists a measurable subset ¢ of 2 with measure 1, which
is fg-invariant for every g € G and such that the mapping

G x Qo — Q, (g, 0) > 0(w)

defines a measurable action of G on 2. Indeed, this is easily proved in case G
is countable; for the general case, see [Zimm—84a, Appendix B.10].
The isomorphism & intertwines @Zio S"(m) and the representation m,, of

G on L%{(Qo, nw) = L%{ (€2, ) associated to this action. H

A.8 Exercises

Exercise A.8.1 Let G be a locally compact group, H a Hilbert space, U (H)
its unitary group, and 7 : G — U (H) a group homomorphism. Show that the
following properties are equivalent:

(i) the mapping G x H — 'H, (g,&) — m(g)§& is continuous;
(ii) for each & € 'H, the mapping G — H, g — m(g)& is continuous, that is,
7 is a unitary representation;
(iii) for each & € H, the mapping G — C, g — (w(g)&, &) is continuous.

[If necessary, see Chapter 13 of [Robet—83].]

Exercise A.8.2 Let G be a locally compact group, and let 7 : G — U(H) be
a homomorphism into the unitary group of a Hilbert space H. Let V be a total
set in H, and assume that

G—>H, g n(g)é

is continuous for all £ in V. Prove that 7 is strongly continuous (and hence a
unitary representation of G).
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Exercise A.8.3 Let G be a locally compact group. For p € [1,+400), let
f € [’(G). Prove that a +— ,f is continuous mapping from G to L”(G). Show
that this is no longer true for p = +oc0.

[Hint: Show this first for f € C.(G).]

Exercise A.8.4 Let G be a non-discrete locally compact group. Let G, be
the group G endowed with the discrete topology. Let 7 be the left regular
representation of G4 on 2(Gy).

(i) Show that g +— (w(g)&,£&) is a measurable function on G for all £ €
¢ (Ga).
[Hint: The function g +— (m(g)&, &) is zero on the complement of a countable
set.]

(ii) Show that g —~ (w(g)&, &) is not continuous on G if & # 0.

Exercise A.8.5 Let G be the real (ax + b)-group, as in Example A.3.5.iv.
Prove that dadb/|a|? is a left Haar measure and that dadb/|a| is a right Haar
measure on G.

Exercise A.8.6 Let G be the real Heisenberg group, as in Example A.3.5.vi.
Prove that dxdydz is a left and right Haar measure on G.

Exercise A.8.7 Let G be a connected Lie group. For g € G, let Ly :x
gx and Rg:x > xg be the left and right translations by g. Recall that
(d(R;'Lg))e = Ad(g). Setn = dim G.

(i) Let w be an n-form on G. Show that

ARy 'Ly)w)e = w, 0 Ad(g) = det(Ad(g))w.

(ii) Let w be a non-zero left invariant n-form on G. Show that dR,w is left
invariant. Hence, there exists A(g) > 0 such that dR,w = A(g)w.
(iii) Show that, for the modular function Ag on G, we have

Ag(g) = (g™ ") = det(Ad(g™")).

Exercise A.8.8 Let K be a local field, that is, K is a topological field for a
non-discrete locally compact topology (compare Chapter D.4). Let u be a Haar
measure on K.

(i) Show that, for every a € K\ {0}, there exists a positive real number c(a)
such that

/f(a_IX)dM(X) =C(a)/f(X)d,u(X)
K K

for all f € C.(K). Determine c(a) for K = R and K = C.
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(ii) Setting ¢(0) = 0, show that ¢ is a continuous function on K and that
c(ab) = c(a)c(b) for all a,b € K.
(iii) Show that K is not compact.

Exercise A.8.9 With the notation as in the previous exercise, let dx denote
the measure 4 ® - - - ® w on K".
(i) Let A € GL,,(K). Show that

f(Ax)dx = c(detA)~" | f(x)dx,
Kn KI‘[

for all f € C.(K").
[Hint: Consider first the case where A is a diagonal matrix and then the case
where A is an elementary matrix, that is, a matrix with 1 on the diagonal, a € K
at the entry (i,j), and O otherwise.]

(i1) Deduce from (i) that a left and right Haar measure on G = GL,(K) is
given by

fn—)/f(X)c(detX)_”dX,
G

where G is viewed as an open subset of K" and dX denotes the measure
2
L®---Q@uonK™".

Exercise A.8.10 A locally compact group G with left Haar measure p is of
subexponential growth if lim, (u(U™))'/" = 1 for every compact neighbour-
hood U of G. This is a generalisation of the notion of a group of polynomial
growth (see Example A.3.7). For examples of groups of subexponential growth
and not of polynomial growth, see [Harpe—00, Chapter VIII].

Show that a locally compact group of subexponential growth is uni-
modular.
[Hint: Assume, by contradiction, that Ag(x) > 1 for some x € G. Let U be
a compact neighbourhood of e containing x. Observe that Ux" is contained in
Un+1 ]



Appendix B

Measures on homogeneous spaces

Let G be a topological group, and let H be a closed subgroup of G. In the
present chapter, we recall how, in case G is locally compact, G/H has also a
measure which is quasi-invariant by G, and canonically defined up to appropri-
ate equivalence. It follows that any closed subgroup provides the corresponding
quasi-regular representation of G, which is a basic example of a unitary rep-
resentation. More generally, quasi-invariant measures enter the definition of
induced representations: see Appendix E.

We discuss the existence of invariant measures on G/H in Section B.1. The
important case where H is a lattice is treated in Section B.2.

B.1 Invariant measures

For the quotient topology on the homogeneous space G/H, the canonical
projection p : G — G/H is continuous and open.

Lemma B.1.1 Let Q be a compact subset of G/H . Then there exists a compact
subset K of G with p(K) = Q.

Proof Let U be a compact neighbourhood of e in G. As Q is compact and

p(xU) is a neighbourhood of xH for each x in G, there exists xi,...x, in G
such that Q C |Ji_; p(x;U). The set

K=pl@nlJuv
i=1

is compactand p(K) = Q. N

324
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Lemma B.1.2 Let dh be a left Haar measure on H. The linear mapping
Tiy : CeG) > CuG/H). (T ath) = [ ey,
H

is surjective.

Proof Letyp € C.(G/H)and Q = supp ¢. By the previous lemma, Q = p(K)
for some compact subset K of G. Choose ¥ € C.(G), ¥ > Owithyy = lonK.
Define a function f on G by

_ e
IO = T @

if (Tyy)(px)) # 0 and f(x) = 0 otherwise. Then f is continuous since
Tyvy > 0 on a neighbourhood of Q = supp ¢, its support is compact, and
Tuf =¢. B

The next elementary lemma is crucial for all what follows.

¥ (x)

Lemma B.1.3 Let p : G — R be a continuous function on G. The following
properties are equivalent:

(i) the formula

Ap (h)

L) =X

p(x)

holds for allx € G and all h € H,
(ii) the formula

/;f(xh_l)p(x)dX= Ap (h) /Gf(X)p(X)dx,

holds for all f € C.(G) and allh € H;
(iii) the mapping

Thf — /Gf(X)p(X)dx, f € Ce(G),

is a well-defined positive linear functional on C.(G/H).

If these properties hold, the associated regular Borel measure y on G/H is
quasi-invariant with Radon—Nikodym derivative

dyu _ o (yx)

— (xH) , V,xeG.
du p(x) y
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Proof Since, foranyf € C.(G)andh € H,

/Gf(xh_l)p(X)dx = Ag(h) fo(X),O(xh)dx,
it is clear that (i) and (ii) are equivalent.

We want to show that (i) and (iii) are equivalent. Assume that (i) holds. Let
f,g € C.(G). We have

/G f)(Thg)(p(x)) p(x)dx = /G fx) /H g(xh)dh p(x)dx
- / / F g (x)dxdh
HJG
- / AGUi) / FGh™)g () p ) dlxalh
H G
= / A (h™) / fch™Hg(x) p(x)dxdh
H G
— / f Apr (N b~ )dh g () (x)dx
GJH
- / / £ h)dh g(x)p (x)dx
GJH
- /G Tf (p()g ()p ()dsx,
where we have used successively the definition of Ty g, Fubini’s Theorem, the
definition of Ag, Property (i), Fubini’s Theorem again, Lemma A.3.4, and the

definition of Tyf. Observe that, even though the Haar measures on G or H
are not necessarily o -finite, we can apply Fubini’s Theorem since the function

(x, h) = f (x)g (xh) p(x)

vanishes outside a o -finite subset of G x H (see [HewRo0-63, (13.10) Theorem]).
Suppose that Ty f = 0. It follows from the formula above that

/Gf(X)(THg)(p(x))p(X)dx =0, forall ge C(G).

By the previous lemma, there exists g € C.(G) with Tgg = 1 on supp f.
Hence, fG f(x)p(x)dx = 0. This and the previous lemma show that

Tuf fG F@p@)dx
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is a well-defined positive linear functional on C.(G/H). Hence,
(1) implies (iii).

Assume that (iii) holds. The Borel measure  on G/H associated to the given
linear functional satisfies the identity

/ F@pd = / Taf (eH ) (cH) = / / F ok dkd 1 (H)
G G/H G/H JH
for all f € C.(G). Hence, for h € H, we have
/ Fh™Hp@)dx = / / f (ckh™VYdkd  (xH )
G G/H JH
— An(h) / / £ ekydkd 1 )
G/H JH
= Ag(h) /G S xX)px)dx.

This shows that (ii) is satisfied.
For the last claim, consider ¢ € C.(G/H).Choosef € C.(G) withTgf = ¢.
p(yx)
p(x) -
on G/H, as a consequence of (i). Observe also that, if f denotes the function

— f(yx )M we have

p(x)

Lety € G. Observe that the function x can be viewed as a function

p(yxh) o(yx) "

p(x)

(Tuf)(cH) = / Pl 2 = / £ o)
H H

p(y)
= o(yxH) X2,
=9 )()

Therefore
/ oy H)ﬁdm H) = /f(y )Ly)m )
G/H
- / FOmp(m)dx = / F@p@dx
G G

=/ o(xH)d p(xH).
G/H

This shows the formula of the last claim for the Radon—Nikodym derivative. W
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Acontinuous function p : G — R satisfying the identity (i) in LemmaB.1.3

Apg (h)

(%) p(xh) = Ao

px), forall xeG,heH

exists for any locally compact group G and any closed subgroup H. For the
proof, see [Reiter—68, Chapter 8, Section 1] or [Folla-95, (2.54)]. Such a
function is called a rho-function for the pair (G, H).

Taking this for granted, Part (i) of the following theorem follows from
Lemma B.1.3. Part (iii) is straightforward. For the proof of Part (ii), see
[Bou—Int2] or [Folla-95, (2.59)].

Theorem B.1.4 (i) Quasi-invariant regular Borel measures always exist on
G/H. More precisely, given a rho-function p for (G, H), there exists a quasi-
invariant regular Borel measure u on G/H such that

/f(x)P(X)dXZ/ /f(Xh)dhdM(XH), f € C(G)
G G/H JH

and with Radon—Nikodym derivative

dg_u(xH) _ P0)

, &g&xegG.
du px)

(ii) Any quasi-invariant regular Borel measure on G/H is associated as
above to a rho-function for (G, H).

(iii) If w1 and |1y are quasi-invariant regular Borel measures on G/H , with
corresponding rho-functions p1 and pa, then w and puy are equivalent, with
Radon—Nikodym derivative d 1 /d iz = p1/p2.

Proposition B.1.5 Let i be a quasi-invariant regular Borel measure on G /H
as above. Then the support of uwis G/H.

Proof The proof is similar to the proof of Proposition A.3.2. Indeed, assume
that «(U) = 0 for some open non-empty subset U of G/H. Then u(gU) =0
for all g € G, by quasi-invariance of p. For any compact subset K of G/H,
there exists gi,...,g, € G such that K C (J;_, g;U. Hence, u(K) = 0 for
every compact subset K of G/H. Since p is regular, this implies that © = 0, a
contradiction. W

Under suitable conditions, there exist relatively invariant measures on homo-
geneous spaces. A measure i on G/H is said to be relatively invariant if, for
every g € G, there exists a constant x (g) > 0 such that g_ly, = x(g)u, that
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d
is, the Radon—Nikodym derivative % is a constant, possibly depending on g.
w

It is clear that y is then a continuous homomorphism from G to R* , called the
character of p. Relatively invariant measures are also called semi-invariant
measures (see [Raghu—72, page 18]).

Proposition B.1.6 (i) Assume that there exists a relatively invariant regular
Borel measure ;. on G/H. Then the character of |4 is a continuous extension
to G of the homomorphism h +— Ay (h)/Ag(h) of H.

(ii) Assume that the homomorphism H — R* , h — Ag(h)/Ag(h) extends
to a continuous homomorphism x : G — R. Then there exists a relatively
invariant regular Borel measure u with character x. Moreover, the measure i
is unique up to a constant: if (' is another relatively invariant regular Borel
measure on G/H with character x, then u' = cu for a constant ¢ > 0.

Proof (i) Let x be the character of the relatively invariant measure w. The
linear functional on C.(G) given by

[ Th <Ji) (xH)d n(xH)
G/H X

defines a left invariant measure on G. Indeed, for every a € G, we have

/ Ty (—f> GH)dpGH) = x@ [ Ta (—f) (cH)d p(<H)
G/H X G/H aX

= x(a) Ty (ji) (axH)d ;0 (xH)
G/H X

= / Ty <L> (xH)du(xH).
G/H X

Hence, by uniqueness of Haar measure, there exists ¢ > 0 such that
(%) / Tuf xH)du(xH) = ¢ / f)xx)dx, forall f e C.(G).
G/H G

Replacing 1 by ¢~ !, we can assume that ¢ = 1. Then, for f € C.(G) and
k € H, we have

AG(H) /G Fx(dx = fG Fak Y ok~

— Y /G Y /H F ek~ Ydhd ()
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= An (XK / f F (xh)dhd p (eH)
G/H JH

= ARk /G F ) x (x)dx.

Hence, x|g = (Ag)/(Aglh), as claimed.

(i) Let x :G— R} be a continuous homomorphism extending (Ap)/
(Aglg). Then p = x satisfies Condition (i) in Lemma B.1.3. Hence, there
exists a relatively invariant Borel measure on G /H with character x. Moreover,
Lemma B.1.2 shows that Formula () determines 1. This shows the uniqueness
of w up to a constant. W

Taking x = 1 in the previous proposition, we obtain the following result.

Corollary B.1.7 An invariant Borel measure exists on G/H if and only if
Aglg = Apg. Moreover, such a measure |4 is unique up to a constant factor
and, for a suitable choice of this factor, we have

/ F@)dx = / Taf cH ) (cH) = / / F (eh)dhd e (xH)
G G/H G/H JH

forallf € C.(G).

In practice, the formula

/ fx)dx = / / f (xh)dhd . (xH)
G G/H JH

is often used to determine a Haar measure of G, once an invariant measure on
G/H and a Haar measure on H are known (Example B.1.11.iii).

Corollary B.1.8 Let H be a unimodular subgroup of the locally compact
group G.

(i) Then G/H has a relatively invariant regular measure |, with character
(Ag)™".

(ii) If u is finite (this happens, for instance, if G/H is compact), then [ is
invariant, and G is unimodular.

Proof (i) This is a particular case of Proposition B.1.6.
(ii) Assume that u(G/H) < oo. For g € G, we have

W(G/H) = n(gG/H) = (¢~ Hu(G/H) = (Ag(g™")u(G/H)

and therefore Ag(g) =1. W
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Definition B.1.9 Let H be a closed subgroup of the locally compact group G.
Let p be arho-function for (G, H) and let i be the corresponding quasi-invariant
measure on G/H . The unitary representation A,y of G defined on L*(G/H) =
L*(G/H, ) by

p(g~'x)

1/2
) £ '), gxeG, &el*G/H)
px)

rc/H(8)E(X) = <

is called the quasi-regular representation of G associated to H.

Remark B.1.10 (i) The quasi-regular representation A,y coincides with the
representation 7, defined in Section A.6.

(ii) If H is normal in G, then Ag/y coincides with the lift to G of the left
regular representation of the quotient group.

Example B.1.11 (i) Let G = SL>(R) and P the subgroup of upper triangular
matrices. Then G is unimodular, but P is not (Example A.3.5). Thus, we recover
the fact, mentioned at the end of Section A.6, that G/P has no invariant measure.

Moreover, G has no character different from 15, since [G, G] = G. Hence,
there is no relatively invariant measure on G/P.

(ii) Let K be a compact subgroup of the locally compact group G. Then G/K
has an invariant Borel measure. Indeed, Ag(K), being a compact subgroup of
Ri, is trivial. For the same reason, K is unimodular.

The fact that G/K has an invariant measure can also be seen by the following
argument. The projection p : G — G/K is proper (that is, p~ ' (Q) is compact
for every compact subset Q of G/K). For any regular Borel measure u on G,
the image p.(u), defined by p.(n)(A) = ,u(]f1 (A)) for Borel subsets A in
G /K, is aregular Borel measure on G/K. It is clear that p, (u) is invariant if u
is a left Haar measure on G.

(iii) Let G = SL>(R) and K = SO(2). The invariant measure on G/K can
be determined as follows. Let

P={zeC: Imz > 0}

be the Poincaré half-plane. The group G acts by fractional linear transforma-
tions on P :

az+ b a b
, = s = € G, e P.
(g,2) — gz axa ¢ ( ) Z

The stabiliser of 7 being K, the mapping

G/K - P, gKi>gi
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identifies G/K with P. The measure du(x,y) = y~2dxdy on P is G-invariant.
b\ . . .
Indeed, let g = <Z d) in G; denote by M, the associated transformation

of P. On the one hand, Im(Mzz) = |cz + d|’21m(z), by a straightforward
computation. One the other hand, when viewed as a linear transformation of RZ,
the Jacobian of M, at z € Pis equal to |cz +d| ~4_ Thus, by change of variable,
we find

dxdy /‘ 1 |CZ+d|4

1

g Z = oz dxd
/1; 9 y? P ()|CZ+d|4 y? Y

dxdy
= / P(R)—5-
P y

A left Haar measure dg on G = SL,(R) is given by

dxd
f f(g)dg = / = f £ (ghydk,
G Py S0(2)

where gK is identified with gi = x + iy and dk is the normalised Lebesgue
measure on SO(2) = S'.

B.2 Lattices in locally compact groups

Let G be a locally compact group.

Definition B.2.1 A lattice in G is a discrete subgroup I' of G such that G/ I’
carries a finite invariant regular Borel measure. Observe that such a measure is
then unique up to a constant factor, by Corollary B.1.7.

As discrete groups are unimodular, the following proposition is an immediate
consequence of Corollary B.1.8.

Proposition B.2.2 Let I" be a discrete subgroup of G.

(i) If T is cocompact (that is, if G/ U is compact), then T is a lattice.
(ii) If U is a lattice, then G is unimodular:

A more direct argument for (ii) is as follows. Since I" is unimodular, it is
contained in the normal subgroup Ker A of G. Hence, the Haar measure of
the locally compact group G/Ker Ag is finite. This implies that G/Ker Ag is
compact (see Proposition A.5.1). Hence, G /Ker Ag is topologically isomorphic
to a compact subgroup of R . It follows that G = Ker Ag.
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Definition B.2.3 Let G be a topological group and let H be a subgroup of G.
A Borel fundamental domain for H is a Borel subset 2 of G such that G =
Unen $2h and Qhy N Qhy = @ for all hy, hy € G with by # ho.

The following proposition is often used to show that a discrete subgroup is
a lattice.

Proposition B.2.4 Let G be a o-compact locally compact group and let T be
a discrete subgroup of G.

(i) There exists a Borel fundamental domain for T.
(ii) IfT is alattice in G, then every Borel fundamental domain for T has finite
Haar measure.
(iii) Assume that G is unimodular and that there exists a Borel subset Q2 of G
with finite Haar measure such that G = QI'. Then T is a lattice in G.

Proof Since T is discrete, there exists an open neighbourhood U of e in
G such that U N T" = {e}. Let V be an open neighbourhood of e such that
VIV cU.AsGis o -compact, there exists a sequence (g,),eN in G such that
G = UneN gnV . We define inductively a sequence (£2,,),eN of pairwise disjoint
Borel subsets of G as follows. Set 29 = goV. For every n > 1, consider the
Borel set

Q=gV\| | envr

0<m<n

We claim that

Q:UQn

neN

is a Borel fundamental domain for I". Indeed, €2 is a Borel subset of G. Moreover,
since G = J,en8n VT, we have G = |,y Q2.1 that is, G = QI'. Let
y1, Y2 € I be such that Qy; N Qy» # @. Then there exist m,n € N such that
Quy1 N Qyys # B. Since Q; N I = @ for all i,j with i > j, it follows that
n = m and that there exist v,w € V such that g,vy; = g,wy>. This implies
that

w o = yzyl_l evlvarcunr.

It follows that y{l y1 = e, thatis, y; = y». This proves (i).
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To show (ii), assume that I" is a lattice. Then G is unimodular (Corol-
lary B.1.8). Hence, by Corollary B.1.7, there exists a finite G-invariant regular
Borel measure ¢« on G/ I" such that

@ [ foave = [ 3 fapduan. foral 1 € CG),
G G/T ot
where v is a Haar measure on G. Let xq denote the characteristic function of a
Borel fundamental domain 2 for I". We have
v(£2) = sup {/f(X)dV(X) 1 feC(G),0=<f < st}
G

and, since 2 is a fundamental domain for I",

ZXQ(XJ/) =1, forall xeG.
yell

Letf € C.(G) with0 < f < xq. Then

d = du(xl
/Gf<x) v(x) /G/rzf(’”) (T

yell

du(xr’
ffG/FZXQ(xy) p(xT)

yell

:/ dpu(l) = pn(G/T)
G/T

and therefore v(R2) < u(G/T') < oo.

To show (iii), let €2 be a Borel subset of G such that G = QI" and v(2) < o0,
where v is a Haar measure on G. As above, there exists a G-invariant regular
Borel measure i on G/H such that Formula (x) holds. We claim that p is finite,
that is,

sup {/ oxDN)du@l) @ ¢ € Co(G/T)with0 < ¢ < 1} < 0.
G/T

Letg € C.(G/T) with 0 < ¢ < 1. As the proof of Lemma B.1.2 shows, there
exists f € C.(G) with f > 0 and such that

e(l) =Y f(xy), forall xeG.
yell



B.2 Lattices 335

Since G = UV er 2y, and I' is countable (because G is o -compact), we have

/ 9(T)dpaT) = / > S Gy)dp )
G/T G/T

yel’

= / Jfdv(x)
G

<> fg S @dve)

yell

=¥ [ ey dve

yel

- Z /G xay (xy)f (xy)dv(x)

yell

=% [ rnve

yell

= / Y fay)dv(x)
Q

yel
=< / dv(x) = v(€),
Q
where we used the fact that v is also right invariant (recall that G is unimodular).

Hence, w is finite and I is a latticein G. W

Example B.2.5 (i) The group Z" is a cocompact lattice in G = R".
(i1) The discrete subgroup

1
r = 0 :x,y,2€Z
0

S = =
— < N

of the Heisenberg group G (see Example A.3.5) is a cocompact lattice. Indeed,

1
Q= 0
0

o — =

Z
y | xyz€[0,1)
1

is a Borel fundamental domain for I'. Moreover G/ I' is compact, since 2 is
relatively compact in G and G/T = p(Q) = p(Q), where p : G — G/T is
the canonical projection.
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(iii) The modular group T' = SL;(Z) is a discrete subgroup of G = SL>(R).
Consider the domain
F={zeP: |z > 1, |Rez| < 1/2}
in the Poincaré half-plane P (see Example B.1.11). Then F intersects every
orbit of I' in P (see [BeMa—00b, Chapter II, 2.7] or [Serr—70a, Chapter VII,
1.2]). It follows that G = I'¢ ™! (F), where ¢ is the mapping

G—>P, g gi

Moreover F has finite measure for the G-invariant measure p on P. Indeed,
we compute

") / dxdy /1/2 ® dxdy /1/2 1 PR

plr) = = — = ——dx = —.
Foy? “1ip )i y? —12 /1 —x2 3

If we identify P with G/K for K = SO(2) and ¢ with the canonical mapping

G — G/K, the Haar measure of <p_1(F) is

/ Xp-1(F)(8)dg = / / X1 () (gh)dkd 11(gK)
G G/K JK

_ / 2 (5K) / dkd p(gK)
G/K K
= p(F) < oo,

where x,-1(r 1s the characteristic function of @~ 1(F). Hence T is a lattice

in G, by Proposition B.2.4.iii. Observe that I" is not cocompact in G. Indeed,

the interior of F' intersects any I"-orbit at most once and is not relatively compact.
(iv) Let H be the subgroup of I' = SL(Z) generated by the two matrices

(o7) = (27)

Then H has index 12 in SL,(Z). More precisely, let I'(2) be the kernel of
the surjective homomorphism SLy(Z) — SL,(Z/27Z) defined by reduction
modulo 2. Since SLy(Z/2Z) is isomorphic to the group of permutations of
three elements, I"(2) has index 6 in SL;(Z). On the other hand, H is a subgroup
of index 2 in I'(2); see [Lehne—64, Chapter VII, 6C]. It follows from (iii) that H
is a lattice in SLp (R) which is not cocompact.
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Moreover, H is isomorphic to F», the non-abelian free group on two
generators (Exercise G.6.8). This shows that >, embeds as a lattice in SL>(R).

(v) Let ¥ be a closed Riemann surface of genus g > 2. Then, by uni-
formization theory, P is a universal covering for X. Hence, the fundamental
group 1 (X) of X can be identified with a cocompact lattice in PSL>(R); see
[FarKr—92, Chapter IV].

(vi) The subgroup I' = SL,(Z) is a lattice in G = SL,(R). This classical fact
(see, e.g., [Bore—69b, 1.11 Lemme]) is due to H. Minkowski. The homogeneous
space G/ I' —which can be identified in a natural way with the set of unimodular
lattices in R” — is not compact.

B.3 Exercises

Exercise B.3.1 LetD = {z € C : |z| < 1} be the unit disc in C. The group

SU(1,1)={<% g) ca,peC, Ialz—lﬁ|2=1}

acts by Mobius transformations on D.
(i) Show that the mapping

z—1

:P—> D, z— -
Z+1

is a biholomorphic isomorphism between the Poincaré half-plane P and D.
(i1) Show that SU (1, 1) is conjugate to SL(R) inside SL,(C).
(iii) Show that dxdy/(1 — x> — y?)? is an SU (1, 1)-invariant measure on D.

Exercise B.3.2 Recall that the algebra H of the Hamilton quaternions over
R can be defined as the subalgebra

X1 +ixoy —x3+ix
! .2 3 .4 P Xl,..., x4 €R
x3+1Ix4 X1 —Ix2

of M»(C). Let S3 be the unit sphere in R*.
(i) Verify that the mapping ® : R* — H defined by
D (x1,x2,x3,x4) = ( at T +.lx4 >
X3 +1xX4  X| —IX2
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is an R-linear isomorphism which, by restriction, induces a homeomorphism
between S3 and the compact group SU (2).

(ii) Verify that |lx||> = det ® (x) for all x € R*.

(iii) For g € SU(2), let w(g) be the linear mapping on R* defined by

n(g)x=d (gd(x)), xeR*:
Show that w(g) € SO(4).

(iv) Using the existence of a rotation invariant measure on > given in polar
coordinates

X1 = cosf

Xp = sin 6 cos ¢

X3 = sin 6 sin ¢ cos ¥
X4 = sin @ sin ¢ sin ¥

O=0=m0=¢=m 0=y =<2m)

by sin” 6 sin pdOdedyr, show that this is the normalised Haar measure on
SU(2).

Exercise B.3.3 Let ® be the linear isomorphism

X1 +x X
¢:memw»< P )
X3 X] — X2

between R? and the space of all real symmetric (2 x 2) matrices. For g €
SL>(R), let (g) be the linear mapping on R3 defined by

m(gx = '(gd(g’), xeR.

(i) Show that (g) € O(1,2), the group of all linear transformations on R3
preserving the quadratic form x% - x% — x%.

(ii) Show that Kerm = {£/} and 7w (SLy(R)) = SO¢(1,2), the connected
component of SO(1,2).

(iii) Show that the homogeneous space SL>(R)/SO(2) can be identified with

the hyperboloid sheet

X = {(x1,x2,x3) € R’ : x% —x% —x% = 1,x; > 0}
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(iv) Show that the mapping

X2 X3
(x1,%2,%3) > — +i—
X1 X1
is a homeomorphism between X and the unit disc D in C.
(v) Consider the coordinates

x; =coshf, x; =sinhfcose, x3 = sinhf sing,

0<6 <400, 0<¢p<m)

on X . Show that sinh” d6d @ is an SLp (R)-invariant measure on X . Determine
from this a Haar measure on SL;(R).

Exercise B.3.4 Let G be a locally compact group. Suppose that G = H1H»
for two closed subgroups H; and H, such that the mapping (x,y) +— xy is a
homeomorphism between H| x H; and G. Show that

Ag(y)

dxdy
AHZ ( )’)

is a left Haar measure on G, where dx and dy are left Haar measures on H; and
H». In particular, if G is unimodular, then dxd,y is a left Haar measure on G,
where d,y is a right Haar measure on H5.

Exercise B.3.5 LetG = H XN be a semidirect product of the locally compact
groups H and N. Let I" and A be lattices in H and N, respectively. Assume that
A is normalised by I'. Show that the semidirect product I" x A is a lattice in G.



Appendix C

Functions of positive type and
GNS construction

Two of the most important notions for unitary group representations are func-
tions of positive type and induced representations, defined respectively in the
present appendix and in Appendix E.

We first discuss two kinds of kernels on a topological space X: those of pos-
itive type and those conditionally of negative type; the crucial difference is the
presence or not of “conditionally”, whereas the difference between “positive”
and “negative” is only a matter of sign convention. For each of these two types
of kernels, there is a so-called GNS construction (for Gelfand, Naimark, and
Segal) which shows how kernels are simply related to appropriate mappings of
X to Hilbert spaces. Moreover, a theorem of Schoenberg establishes a relation
between the two types of kernels.

A function ¢ on a topological group G is of positive type if the kernel (g, i) +—
@(g~'h) is of positive type. Functions of positive type provide an efficient tool
to prove some basic general results, such as the Gelfand—Raikov Theorem
according to which a locally compact group has sufficiently many irreducible
unitary representations to separate its points.

C.1 Kernels of positive type
Let X be a topological space.

Definition C.1.1 A kernel of positive type on X is a continuous function
®: X x X — C such that, for any # in N, any elements x, ..., x, in X, and
any complex numbers cy, . . ., ¢;, the following inequality holds:

n n
Z Zcic_jcb(xi,xj) > 0.

i=1 j=1

340
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Proposition C.1.2 Let ® be a kernel of positive type on X . Then, for all x,y
inX:

(i) ©(y,x) = D(x,y);
(ii) |D(x,y)]* < @, 0)D(y,y).

Proof Forn =2, x; = x, xp =y, the matrix

( O(x,x) Px,y) )
D(y,x) D(y,y)

is positive, by definition. Hence, it is hermitian with positive diagonal values,
and

Q)P (y,y) = P(y,x)P(x,y) = 0.

This proves the claim. W

Example C.1.3 Let H be a Hilbert space and f: X — 'H a continuous
mapping. Then ®, defined by

Dx,y) = (f), f(¥),

is a kernel of positive type on X . Indeed,

n

DY o) = <Zcif(xi),zcif(xi)> >0

i=1 j=1 i=1 i=1
forall x;,...,x,inX and ¢y, ...,c, in C.

The so-called GNS construction (named after Gelfand, Naimark and Segal)
shows that the above example is universal.

Theorem C.1.4 (GNS construction) Let ® be a kernel of positive type on
the topological space X . Then there exists a Hilbert space H and a continuous
mapping f : X — H with the following properties:

(i) ®(x,y) = {(f(x),f(y)) forallx,yinX,
(ii) the linear span of {f (x): x € X} is dense in 'H.

Moreover, the pair (H,f) is unique, up to canonical isomorphism, that is,
if (IC, g) is another pair satisfying (i) and (ii), then there exists a unique Hilbert
space isomorphism T : H — IC such thatg =T of.
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Proof For every x € X, denote by &, the continuous function on X defined
by @,(y) = ®(x,y). Let V be the linear span of the subset

{®,:x e X}

of C(X), the space of continuous functions on X. For ¢ = > ', a;®,; and
¥ =Y i1 bj®y;, define

(0.0 =) Y aibj®(xi,x)).

i=1 j=1

Observe that

n

DO aibi i x) =Y bio) =Y aipr(x).
i=1 j=1

j=1 i=1

It follows that the common value of these sums does not depend on the rep-
resentation of ¢ (respectively ) in V by the sum ) ", a;®y, (respectively

Z;?:l bj®y)).
The mapping

(. ¥) = (9. V)o

is a positive hermitian form on V. We claim that it is definite. Indeed, for all ¢
in V, we have (p, ®,)p = ¢(x) and, by the Cauchy—Schwarz inequality,

(%) lo())? < ®(x,x) (g, @)p, forall xeX.

Thus, (V, (-,-)¢) is a prehilbert space. Let (H, (-,-)o) be the Hilbert space
completion of V. Observe that H can be realised as a space of functions on X .
Indeed, if (¢,), is a Cauchy sequence in V for the norm || - ||¢ induced by the
inner product, then (*) implies that (¢, (x)), converges for every x € X. The
Hilbert space completion of V is a subspace of the space of all functions ¢ on
X which are pointwise limits of Cauchy sequences in (V, || - ||¢)-

Letf:X -V, x+ ®,. Then

(f),f (Mo = P(x,Y).

Moreover, f is continuous since

1 ) =f DG = Px,x) — 2Re®(x,y) + P(,y)

and since & is continuous.
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This settles the existence of the pair (H,f) with Properties (i) and (ii). Let
(K, g) be another pair consisting of a Hilbert space K and a continuous function
g :X — K satisfying (i) and (ii). As

2 n n
= Z Z a;a; D (x;, x;)

o i=lj=1

=Y > g g ()

i=1 j=1

> aigx)
i=1

n
i=1

2

i

the linear mapping

V=K, (Z a,-d>x,.> — Zaig(x,')
i=1 i=1

is well defined and extends to anisometry T : H — . Moreover, T is surjective,
since T'(V) is the linear span of {g(x) : x € X} which is dense in /C. Clearly,
T of = g and this relation uniquely determines 7. W

Remark C.1.5 (i) With the above notation, it follows from the continu-
ity of @ that @ is locally bounded, that is, for every x € X, there exists
a neighbourhood Uy of x and a constant ¢ > 0 such that ®(y,y) < ¢ for
all y in U,. This shows that the associated Hilbert space H can be realised
as a space of continuous functions on X. Indeed, the above inequality (x)
shows that, if (¢,), is a Cauchy sequence in V, then (¢,), converges locally
uniformly on X .

(i) An alternative construction of the Hilbert space H associated to & is
as follows (see the proof of Theorem C.2.3). Let V be the vector space of all
functions on X with finite support, endowed with the semidefinite, positive
hermitian form

m n

m n
<Z a;dy,, Z bj8x_/> = Z Zaib_jq)(xi,xj),
i= j=1

i=1 j=1

where §; denotes the Dirac function at x. Then H is the completion of the
quotient space of V by the radical of this form.

We state for later use some permanence properties of kernels of positive type.
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Proposition C.1.6 Let ® and WV be kernels of positive type on X . Then the
following are kernels of positive type:

(i) @:(x,y) > D(x.y),
(ii) t®:(x,y) — tO(x,y), forallt >0,
(iii) @+ WV:(x,y) — P(x,y) + ¥(x,y),
(iv) W :(x,y) = O(x,y)V(x,y).
(v) Let (®;); be a family of kernels of positive type on X converging pointwise
on X x X to a continuous kernel ®: X x X — C. Then ® is a kernel of
positive type.

Proof Assertions (i), (ii), (iii), and (v) are obvious from the definition. As
to (iv), letf: X — H and g: X — K be the mappings given by Theorem C.1.4.
Let H ® K be the Hilbert space tensor product, and let

h:X > HRK, x+f(x)®gk).
Then

(PW)(x,y) = (h(x), h(y)),
forallx,yeX. W

In other words, the set of kernels of positive type is a convex cone in the
vector space of all continuous kernels on X which is closed under complex
conjugation, under pointwise product, and under the topology of pointwise
convergence.

Remark C.1.7 Property (iv) of Proposition C.1.6 is essentially a result due to
L. Schur. Recall that the Schur product of two matrices A = (a; j)1<i,j<n and B =
(bi,j)1<i,j<n is the matrix § = (s; j)1<i,j<n defined by s; ; = a; ;b; j. A complex
matrix A € M, (C) is positive if Z:'l,jzl cicja;j > Oforallcy,...,c, € C. Here
is Schur’s result: if A and B in M,,(C) are positive, then so is their Schur product
S. And here is a proof.

There exists a matrix C = (¢; j)1<i j<n € M,(C) such that B = CC*. For
ci,...,cp € C, we have

n n n
Z CiCkSik = Z CiCai ZQ,/%
J=1

i,k=1 k=1
n n
= Z Z Cici,jCkCrjaik = 0
j=1ik=1

and S is positive, as claimed.
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The following lemma is used in the proof of Theorem 2.11.3.
Lemma C.1.8 Let ® be a kernel of positive type on a set X such that
|P(x,y)| < 1 forall x,y € X. Then the kernel
) = (1= @, y) ™

is of positive type for every t > Q.

Proof Since |®(x,y)| < 1, the series

1t + 1)¢(x y)2 n tt+ D(E+2)

3
o 3 O, y)" + -

1+1d(x,y) +

converges to (1 — ®(x,y)) ™" for every x,y € X. The claim follows from the
previous proposition. W

C.2 Kernels conditionally of negative type
Let X be a topological space.

Definition C.2.1 Akernel conditionally of negative type on X is a continuous
function ¥: X x X — R with the following property:

(i) ¥(x,x) =0forallxin X;
(i) ¥(y,x) = ¥(x,y) forall x,yin X;
(iii) for any n in N, any elements xi,...,x, in X, and any real numbers
€1,...,cn With )1, ¢; = 0, the following inequality holds:

n n
Z Z CiCj\I—’(xi,x]‘) <0.

i=1 j=1
Example C.2.2 (i) Let H be a real Hilbert space. The kernel
W:HxH—>R, &) €l

is conditionally of negative type. Indeed, for &1, ...,&, € Handcy,...,c, € R
with 37, ¢; = 0, we have

2

n n

DY cigUEE) =Y Y clE —gl1P =2

i=1 j=1 i=1 j=1

n
> ciki
i=1
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(i1) Let X be a topological space, H a real Hilbert space, and f : X — H a
continuous mapping. It follows from (i) that the kernel

VX xX >R, 5y = [1f @) —fOD)I?

is conditionally of negative type.

(iii) On a tree X (see Section 2.3), the distance d : X x X — Ry is a kernel
which is conditionally of negative type. Indeed, denoting by E the set of edges
of X, let H be the Hilbert space of all functions & : E — R such that

£(e) = —&(e), foralle e E,

with the inner product defined by

1
&) =3 D E@n(e).

ecE

Fix a base vertex xo € X and define a mapping f : X x X — H by

0 if e is not on the segment [xg, x];
fe) =11 if e is on [xg, x] and points from xg to x;

—1 if eis on [xp,x] and points from x to xp.
One checks that

dx,y) = Ifx) —f(DI? forall x,yeX

(compare with the proof of Proposition 2.3.3).

(iv) Let X be a real or complex hyperbolic space and denote by d the
geodesic distance on X (see Section 2.6). By Theorem 2.11.3, the kernel
(x,y) > log(coshd(x,y)) is conditionally of negative type on X. It is shown
in [FarHa—74, Proposition 7.4] that d is conditionally of negative type.

Example C.2.2.ii is universal (compare with Theorem C.1.4).

Theorem C.2.3 (GNS construction) Let\V be a kernel conditionally of neg-
ative type on the topological space X and let xo € X. Then there exists a
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real Hilbert space H and a continuous mapping f : X — H with the following
properties:

(i) Wxy) = If @) —fDI? forall x,y in X;
(ii) the linear span of {f (x) — f (xo) : x € X} is dense in 'H.

Moreover, the pair (H,f) is unique, up to canonical isomorphism. That is, if
(IC, g) is another pair satisfying (i) and (ii), then there exists a unique affine
isometry T : H — K such that g(x) = T(f (x)) forallx € X.

Proof For every x € X, let §;: X — R be the Dirac function at x. Let
V be the real vector space consisting of linear combinations Y ;- ; ¢;8y, with
Y, ci=0,forx; € X and¢; € R.
Forg =Y a8y, and ¥ = 27:1 bj8y; in V, define
1 n n
(o, ¥)w = 3 Z Z a;bjW (x;, x;).

i=1 j=1
The mapping
(. ¥) = (0. ¥)w
is a positive symmetric form on V. Set
Ny ={p e V:{p,p)v =0}

The Cauchy—Schwarz inequality shows that Ny is a linear subspace of V. On the
quotient space V /Ny, define

(lol. ¥ D = (0. ¥)w,
where [¢], [{] denote the images in V /Ny of ¢, ¢ € V. This is a well-defined
scalar product on V /Ny. Let (H, (-,-)w) be the Hilbert space completion of
V/Ny.
Set
X =>H, x> [0 — 8yl
Then

If @) —fDIIE = W(x,y), forallx,yeX,
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since ¥ (x,x) = W(y,y) = 0 and ¥(y,x) = ¥(x,y). Moreover, f is contin-
uous, since W is continuous. This settles the existence of the pair (H,f) with
Properties (i) and (ii).

Let (K, g) be another pair consisting of a Hilbert space /C and a continuous
function g : X — K satisfying (i) and (ii). We claim that the affine mapping

V/Ng — K, [Xn: ai(sx,-:| — Xn:aig(xi)
i=1 i=1

is well defined and extends to anisometry 7: H — K. Indeed, since Zf’: 1 ai=0,
we have

B)

=—= Z aia; (W (xi, xj) — W (xi, x0) — W (¥, X0))
lj 1

[ ]

2
v

1 n
= =3 2 aia (s = g1 = g = eI — g — o))

i,j=1

= Y aiajg(x) — g(x0), 8(x)) — g(x0))
i,j=1

n 2

> ai(g(xi) — g(x0))

i=1

Moreover, T is surjective, since the linear span of {g(x) — g(xp): x € X} is
dense in /C by Condition (ii). Clearly, T o f = g and this relation uniquely
determines 7. W

We state some elementary facts about kernels conditionally of negative type;
we leave the proof as Exercise C.6.9.

Proposition C.2.4 Let X be a topological space.

(i) The set of all kernels conditionally of negative type on X is a convex cone,
that is, if V1 and Y, are kernels conditionally of negative type, then so is
sWy + t\W5 for all real numbers s,t > 0.
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(ii) Let (W;); be a family of kernels conditionally of negative type on X con-
verging pointwise on X x X to a continuous kernel V: X x X — R. Then
W is a kernel conditionally of negative type.

(iii) Let ® be a real valued kernel of positive type on X . Then

(x,y) = @@, x) — P(x,y)

is a kernel conditionally of negative type.

C.3 Schoenberg’s Theorem

Let X be atopological space. We have the following connection between kernels
conditionally of negative type and kernels of positive type on X .

Lemma C.3.1 Letr X be a topological space, and let ¥ : X x X — R be a
continuous kernel with ¥V (x,x) = 0 and V(y,x) = V(x,y) forall x,y in X.
Fix xo € X, and define ®: X x X — R by

q)(-x’y) = lI‘l(-xs-xo) + \I](ysxo) - lp(-xsy)

Then WV is a kernel conditionally of negative type if and only if ® is a kernel of
positive type.

Proof Assume that ® is of positive type. Forxy,...,x, € X andcy,...,c,€R
with Y%, ¢; = 0, we have

n n n n
0< Z Z cic;®(xi, xj) = — Z Z cici W (x;, xj),
i=1 j=1 i=1 j=1

showing that W is conditionally of negative type.

Conversely, assume that W is conditionally of negative type. By Theo-
rem C.2.3, there exists a real Hilbert space H and a continuous mapping
f X — "H such that

W(x,y) = If @) —f (I forallx,y e X.
It follows that
D(x,y) = W(x,x0) + V(y,x0) — V(x,y)

= £ @) —FGI* + I1f () = F @) — £ ) —F (DI
=2(f(x) —f(x0), £ () —f (x0)),
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for all x,y € X. Hence, for xq,...,x, € X and cy,...,c;, € R,
n n n 2
DO i@ x) =2 > (i) —f (o)) | = 0.
i=1 j=1 i=1
Since ¥ is symmetric, we deduce that
n n
DY e (xi,x) = 0
i=1 j=1
for x1,...,x, € X and complex numbers ci,...,c,. Hence, ® is of positive

type. B

A more important connection between kernels conditionally of negative type
and kernels of positive type is given by Schoenberg’s Theorem [Schoe—38].

Theorem C.3.2 (Schoenberg) LetX be a topological space, and let V : X x
X — R be a continuous kernel on X such that V(x,x) = 0 and V(y,x) =
W(x,y) for all x,y € X. The following properties are equivalent:

(i) V is conditionally of negative type;
(ii) the kernel exp(—tW) is of positive type, for every t > 0.

Proof Assume that exp(—rW) is of positive type for every r > 0. Since the
kernel

1 — exp(—tW)

is conditionally of negative type by Proposition C.2.4.iii, so is the pointwise
limit
1 - —t¥
W = fim L SPCEY)
t—0 t

by Proposition C.2.4.ii.

Assume, conversely, that W is conditionally of negative type. It suffices to
show that exp(—W) is of positive type. Fix some point xy € X. By the previous
lemma, the kernel on X defined by

CD(X,)’) = \IJ()C,.XO) + \Ij(y’-xo) - \lj(x7y)
is of positive type. Now

exp(=W(x,y)) = exp(P(x,y)) exp(—W¥(x, x0)) exp(=W¥ (y, x0)).
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Since @ is of positive type, the same is true for @ (x, y)" for any integer n > 0
and, hence, exp(®) is of positive type (Proposition C.1.6). The kernel

(x,y) = exp(=W(x,x0)) exp(=W(y,x0))

is of positive type, since
2

D ity exp(—W (xi, x0) exp(— W (x7,%0)) = | Y i exp(—W (x;, x0))| =0

i=1 j=1 i=1

for x1,...,x, € X and complex numbers c, ..., c,. It follows that exp(—W¥)
is of positive type, since it is the product of two kernels of positive type
(Proposition C.1.6). W

C.4 Functions on groups

Let G be a topological group.

Functions of positive type

Definition C.4.1 A function of positive type on G is a continuous function
¢ : G — C such that the kernel on G defined by

(g1,82) = <P(gz_lg1)

is of positive type, that is,

n

n
DY cicielg g =0

i=1 j=1

forall g1,...,g,in G and cy, ..., ¢, in C. Functions of positive type are often
called positive definite functions.

Proposition C.4.2 Let ¢ be a function of positive type on G. Then, for g,h €
G, we have

(i) p(g) = (g™,
(i) lp(9)l < p(e),
(iii) 1p(g) — p(W)|* < 2¢(e) (p(e) — Rep(g~'h)).

Proof Properties (i) and (ii) are immediate consequences of Proposition C.1.2.
Letus show (iii) in case ¢ (e) = 1; by (ii), we can also assume that ¢ (g) # ¢ (h).
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For x,y,z € C, we have
il + 1y12 + |2 + 2Re (p(g ™) + o ~)Zx + (g7 WF2) 2 0

because ¢ is of positive type. In the particular case with

_le(g) — o) . lp(g) — ()]
o) — o)’ p(g) — o)’

x=lp(g) —eM|, y=

this reads

— —\ lp(e) —p)|? )
lo(g) — (h)|2+2+2R ( —@(g) +oh) ) ——————— — ¢( h))zo
["A¢ (2 € (Wg (2 ) 2@ — o) (A0

which is but a rewriting of (iii). W

Inequality (iii) above shows that continuous functions of positive type
are (left and right) uniformly continuous. For another proof of (iii), see
Remark C.4.14.

Examples of functions of positive type arise from diagonal matrix coefficients
of unitary representations.

Proposition C.4.3 Let (m,H) be a unitary representation of G, and let & be
a vector in 'H. Then the diagonal matrix coefficient

g (m(g)§.§)

is of positive type.

Proof This is a special case of Example C.1.3, with f : G — H defined by
fl@=n(gE N

The functions of the type (7w (-)&, &) are said to be the functions of positive
type associated to 7.

Definition C.4.4 Let G be a locally compact group, with Haar measure dx.
Given two functions f and g on G, their convolution f * g is the function on G
defined by

S gl = /Gf(xy)g(y‘l)dy = /Gf(y)g(y‘lx)dy, xeG,

whenever these integrals make sense.
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For instance, if f,g € L'(G) then f * g is defined almost everywhere and
f x g € LY(G). More generally, if f € LY(G) and g € IP(G) for p € [1, 0],
then f * g is defined almost everywhere and f x g € L7 (G).

Example C.4.5 Let G be alocally compact group. Letf € L>(G). Then f *f
is a function of positive type associated to the regular representation A, where
fx) =f(x~1). Indeed, more generally, for f, g € L%(G), we have

(rc()f,8) = /G Fayg(ndy = /G f(»)gby)dy
=g ().

So,

{f*2:f.g € L*G)={f g :f.g € [*(G)}

is the set of all matrix coefficients of the regular representation of G.

Recall that a continuous function f on a topological space X is said to vanish
at infinity if, forall ¢ > 0, the set {x € X : | f(x)| > ¢} is compact. The space of
all such functions is denoted by Cy(X). Observe that Cy(X) is closed in C(X)
in the topology of uniform convergence on X .

Proposition C.4.6 Every matrix coefficient of the regular representation of a
locally compact group G vanishes at infinity.

Proof Letf x g be a coefficient of the regular representation of G, where
f.g € L*(G). Since C.(G) is dense in L*(G), there exists f,, gn € Cc(G) with
lim, f, = f and lim, g, = g in L?(G). Then lim, f, * g, = f * g, uniformly
on G. Hence, to show that f * ¢ belongs to Co(G), we can, by the observation
above, assume that f, g € C.(G). If K = supp f and L = supp g, the support
of f % g is contained in KL™!. Thus, f % g € C.(G). N

The following corollary generalises the implication “(ii) = (i)” in
Proposition A.5.1.

Corollary C4.7 Let G be a non-compact locally compact group. Then Ag
has no finite dimensional subrepresentation.

Proof Let (7,H) be a finite dimensional unitary representation of G. Fix an
orthonormal basis (v;); of (7, H). By the previous proposition, it suffices to
show that some matrix coefficient (7 (-)v;, vj) of 7 does not vanish at infinity.
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For this, observe that ({7 (g)v;, v}));,j, which is the matrix of 7 (g) with respect
to the basis (v;);, is a unitary matrix. Hence, for any i, we have

Z | (g)vi,v)|*> =1, forallg € G,
J

from which the claim follows. W

The above corollary shows in particular that the regular representation of
a non-compact locally compact abelian group has no irreducible subrepresen-
tation. It follows that the regular representation of such a group cannot be
decomposed as a direct sum of irreducible subrepresentations. However, it can
be decomposed as a direct integral of irreducible representations, that is, of
unitary characters (see F.5.4).

Using the GNS-construction of Proposition C.1.4, we will show that every
function of positive type on G is the diagonal matrix coefficient of an essentially
unique cyclic unitary representation of G.

Definition C.4.8 A unitary representation (7, H) of G is cyclic if there exists
a vector £ in ‘H such that the linear span of 7(G)& = {m(g)& : g € G}is dense
in H. In this case, £ is said to be a cyclic vector for 7.

Observe that a unitary representation (7, H) of G is irreducible if and only
if every non-zero vector £ in ‘H is cyclic for 7.

As the next proposition shows, an arbitrary unitary representation can always
be decomposed as direct sum of cyclic representations.

Proposition C.4.9 Let (7, H) be a unitary representation of the topological
group G. Then H can be decomposed as a direct sum H = €, H; of mutually
orthogonal, closed, and invariant subspaces H;, such that the restriction of
to 'H; is cyclic for every i.

Proof Let X be the set of all families (H;); of mutually orthogonal, closed,
and invariant subspaces H; of H, such that the restriction of 7 to H; is cyclic. We
equip X with the ordering given by set inclusion. By Zorn’s lemma, X contains
a maximal family (H;);. We claim that H = @i ‘H;. Indeed, otherwise, there
exists a non-zero vector & which is orthogonal to all H;’s. Let C be the closure
of the linear span of 7 (G)&. Then K is orthogonal to all H;’s. Hence, the family
{(Hi)i, K} is in X and strictly contains (H;);. This is a contradiction. W

Theorem C.4.10 (GNS construction) Let ¢ be a function of positive type on
the topological group G. Then there exists a triple (7y, Hy, &y) consisting of a
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cyclic unitary representation wy, in a Hilbert space H, and a cyclic vector &,
in Hy such that

0(g) = (mp(8)ép.6y), g €G.

Moreover, this triple is unique in the following sense: if (7, H, &) is another such
triple, then there exists a Hilbert space isomorphism T : H, — 'H intertwining
7y and 7w, and such that Té, = §.

Proof Let ® be the kernel of positive type on G associated to ¢. By
Theorem C.1.4, there exists a Hilbert space H, and a continuous mapping
f:G — 'H, such that

(F).f(M) = P(x,y) =(y 'x), forallx,yeG.

For every g € G, we have

(f (g%).f(gy)) = P(gx,gy) = D(x,y).

Hence, by the uniqueness resultin Theorem C. 1.4, there exists a unitary operator
7, (g) on H, such that 7, (g)f (x) = f(gx) for all x in G. By density of the
linear span of {f (x): x € G}, we have

Ty (g182) = Ty (81)7y(g2)

for all g1, g2 in G. Moreover, since f is continuous, g > 7, (g)§ is continuous
for every & in H,. Thus, 7, is a unitary representation of G. Set &, = f (e).
Then &, is a cyclic vector for H,, and

P(8) = ®(g.e) = (f(8).f(e)) = (my(8)&y. &)

forall g € G.
If (7w, H, &) is a triple with the same properties as (17, Hy, &p), then

D(g1,82) = (m(g1)é,m(g2)§), forallgy, g €G.

By the uniqueness result in Theorem C. 1.4 again, there exists an isomorphism
T:H, — Hsuchthat Tm,(g)é, = m(g)é forallg € G.In particular, T, = &
and T intertwines the representations 7, and 7, since &, is cyclic. W

Definition C.4.11 The triple (7y, Hyp,&,) as above is called the GNS triple
associated to the function of positive type ¢ on G.
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Example C.4.12 Let G be a discrete group, and let ¢ = §, be the Dirac
function at e. Then ¢ is a function of positive type on G (Exercise C.6.7) and the
GNS-representation associated to ¢ is equivalent to the regular representation
of G (Exercise C.6.8).

Remark C.4.13 The family of equivalence classes of all cyclic unitary rep-
resentations of G is a set. Indeed, let (7, ’H) be such a representation, with
cyclic vector &. Then, by Theorem C.4.10, 7r is unitary equivalent to 7r,, where
¢ = (m(-)§,&). Thus, the family of equivalence classes of cyclic representa-
tions of G can be parametrised by a subset of the set of all functions of positive
type on G.

In particular, the unitary dual G of G is indeed a set.

Remark C.4.14 Here is another proof of inequality (iii) in Proposition C.4.2.
Let ¢ be a function of positive type on a topological group G, with ¢(e) = 1.
By Theorem C.4.10, there exists a unitary representation (7, H) of G and a unit
vector & € H such that p(x) = (w(x)&€, &) for all x € G. Then
lp() — eI = (0§ — 7 (1§, 8)1°
< lm@)E — T (MEN* = 2(1 — Rep(y~'x))

forall x,y € G.

Corollary C.4.15 Let (,’H) be a unitary representation of G and & € H.
Let @ be the function of positive type defined by ¢(g) = (m(g)§,&). Then my is
contained in 1.

Proof The uniqueness assertion of Theorem C.4.10 implies that 7, is equiv-
alent to the subrepresentation of 7 defined on the closure of the linear span of
7(G)E. N

Corollary C.4.16 Let ¢ and ¢’ be continuous functions of positive type on G,
and let r = @¢'. Then y, is contained in 7w, @ 7y .

Proof Since

V() = ((m1 @ m2)(8)(5p ® &y), (§p ® &yr)),

the claim follows from the previous corollary. W
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Observe that, in general, wy and 7, ® m, are not unitarily equivalent
(Exercise C.6.8).

Functions conditionally of negative type

Let G be a topological group.

Definition C.4.17 A continuous function ¢ : G — R is conditionally of
negative type if the kernel ¥ on G, defined by W(g,h) = ¥ (h~'g) for g, h in
G, is conditionally of negative type.

Remark C.4.18 Let G be a topological group acting continuously on the
topological space X. Let W be a kernel conditionally of negative type on X
which is G-invariant, that is, W(gx, gy) = W(x,y) forallg € G and x,y € X.
For fixed xp € X, the function ¥ : G — R defined by ¥/ (g) = W (gxp,xp) is a
function conditionally of negative type on G. For examples, see Sections 2.10
and 2.11.

Specialising to functions conditionally of negative type on a group, Theo-
rem C.3.2 takes the following form.

Corollary C.4.19 (Schoenberg) Let G be a topological group, and let
V¥: G — R be a continuous function with V¥ (e) = 0 and ¥ (g™ = ¥ (g)
for all g € G. The following properties are equivalent:

(i) ¥ is conditionally of negative type;
(ii) the function exp(—ty) is of positive type, for every t > 0.

C.5 The cone of functions of positive type

Let P(G) denote the set of all functions of positive type on the topological
group G. It follows from Proposition C.1.6 that P(G) is a convex cone, closed
under complex conjugation and pointwise product.

We will also consider the convex set P;(G) of all ¢ in P(G) normalised by
the Condition ¢(e) = 1. We continue to use the notation 7, H,, of Theorem
C.4.10.

Proposition C.5.1 Let @1 and @2 be in P(G), and let ¢ = @1 + ¢3. Then g,
is contained in w,. Moreover, if my is irreducible, then @1 = tg for some t > 0.
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Proof Since ¢ — ¢ is of positive type, we have, for gi,...,g, in G and
complex numbers c1, .. ., Cp,
2

n n
=) > cicipig g

i=1 j=I

n n
<Y Y o e

i=1 j=1

Z citty, (8)&g,

i=1

2

D iy (g,

i=1

Hence, the mapping

n n
Y iy ()€, > Y cimy, (8)Ep,
i=1 i=1
is well defined and extends to a continuous operator T : H, — Hy,. Clearly,
T intertwines m, and 7y, and T (H,) is dense in H, . By Proposition A.1.4,
the subrepresentation of 7, defined on (KerT)* is equivalent to Ty,
Assume now that 7, is irreducible. As T*T intertwines m, with itself,
T*T = ¢l for some ¢t > 0, by Schur’s Lemma A.2.2. Therefore, we have

p1(g) = <T7T<p(g)§<psT€<p> = (T*an(g)gcps&p)
=19(8),

forallginG. W

Let ext(P1(G)) be the set of extreme points of the convex set Py (G). Thus,
¢ € P1(G) lies in ext(P; (G)) if and only if, whenever ¢ = t¢; + (1 — 1)@, for
some ¢1,¢ € P1(G) and 0 <t < 1, then ¢ = ¢ or ¢ = @>. The functions in
ext(P1(G)) are called pure functions of positive type.

Theorem C.5.2 Let ¢ € P1(G). Then ¢ € ext(P1(G)) if and only if the
unitary representation 1y is irreducible.

Proof Suppose that 7, is not irreducible. Then H, = K @ Kt for some
non-trivial closed invariant subspace K. Let £, = &| 4- &> be the corresponding
orthogonal decomposition of &,. We have &, ¢ K and &, ¢ K, since &, is
a cyclic vector for H,. Therefore, & # 0 and & # 0. Set s = ||§ |I> and
t = ||&)1%. Then s+ = ||£, ]| = @(e) = 1, the functions ¢; and g, defined by

01(g) = (my(g)s™2E1,s7281) and  ¢a(g) = (mp(e)t™ 26,17 1/%5)
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belong to P1(G), and

©(g) = (mp(8)§y,&p)
= (my()&1,&1) + (mp(2)E2, &)
=s5¢1(g) +te2(g).

We claim that ¢ # ¢ and ¢ # ¢>. Indeed, assume that, say, ¢ = ¢y, that is,
(715(8)5¢. &) = 57! {7y (g)§1,61) forall g € G. Then

<Z Cimty(gi)&y, €¢> =51 <Z cimy(gié1, $1>

i=1 i=1

=51 <Z Cimp(gi)éq),~§1>,

i=1

forall gi,...,gs € Gandcy,...,c, € C. Since &, is a cyclic vector, it follows
that

(n.&,) =s ' (n, &), forall neH,,

that is §; = s&,. This is a contradiction, since &, # 0. Hence, ¢ is not pure.

Conversely, assume that 7, is irreducible and that ¢ = ¢ + ¢ for some
©1, @2 in P(G). Then, by Proposition C.5.1, ¢; = t¢ for some ¢ > 0 and ¢ is
pure. W

Recall that, by Proposition C.4.2, every ¢ in P(G) is bounded and that
lolloo = @(e).

Assume from now on that G is locally compact, so that we can consider P(G)
as a subset of L*°(G) = L*°(G, 1), for a Haar measure p on G. Due to the fact
that G is not necessarily o -finite, the definition of L°°(G) has to be phrased as
follows:

A subset A of G is locally Borel if A N B is a Borel set for every Borel set
B with (B) < oo. Such a set A is locally null if (A N B) = 0 for every
Borel set B with u(B) < oo. A function f : G + C is locally measurable if
f~Y(E) is locally Borel for all Borel subsets E of C. A property is said to hold
locally almost everywhere on G, if it is satisfied outside a locally null set. Then
L*>(G) is defined to be the space of all locally measurable functions which are
bounded locally almost everywhere, two such functions being identified if they
agree locally almost everywhere.
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With this definition, L°°(G) can be identified with the (topological) dual
space of L!(G) by means of the formula

0.f) = fG F@e@dr, ¢ €L¥G).f € L'G)

(see [Bou—Intl, Chapter 5, Section 5, No 8]). Equipped with convolution and
with the involution

@) = A Hf ), fellG),

L'(G) is a Banach x-algebra.

The following lemma is obvious when G is discrete, and is proved by
an approximation procedure in the general case. The proof can be found in
[Folla-95, (3.35)] or [Dixmi—69, 13.4.4 Proposition]; see also Exercise C.6.1.

Lemma C.5.3 For a function ¢ € L*(G), the following properties are
equivalent:

(i) ¢ agrees locally almost everywhere on G with a continuous function of
positive type;

(ii) (p.f* xf) > 0 forall f € L'(G).

By the Banach—Alaoglu Theorem, the unit ball in L>°(G) is compact in the
weak™* topology. Let P<1 (G) be the convex set consisting of all ¢ in P(G) with
lellco = @(e) < 1.

Lemma C.5.4 The set P<1(G) is compact in the weak* topology on L°(G).

Proof As P<1(G) is contained in the unit ball of L°°(G), it suffices to show
that P<1(G) is weak™* closed. This is the case, by Lemma C.5.3. W

It follows from the previous lemma and from the Krein—Milman Theo-
rem [Rudin-73, 3.21] that the convex hull of ext(P<1(G)) is weak* dense
in P<1(G). If G is discrete, P1(G) is compact in the weak* topology (indeed,
the equality ¢(e) = (¢, 8.) shows that P;(G) is weak* closed in the unit ball
of £°°(G)). This is not true in general for non-discrete groups (see Exercise
C.6.10). Nevertheless, the following result holds for P;(G).

Theorem C.5.5 Let G be alocally compact group. With the notation as above,
we have:

(i) ext(P<1(G)) = ext(P1(G)) U {0};
(ii) the convex hull of ext(P1(G)) is weak* dense in P1(G).
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Proof (i) e First step: We claim that 0 € ext(P<;(G)). Indeed, let 1, ¢, €
P<1(G) and 0 < ¢ < 1 be such that ¢ + (1 — #)¢p = 0. Then ¢ (e) = 0 or
@2(e) = 0 and hence ¢1 = 0 or ¢y = 0.

o Second step: We show that ext(P;(G)) C ext(P<1(G)). For this, let ¢ €
ext(P1(G)), p1,92 € P<1(G),and 0 < t < 1 be such that r¢; + (1 — )@ = .
Then tp1(e) + (1 — t)pa(e) = 1. Hence p1(e) = ¢a(e) = 1, thatis, @1, €
P1(G). This implies that ¢ € ext(P<1(G)).

o Third step: We claim that ext(P<1(G)) C ext(P1(G)) U {0}. Indeed, let
¢ € P<1(G)\ (P1(G)U{0}), and set# = p(e). Then 0 < ¢ < 1 and 1¢ €
P1(G). Since

1
@ =l<;<ﬂ> + (1 =10,

it follows that ¢ ¢ ext(P<1(G)). This shows that ext(P<; (G)) is contained in
ext(P1(G)) U {0} and finishes the proof of (i).
(i1) Let ¢ € P1(G). Since the convex hull of

ext(P<1(G)) = ext(P1(G)) U {0}

is weak™ dense in P<;(G), there exists a net (¥;); in P<1(G) converging to ¢
in the weak™ topology, where the ¥;’s are functions of the form

Vi =11+ + @ + 110,

with ¢1,...,¢, € ext(P1(G)), t1,...,tht1 > 0,and t; +- - - + 1,41 = 1. Since
balls in L°°(G) are weak* closed, and since ||¢]lcoc = 1 and || ¥l < 1, we

have
lilm ¥illoo = 1.

Set ¢/ = v;/i(e). Since || Yilloo = Wi(e), we have lim; ] = ¢. Moreover,
each v/ belongs to the convex hull of ext(P1(G)), since 11 + - - - + 1, = ¥;(e)
and

__nh NI In
= vio” Vite)

This shows that ¢ is in the weak*-closure of ext(P;(G)). B

Vi

Pn-

Another useful topology on P; (G) and on P<1 (G) is the topology of uniform
convergence on compact subsets of G. It is a remarkable fact, due to Raikov,
that this topology coincides with the weak™* topology on P;(G).
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Theorem C.5.6 (Raikov) The weak* topology and the topology of uniform
convergence on compact subsets coincide on P1(G).

Proof We first show the easy part of the theorem, namely that the topology of
uniform convergence on compact subsets is finer than the weak* topology on
P1(G). Let (¢;); be a net in P1(G) converging uniformly on compact subsets
toy € P1(G).Letf € L'(G) and ¢ > 0. Choose a compact subset Q of G such
that fG\Q |f (x)dx < e.For ilarge enough, we have sup, ¢ [¢i(x) —¢(x)| < ¢
and, since [|@illoc = ll@lloo = 1,

(i f) = (@.f)] = '/(;(fpi(X) — 9(X))f (x)dx

<elflh +z/ £ ()ldx
G\Q

=elflh +2e.

This proves the claim.

Conversely, let (¢;); be anetin P (G) converging to ¢ € P;(G) in the weak*
topology. Observe that, since ||¢;||cc = 1, this implies that lim;(¢;,f) = (¢,f)
uniformly when f runs over a fixed compact subset of L! (G).

Let Q be a compact subset of G and ¢ > 0. Since ¢ is continuous at e, there
exists a compact neighbourhood V of e such that

(%) sup [¢(x) — ¢(e)| = sup lp(x) — 1| <.
x€

xeV

Let xy be the characteristic function of V and let |V | > 0 be the Haar measure
of V. Setf = |V|™!xy. Observe that f € L'(G).f > 0,and [, f (x)dx = 1.

We claim that the net of bounded continuous functions (f * ¢;); converges
uniformly on Q to f * ¢. Indeed, we have, for every x € Q,

£r0) = [ £ty = @raf)
and similarly f % ¢(x) = (@, +f). Since the mapping
G — LY(G), x> .f

is continuous (Exercise A.8.3), the set {,f: x € Q} is acompact subset of L' (G).
As (¢;); converges to ¢ in the weak™ topology, it follows that lim;{(¢;,  f) =
(@, »f) uniformly for all x € Q, that is,

lilmf * i (x) =f * @)
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uniformly for x € Q. Hence, we can assume that

() sup |f * @i(x) —f *p(x)| < &,
xeQ

for every i.
Consider the subset

X={y ePi(G): (¥ —p.f)l =&}

Since X is a neighbourhood of ¢ in the weak* topology, we can also assume
that ¢; € X for every i.
Let ¢ € X. Then

K =)0 = KA =)L)+ KW — o)./

= ‘IVI_I/V(1 —9@)dx| + (¥ — ¢).f)]

<! /V 11— @@)ldx + (¥ — ).,
and hence, by inequality (%),

(s 5 %) (1 =¥).f)] < 2e.

On the other hand, we have for every x € G,
If ¥ Y (x) — Y (x)| = ‘|V|I/GXV()’)W(ylx)dy—|V|I/VW(X)dy‘
_ ‘|V|—1/V(w<y—1x)—w(x>)dy‘

<! /V [ (v~ 1) — ¢ (x)|dy.

Now, by Proposition C.4.2.iii,

W (30 — ¥ @I <21 —Rey (y)).

for all x,y € G. It follows that, for every x € Q,

|fdr ) =y )] < IVI*1/Vv2(1 — Rey/ (y))dy

12 12
< |V|—W§(/ (1—Rew<y>>dy) (/ dy)
\% \%
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1/2

< |V|—1/2¢§V(1 — Y (y)dy
= V211 =y, )V,

where we used the Cauchy—Schwarz inequality. Hence, by (), we have

If * () — ()] < 24/e.

Combining this with inequality (xx), we have therefore, for every x € Q and
every i,

l0i(x) — ()| < li(x) = f * @i + |f * 0i(x) = f * p(x)]
+1f xo(x) — )]
<e+44¢,

since @;, ¢ € X. This finishes the proof of the theorem. W

Remark C.5.7 Raikov’s Theorem is not true when P;(G) is replaced by
P<1(G). Indeed, for the circle G = S!, the sequence of characters y, : t — et
belongs to P (G), tends to 0 in the weak™ topology (by the Riemann-Lebesgue
Lemma, see Section D.1), but x,(1) = 1 for all n.

The following proposition is a consequence of C.5.6 and C.5.5.

Proposition C.5.8 Let G be a locally compact group. The convex hull of
ext(P1(G)) is dense in P1(G) for the topology of uniform convergence on
compact subsets of G.

Corollary C.5.9 (Gelfand-Raikov Theorem) Let G be a locally compact
group. Then, for x and y in G with x # Yy, there exists an irreducible unitary
representation w of G with w(x) # 7 (y).

Proof Assume, by contradiction, that 7 (x) = 7 (y) for all irreducible unitary
representations 7 of G. Then, by Theorem C.5.2, we have ¢(x) = ¢(y) for all
¢ € ext(P1(G)). Therefore, p(x) = @(y) for all ¢ € P(G), by the previous
proposition. It follows thatf| xf> (x) = fi*f2(y) forallf, > € C.(G),sincef]*f>
is a matrix coefficient of the regular representation of G (see Example C.4.5).

On the other hand, observe that the set {f] * fo: fi,f/» € C.(G)} is dense
in C.(G) for the topology of uniform convergence. Indeed, take f in C.(G).
For each compact neighbourhood U of e, set fy = ﬁ Xu, where xy is the
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characteristic function of U and |U | the Haar measure of U. Then
lim fy «f =f
U—e

uniformly on G, by the uniform continuity of f. In particular, there exist f1, f> €
C.(G) such that f] * f>(x) # f1 *f>(y). This is a contradiction. H

A topological group need not have any unitary representation besides multi-
ples of the identity representation [Banas—83]. A topological group which has
a faithful unitary representation need not have any irreducible unitary repre-
sentation distinct from the identity representation. The following example was
drawn to our attention by V. Pestov.

Example C.5.10 Consider the Hilbert space L>([0, 1]). The abelian von Neu-
mann algebra A = L*°([0, 1]) is an algebra of operators on L%([0, 1]), a function
¢ € Abeing viewed as a multiplication operator £ — @& on L%([0, 1]). Let U
denote the unitary group of A, together with the strong operator topology which
makes it a Polish abelian group; elements of U/ are measurable functions from
[0, 1] to the unit circle S', up to equality almost everywhere. The tautological
representation of U on L2([0, 1]) is faithful.

Let 7 be an irreducible unitary representation of U. As U is abelian, 7 is
one-dimensional, and («, z) — 7 (u)z defines a continuous action of I/ on the
circle. Now the group U is extremely amenable [Glasn—98], which means that
any continuous action of I/ on a compact space has a fixed point. In particular,
there exists z € S! such that 7 (u)z = z for all u € U. It follows that 7 is the
unit representation of U/.

C.6 Exercises

Exercise C.6.1 Prove Lemma C.5.3.

[Hint: In order to show that (i) implies (ii), use the fact that the measure induced
by the Haar measure on a compact subset of G can be approximated in the weak*
topology by positive measures of finite support which are norm-bounded.]

Exercise C.6.2 Let ¢ be a continuous function of positive type on a topo-
logical group G. Show that, for ¢ € G, each of the left translate ;¢ and the
right translate ¢, of ¢ can be written as a linear combination of four continuous
functions of positive type on G.

Exercise C.6.3 Let ¢ be a continuous function of positive type on a topologi-
cal group G, and let = be the unitary representation associated to ¢ by the GNS
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construction. Show that every function of positive type associated to r is the
uniform limit on G of functions of the form

n n
X > Z Z CiCTj(P(xj_lxxi),

i=1 j=1
forxy,...,x, € Gandcy,...,c, € C.

Exercise C.6.4 Let ¢ be a continuous function of positive type on a
topological group G. Show that

H={xeG:9ok) =g}

is a closed subgroup of G and that ¢ is constant on every double coset
HxH, x e G.

Exercise C.6.5 Show that the kernel ®: Ry x Ry — R defined by ®(s,¢) =
min{s, ¢} is of positive type.
[Hint: Consider the mapping

fiRE— LPR), s — X0,

where x[o,s] is the characteristic function of [0, s].]

Exercise C.6.6 Let X be a non-empty set and let R be a subset of X x X. Let
® be the characteristic function of R.

(i) Show that @ is a kernel of positive type if R is an equivalence relation.
[Hint: Consider the mapping

fiX = CX/R), x— 8,

where [x] denotes the equivalence class of x € X .]

(i) Assume that @ is a kernel of positive type and that R contains the
diagonal A. Show that R is an equivalence relation.
[Hint: Let 'H be a Hilbert space and let f: X — H be such that ®(x,y) =
(f(x),f (). Show that f (x) = f(y) if and only if (x,y) € R.]

(ii1) Give an example showing that the assumption A C Rin (ii) is necessary.
[Hint: Let X be a set with more than one element and R = {(xg,xg)} for
xg € X.]
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Exercise C.6.7 Let H be an open subgroup of the topological group G, and
let ¢ be a function of positive type on H. Show that the trivial extension of ¢
to G, that is, the function on G defined by

px) ifxeH
—
0 ifx¢ H

is of positive type. In particular, the characteristic function xz of H is a function
of positive type on G.

Exercise C.6.8 Let G be adiscrete group, and let ¢ = §, be the Dirac function
at the group unit.

(i) Show that the unitary representation m, obtained by GNS-contruction is
equivalent to the left regular representation of G.

(ii) Observe that 2 = ¢. Show that T, = Ty is not equivalent to 7y, ® 7y,
when G has more than one element (compare with Corollary C.4.16).

Exercise C.6.9 Prove the assertions of Proposition C.2.4.

Exercise C.6.10 Let G = S! be the circle group. By considering the unitary
characters of G, show that P (G) is not weak* closed in L*°(G).

Exercise C.6.11 Let G be a locally compact group with Haar measure pu,
and let A be a measurable subset of G with j£(A) > 0. Show that AA~! is a
neighbourhood of e.

[Hint: One can assume that p(A) < oo. The function x4 * X is a function of
positive type associated to the regular representation. ]

Exercise C.6.12 (i) Show that there exist discontinuous real valued functions
f on R which are additive, that is, such that f(x + y) = f(x) + f(y) for all
x,y € R. As a consequence, R has discontinuous unitary characters.
[Hint: View R as a vector space over Q.]

Let f be an additive complex-valued, measurable function on R.

(i1) Show that f' is continuous
[Hint: Use the previous exercise and the proof of A.6.2.]

(iii) Show that f has a continuous derivative.
[Hint: Let ¢ € C.(R) be non-negative, with support contained in a neighbour-
hood of 0 and with fR ¢(x)dx = 1. Consider the function g = ¢ * f.]

(iv) Show that f is linear.

Exercise C.6.13 Let X be a topological space. A complex-valued kernel
W: X x X — Cis conditionally of negative type if
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1) ¥(x,y) = ¥(y,x) forall x,yin X and
(i) Yor ]'-’=1 ¢i¢; W (x;,x;) < 0 for any n in N, any elements xi, ...x, in X,
and any complex numbers ci, . .., c, with Zfl:l ¢ci=0.

Formulate and prove a version of Schoenberg’s Theorem for such kernels.
[Hint: See, e.g., Theorem 3.2.2 and Proposition 3.3.2 in [BeChR-84].]

Exercise C.6.14 For r, h > 0, consider the helix
f:R— R3, x > (rcosx,rsinx, hx).

Compute the kernel conditionally of negative type W on R defined by f and
observe that W is translation-invariant.

Exercise C.6.15 Let WV :X x X — R, be a kernel conditionally of negative
type on the topological space X. Let 0 < o < 1. Show that W is a kernel
conditionally of negative type on X .

[Hint: Use the formula

o o * —t1zy ,—(a+1)
== (1 —e)t dt,
ra—-—wJy

for z € C with Rez > 0.]



Appendix D

Unitary representations of locally compact
abelian groups

Classical harmonic analysis rests on a few general and powerful theorems con-
cerning the Fourier transform. These are Plancherel’s Theorem on L2-functions
and Pontrjagin’s Duality, recalled without proofs in Section D.1 (overall ref-
erences are [Bou—Spec] and [Folla-95]), and Bochner’s Theorem on Fourier
transforms of positive measures, stated and proved here in Section D.2.

It was Hermann Weyl who realised around 1925 that classical harmonic anal-
ysis is naturally expressed in terms of unitary group representations (classically,
the groups are R*,Z", and T" = R"/Z"). Then Stone described in 1930 all
unitary representations of the additive group R; the generalisation to arbitrary
locally compact abelian groups is due independently to Naimark, Ambrose, and
Godement, and is the so-called SNAG Theorem of Section D.3.

The SNAG Theorem, concerning abelian groups, is necessary in Chapter |
for our analysis of the unitary representations of groups like SL, (K), where K
is a local field. We recall in Section D.4 a few facts about local fields.

In Sections D.1-D.3, we denote by G a locally compact abelian group, with
fixed Haar measure dx. The dual group Gof G (see Section A.2) is contained in
the set P (G) of normalised functions of positive type (see Section C.5). More
precisely, with appropriate identifications (see Corollary A.2.3, Remark C.4.13,
and Theorem C.5.2), we have G = ext(P1(G)). The topology of uniform
convergence on compact subsets of G makes Ga topological group, and it is
shown in Section D.1 that G is locally compact.

D.1 The Fourier transform

Let us first recall part of Gelfand’s theory of commutative Banach algebras.
Let A be a (not necessarily unital) Banach algebra. The spectrum o (x) of an
element x in A is the set of all A € C such that x — Ae is not invertible in A, the
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Banach algebra obtained from A by adjunction of a unit e. The spectral radius
r(x) of xis sup{|A| : A € o(x)}. By the spectral radius formula, we have
r(x) = lim [x"]"/".
n—oo
From now on, A will denote a commutative Banach algebra. A character of A
is anon-zero algebra homomorphism from A to C. The set A(A) of all characters
of A is a locally compact subspace in the unit ball of A*, the topological dual

space of A (where A* is equipped with the weak* topology). Every element
x € A defines through

X:AA) > C, D> D(x)

a continuous function X on A(A), which vanishes at infinity.

The mapping x > X, called the Gelfand transform on A, is an algebra
homomorphism from A to Co(A(A)). For every x € A, the uniform norm of X
coincides with the spectral radius of x, that is,

Flloo = Tim L") '™,
n— oo

Let G be a locally compact abelian group. Consider the Banach algebra

LY(G). Every x € G defines a character ®, of LY(G) by

o, (f) = /Gf(X)X(X)dx.

The mapping x +— ®, is known to be a homeomorphism from G onto
A(L'(G)). In particular, the dual group Gisa locally compact abelian group.

Let M (G) denote the Banach x-algebra (under convolution and total vari-
ation) of all finite complex regular Borel measures on G, endowed with the
involution du*(x) = du(x~!). By the Riesz Representation Theorem, M (G)
can be identified with the Banach space dual of Co(G). Observe that L' (G) can
be viewed as subset of M (G).

Definition D.1.1 The Fourier transform (also called the Fourier-Stieltjes
transform) of i € M (G) is the function & on G defined by

() = /G xdu), x €G.

The Fourier transform F : . — [ is a norm decreasing injective x-algebra
homomorphism from M (G) to C?(G), the Banach x-algebra of all continuous
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bounded functions on G with the supremum norm and complex conjugation.
The Fourier transform of L!(G) is obtained by restriction:

FH K0 =?<x>=/6mf(x>dx, f e LYG).

Observe that, when G is identified with the set of characters A(L1 (G)) as above,
the Fourier transform coincides with the Gelfand transform on L!(G). (In fact,
there is an unessential difference: Ff (x) coincides rather with the Gelfand
transform of f at it . )

In particular, f belongs to CO(G) for all f in L!(G). This is a generalisation
of the Riemann—Lebesgue Lemma of classical Fourier analysis on R”.

Theorem D.1.2 For a suitable normalisation of the Haar measure dx on G,
we have:

(Plancherel’s Theorem) The Fourier transform f +> f from L' (G) N L*(G)
to LZ(G) extends to an isometry from L%(G) onto 1 2 (G)

(Fourier Inversion Theorem) If f € L'(G) and f el (G) then for almost
every x € G,

f = /a Ff (R)d%.
Every x € G defines a unitary character n(x) on G by the formula
() = xx), xeG.

The continuous group homomorphism n : G — Gis injective by the Gelfand—
Raikov Theorem C.5.9. Pontrjagin’s Duality Theorem shows that 7 is surjective.
More precisely, we have the following result.

Theorem D.1.3 (Pontrjagin Duality) The canonical group homomorphism

n : G — G is an isomorphism of topological groups.
So, we can and will always identify G with G.
Remark D.1.4 We have
FOeWf)RX) =X0Ff(X), fel’(G),xeG3eh.

Hence, by Plancherel’s Theorem, the Fourier transform F : [2(G) — I? (6)
is a unitary equivalence between the regular representation Ag on L?*(G) and
the unitary representation 7 of G on L>(G) defined by

T()E)(X) =T ER), £el*G),5 G, xeiC.
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We can use this equivalence in order to describe the closed invariant subspaces
of LZ(G) in case G is second countable. Indeed, for every Borel subset B of 6,
let T be the operator on L? (6) given by multiplication with the characteristic
function of B. Then Tp is a projection and commutes with all 7 (x)’s. On the
other hand, every projection in L(L2 (6)) which commutes with all 77 (x)’s is of
the form Tp (Exercise D.5.1). Hence, the closed invariant subspaces of LZ(G)
are of the form F~1(V3), where

Vg = Tg(L*(G)) = {9 € L3(G) : ¢(x) =0, forall x¢ B).

D.2 Bochner’s Theorem

Let p be a finite positive Borel measure on G. Its Fourier transform 1 is a
continuous function of positive type on G, that is, it € P(G), with the notation
as in Section C.5. Indeed, for xi,...,xp,inGandcy,...,c, in C,

n 2
> GGG = /G dp ) > 0.

i,j=1

e
i=1

Example D.2.1 Let G = R". Recall that G= (x > ¥ . y € R"} where
xy = y iy xiyi forx,y € R" (Example A.2.5). For fixed ¢ > 0, set

f @) = @™ exp (~lxl>/4r).

A computation shows that
For= [ ot = exp-artlylP
Rl'l

Hence, the function y — exp(—t||y||?) is of positive type on R”. This also
follows from Schoenberg’s Theorem (Corollary C.4.19).

Bochner’s Theorem says that every function of positive type on G arises as
a Fourier transform of a finite positive measure on G. We give a proof of this
theorem, using C.5.5 and Pontrjagin’s Duality Theorem D.1.3.

Theorem D.2.2 (Bochner) Let ¢ be a continuous function of positive type
on G. There exists a finite positive Borel measure w on G such that it = .

Proof Let M<1(G) denote the set of all positive Borel measures p on G with
lull = n(G) < 1. This is a weak* closed and hence compact subset of the
space M (G) = Cy(G)* of all finite complex regular Borel measures on G.
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On the other hand, 7751(6) is a weak* closed and hence compact subset
of L®(G).

We claim that the Fourier transform F : M<;(G) — P< 1(6) is continu-
ous when both M<;(G) and P<; (6) are equipped with their weak™* topology.
Indeed, this follows from the formula

/J(?)ﬁ(f)df: ﬁ / fFEF®ApE)dF
G GJG
- / F@du),
G

forall f € L'(G).

The image F(M<1(G)) is therefore a weak* compact subset of 7?51 (6).
Observe that F(M<1(G)) contalns G G, since 8x = x_ Where x 1 eG
is viewed as a character on G. Moreover, we have ext(Pl (G)) = G
and F(M<1(G)) is convex. It follows from Theorem C.5.5.i and from the
Krein—-Milman Theorem that 7(M<;(G)) contains P< (6). [ |

Remark D.2.3 Let (,H) be a unitary representation of the topological
group G. Let ¢ be a matrix coefficient of 7, that is, ¢ = (7 (-)&, ) for some &
and 7 in H. Then g is a linear combination of diagonal matrix coefficients of
7. Indeed, by polarization,

4E.m=E&E+ns+n —(&—n&—n)
+i§ +in, & +in) —il§ —in,&§ —in).

As diagonal matrix coefficients of unitary representations are functions of
positive type, we obtain the following corollary of Bochner’s Theorem.

Corollary D.2.4 Let (7w, H) be a unitary representation of a locally compact
abelian group G, and let ¢ be a matrix coefficient of w. Then there exists a finite
complex regular Borel measure p on G such that it = ¢.

D.3 Unitary representations of locally compact
abelian groups

Let G be a locally compact abelian group. We will show that every unitary

representation of G can be described by a projection valued measure on G.
Let X be a locally compact space, equipped with the o -algebra B(X) of its

Borel subsets. Let H be a Hilbert space. Denote by Proj(H) the set of orthogonal
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projections in L(H). A projection valued measure on X is a mapping
E : B(X) — Proj(H)

with the following properties:

(1) E@)=0and E(X) =1,
(i) E(BNB') = E(B)E(B') for all B, B’ in B(X);
(iii) if (B,), is a sequence of pairwise disjoint sets from B(X), then

E(U&)=Zﬁw@
neN neN

where the sum is convergent in the strong operator topology on L(H).

Let E be a projection valued measure on X . For &, 1 in H, the mapping

B — (E(B)§,n)

is a complex Borel measure on X, denoted by dE ;. Clearly, the measure dEg ¢
is positive and dEg ¢ (X) = || 2. Since, by polarization,

4dEgy = dEgyng+n — dEg—ng—n + idEgtingtin — IdEe—ing—in,

it follows that every measure dE ;) is finite.
For each bounded Borel function f on X, the sesquilinear form

HxH—>C, (&,n)+— /Xf(x)dEg,,,(x)

is bounded. Hence, there exists an operator in L(H), denoted by f vJ (0)dE(x),
such that

<</ f(x)dE(x)) £, 77> = /f(x)dEg,n(x), forall &,neH.
X X

The mapping
f= /G J x)dE(x)

is a x-algebra homomorphism from the x-algebra of bounded Borel functions
on X to L(H). In particular, we have

(%) H ( /X f@)dE (x)> §

for every bounded Borel function f on X and every £ € H.

2
=Lvm&%ﬂu




D.3 Unitary representations of abelian groups 375

We say that the projection valued measure E is regular if the measure jig g
is regular for every £ in H. For all this, see [Rudin—73, 12.17].

The following result was proved by Stone for the case G = R and
independently generalised by Naimark, Ambrose and Godement.

Theorem D.3.1 (SNAG Theorem) (i) Let (7, H) be a unitary representation
of the locally compact abelian group G. There exists a unique regular projection
valued measure E B(G) — Proj(H) on G such that

w(x) = /A X(X)dE (%), forall xeG.
G

Moreover, an operator T in L(H) commutes with 7t (x) for all x € G if and only
if T commutes with E(B) for all B € B(G).
(ii) Conversely, if E is a regular projection valued measure

E : B(G) — Proj(H)

on G, then

7(x) = /A X(X)dE(X), forall xe€G
G
defines a unitary representation w of G on 'H.

Proof (i) Let (;r, H) be a unitary representation of G. For £, € H, denote
by ¢, the corresponding matrix coefficient of 7:

@z (X) = (T ()&, 7).

By Bochner’s Theorem D.2.2 (see also Corollary D.2.4), there exists a finite
complex regular Borel measure pt¢ ; on G such that

@y (X) = Mg p(xX) = /6?<_x)dus,n(?>.

For every Borel subset B of 6, the sesquilinear form
HxH—>C, (&) pneyB)
is bounded. Therefore, there exists an operator E (B) in £(H) such that

(Ex (B)§,n) = pg n(B).
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It is readily verified that B — E; (B) is a regular projection valued measure
on G. Moreover, for x in G and &, in H,

( [ . @ n> = [ Sz = ey
= @t (x) = (T()&, 1),

that is,
m(x) = ﬁﬂT)dEn ().
G

Let T € L(H). If Tn(x) = m(x)T for all x in G, then ure, = uer,
and therefore TE, (B) = E,(B)T for all Borel sets B, by definition of E.
Conversely, if TE; (B) = Ex (B)T for all Borel sets B, then jur¢ , = e 7+ for
all £, 7 in H and, hence, T (x) = 7 (x)T for all x in G.

(ii) Formula () above shows that 77 (x) is a unitary operator for every x € G.
Since f +— f of (X)dE(X) 1s a x-algebra homomorphism from the algebra of
bounded Borel functions on G to L(H), the mapping x +— m(x) is a group homo-
morphism from G to U (H). It remains to show that 7 is strongly continuous.
It suffices to check this at the group unit e.

Let & € 'H. By Formula (x) again, we have

Ik — €2 = /a R — 12dEe £ (3).

Let e > 0. Since dEg g 18 a regular measure, we can find a compact subset Q of
G such that dE¢ ¢ (G \ Q) < ¢. The set

={xeG :supx(x)—1| <¢}
xeQ

is a neighbourhood of e in G, since the mapping G — G is continuous. For
every x € V, we have

()& — &1 = f X(x) — 112 dEzs £ (X) + fA X(x) — 11%dEz £ (X)
[¢) G\Q

< e2dEe £ (Q) + 4dE;: £ (G \ Q)
< ell& % + 4e.

This shows the continuity of x > 7 (x)& ate. W
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Example D.3.2 Recall that, by Plancherel’s Theorem, the Fourier transfom
F : L*(G) — L*(G)isaunitary equivalence between the regular representation
Ac and the unitary representation 77 of G on L>(G) defined by

@TWE)(X) =3TWER), & e L*G)

(see Remark D.1.4). For a Borel set B in 6, let Tp denote the operator on L? (6)
given by multiplication with the characteristic function of B. The projection
valued measure associated to w is B — Tp. Hence, the projection valued
measure associated to Ag is B — F 1 TgF.

D.4 Local fields

Let K be a field. An absolute value on K is a real-valued function x — |x|
such that, for all x and y in K :
(i) |x| =0, and |x| = 0if and only if x = O;
(1) |xy| = lx[lyl;
(i) |x+y| < |x| +[yl.
An absolute value defines a topology on K given by the metric d (x,y) = |x—y]|.

Definition D.4.1 A field K is a local field if K can be equipped with an
absolute value for which K is locally compact and not discrete.

For a given absolute value, K is locally compact if and only if the ball
U ={x € K: |x|] <1} is compact, and K is not discrete if and only if the
absolute value is non trivial (that is, x| # 1 for some x € K, x # 0).

Example D.4.2 (i) K = R and K = C with the usual absolute value are local
fields.

(ii) Fix a prime p € N. Forx € Q\ {0}, write x = p™a/b with a,b € Z \ {0},
m € Z, and a, b prime to p. Define |x|, = p~"; set |0], = 0. Then

x = |xlp

is a non-trivial absolute value on Q, called the p-adic absolute value. The
completion of Q for the corresponding distance

dy(x,y) = lx—ylp, xye€Q

is the field Q, of p-adic numbers .
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The p-adic absolute value on Q extends to an absolute value on Q,. The
subset

sz{erp:|x|p§1}={erp:|x|p<P}

is an open and compact subring of Q,, called the ring of p-adic integers. This
shows that Q,, is locally compact, and is a local field.

Observe that the p-adic absolute value is non-archimedean: it satisfies the
following ultrametric strengthening of the triangle inequality:

[x +ylp < max{lx|p, lylp}, X,y € Qp.

Remark D.4.3 Every non-discrete locally compact topological field is a local
field. Indeed, let i be a Haar measure on the additive group (K, +). It follows
from the uniqueness of u (up to a multiplicative constant) that, for every x € K,
x # 0, there exists a real number ¢(x) > 0 such that u(xB) = c(x)uu(B) for
every Borel subset B of K (see Exercise A.8.8); we set ¢(0) = 0. The function
X +— c(x) (respectively, x +—> c(x)'/?) is an absolute value on K if K is not
isomorphic to C (respectively, if K is isomorphic to C). The topology induced
by this function coincides with the original topology of K.
Moreover, a local field is isomorphic to one of the following fields:

(1) R or C with the usual absolute value,
(ii) a finite extension of the field of p-adic numbers Q, with an extension of
the p-adic absolute value,
(>iii) the field K = k((X)) of Laurent series over a finite field k with absolute
value | )2 a;X'| = e with ay, € k \ {0}.

For all this, see [Weil-73] or [Bou—-AlCo].

If K is a local field, let us show that the dual group of the additive group
K can be identitified with K, in a non-canonical way. For this, we need the
following general elementary fact.

Lemma D.4.4 Let G be atopological group, and let H be a subgroup. Assume
that H is locally compact, for the induced topology from G. Then H is closed
inG.

Proof Since H is locally compact, there exists a neighbourhood Uy of e in G
such that Uy N H is compact. As G is Hausdorff, Uy N H is closed in G. Fix a
neighbourhood Vj of e in G with V~ 1 - Vo and VO2 c Up.

Let x be in the closure H of H in G. Then x € VyH ; so we can choose vy € Vj
such that vgx € H. We claim that v9 € H and hence that x € H.
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Indeed, for any neighbourhood W of e in G with Wl=WandW c V,,
we have x~! € HW, since x~! € H. This implies that

vo = (vox)x~ ' € HHW) = HW.

So there exists w € W such that vgw € H. Since VoW C VO2 C Uy, we have
vow € Up N H.Hence vg € (UgpNH)W. As W is arbitrary, v is in the closure
of Uy N H in G. Since Ug N H is closed,vo € H. A

Proposition D.4.5 Let K be a local field. Let x be a fixed unitary character
on the additive group of K, distinct from the unit character. For each 'y € K,
let xy € K be defined by x,(x) = x (yx) for all x in K. The mapping

K—)If(\, Yy Xy

is a topological group isomorphism.

Proof The mapping ® : y — yx, is clearly a continuous injective group
homomorphism. Let H be the image of ®. Then H is a dense subgroup of K.
Indeed, otherwise, the quotient group K /H would be a non-trivial locally com-
pact abelian group. Hence, by Pontrjagin’s Duality Theorem D.1.3, there would
exist x € K, x # 0, with x,(x) = 1 for all y in K. This is impossible, since
x # k.

We claim that the isomorphism ®~! : H — K is continuous. It suffices to
show that ®~! is continuous at the unit character 1g. Let ¢ > 0. Since X is
non-trivial, x (xg) # 1 for some xp € K. Set § = |x(x9o) — 1| > 0 and

O={xeK: |x] <I|xl/e},
where | - | is an absolute value on K. Then Q is a compact subset of K, and

Ugs = {xy: 1x(ox) — 1] <8, forall x e Q)

is a neighbourhood of 1 in H. Let y € K with x, € Ugs. Then, since

Xy 'x0)) — 1] = [x(x0) — 1] = 6,

we have y’lxo ¢ Q, thatis, |y| < ¢. Thus, @~ is continuous and is therefore a
topological isomorphism between H and K. Hence, H is locally compact and,
by the previous lemma, H is closed in K. Since H is dense, H = K. H

Recall that, for abelian topological groups Gy, . . . , G;, the dual group of G x
- -+ X Gy, can be naturally identified with G| X - - - X G, (Example A.2.5.ii). The
following corollary is an immediate consequence of the previous proposition.
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Corollary D.4.6 Let K be a local field, and n > 1. Let x be a fixed unitary
character of K, distinct from the unit character. The mapping

K”—>I/(\”,y|—>xy

is a topological group isomorphism, where x, is the character of K" defined
by xy(X) = x (i Xiyi)-

Remark D.4.7 The existence of a non-trivial unitary character on a locally
compact abelian group follows from the Gelfand-Raikov Theorem (Corol-
lary C.5.9). But, for local fields, it is possible to give explicit examples of
such characters. For instance, let K = Q, be the field of p-adic numbers. Every
x € Qp, x # 0, can be represented uniquely as a convergent series in Q,

o0
j=m

for integers m € Z, a; € {0,...,p — 1}, with a,, # 0; we have |x|, = p~". In
particular, x € Z, if and only if m > 0. Define

oo -1
x:Qp— st Zajpf > exp 2m’Zq,~pj

j=m Jj=m

Then x is a homomorphism and x is not the unit character of Q,. To prove
the continuity of x, observe that x takes the value 1 on Z, and that Z, is a
neighbourhood of 0.

D.5 Exercises

Exercise D.5.1 Let G be a second countable locally compact abelian group.
Forg € L*(G),letT, € L(L*(G)) denote the operator given by multiplication
with ¢. Let T be an operator in L(L*(G)) commuting with T, forall x € G.

(i) Show that T commutes with T, for all ¢ € L*(G).

(ii) Show that T = Ty, for some ¢ € L*°(G).
[Hint: Choose a continuous function fy on G with fy(x) > 0 for all x € G and
with fy € L2(G). Set y = %.]

Observe that (ii) shows that {T, : ¢ € L>°(G)} is a maximal abelian subal-
gebra of L(L*(G)). This result holds for more general measure spaces; see for
instance Theorem 6.6 in Chapter IX of [Conwa—87].
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Exercise D.5.2 Let G be a locally compact abelian group, and let H be a
subgroup of G. Show that the following properties are equivalent:

(i) H is dense in G;

(i) If x|y = 1y for x € G, then x = lg.

Exercise D.5.3 Let G be a locally compact abelian group, and let H be a
closed subgroup of G. Set

={(xe€G : xlu=1u)

a closed subgroup of G.
(i) Show that G/H /H is topologically isomorphic to H..
(i1) Show that His topologically isomorphic to G/H L

Exercise D.5.4 Let G be a compact abelian group. Show that {x : x € 6} is
an orthonormal basis of the Hilbert space L2 (G, dx), where dx is the normalised
Haar measure on G.

[This is a special case of the Peter—Weyl Theorem A.5.2.]

Exercise D.5.5 Let G be a locally compact abelian group.
(i) Assume that G is discrete. Show that the dual group Gis compact.
(i1) Assume that G is compact. Show that G is discrete.

[Hint: Use Exercise D.5.4.]

Exercise D.5.6 Let (G;);c; be a family of compact abelian groups, and let
G = [l;e; Gi be the direct product, equipped with the product topology.
Let X = @, 6,- be the direct sum of the dual groups 6,-, that is, X is the
subgroup of Hie I 6l~ consisting of the families ()x;);e; with x; = 1¢, for all but
finitely many indices i. Let X be equipped with the discrete topology. Define
d:X > G by

((xien) (8 ))jen) = [ | xie)-

iel
Show that @ is a topological group isomorphism.
Exercise D.5.7 LetI" beadiscrete group acting by continuous automorphisms

on a compact group G. Let G be equipped with the normalised Haar measure.
For y € I, define 7(y) € L(L*(G)) by

T(EE) = £y (), forall & eL*G),yel, xeG.
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(i) Show that 7 is a unitary representation of G.
(ii) Assume, moreover, that G is abelian. Show that 7 is equivalent to the
unitary representation o of I' on £%(G) defined by duality:

c(PER) =E(~ (X)), forall £e*G),yel,xeg,

where ¥ 71 (@) (x) = X(y (x)).



Appendix E

Induced representations

Let G be a locally compact group. To any closed subgroup H and any unitary
representation (o, /) of H is associated the induced representation Indgo
of G. This is one of the most important notions of the theory.

In case G is a finite group, the construction goes back to Frobenius; the space
‘H of Indga consists of mappings & : G — K such that £(xh) = o(hHEx)
forallxin G and hin H, and Indf,a (g) is given by left translation by g ~! on
for every g in G (see [Curti—99, Chapter II, § 4]). In case G is locally compact
and o unitary, Section E.1 shows how to modify this construction in order to
obtain a unitary representation of G.

The second section of this chapter shows two useful facts concerning induced
representations. The first one is the important result of induction by stages: if o
is itself of the form Ind? 7 for a unitary representation t of a closed subgroup K
of H, then Ind§ (Ind¥ 7) and Ind{ are equivalent. The second one deals with
tensor products.

In the third section, we give a simple necessary and sufficient condition for
Ind$ o to have non-zero invariant vectors.

For more details on this chapter, see [Folla—95] or [Gaal-73].

E.1 Definition of induced representations

Let G be a locally compact group, H a closed subgroup of G, and (0,K) a
unitary representation of H.

We first define a (usually non-complete) space of functions from G to IC on
which G acts in a natural way. Let p : G — G/H be the canonical projection,
and let A be the vector space of all mappings & : G — K with the following
properties:

(i) & is continuous,

383
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(i1) p(supp &) is compact,
(iii) E(xh) = o (" )E(x) forallx € Gandallh € H.

The induced representation of o has two ingredients: the natural left action of
G on A (and on its completion, to be defined) and the Radon—Nikodym factor
which appears in formula (:x) below.

The following proposition shows how to construct “many” elements from A.
For this, we need to consider vector valued integrals. Let X be alocally compact
space with a regular Borel measure p, and let £ : X — K be a continuous func-
tion with compact support from X to some Hilbert space K. Then f ¥ §(0)d pu(x)
is defined as the unique element in /C such that

</ E(X)d,u(x),v>=/(%‘(X),wdu(x)
X X

forall v € K.
Fix left Haar measures dx and dh on G and H, respectively. For f € C.(G)
and v € K, define a mapping &, : G — K by

& v(x) = / f(xh)o (hvdh, xe€G.
H

(Observe that this is well defined, since the mapping & — f(xh)o (h)v is
continuous with compact support.)

Proposition E.1.1 The mapping & ,, belongs to A and is left uniformly
continuous for all f € C.(G) and v € K.

Proof Forx € G and k € H, we have

&r v(xk) :/f(xkh)a(h)vdh:/f(xh)o(kilh)vdh
H H
=a(k™h / f o (hyvdh = o (k™ ep 4, (x).
H

Let Q denote the supportof f . Itis clear that & ,, vanishes outside QH . Itremains
to show that & ,, is left uniformly continuous. Since &, (xh) = a(h’l)éf,v x)
and since &, vanishes outside QH, it suffices to show that &, is uniformly
continuous on Q. Without loss of generality, we can assume that v # 0.

Lete > 0, and fix acompact neighbourhood Uy of e in G. Let |Q~ ' UgQ N H |
denote the measure of the compact subset Q~'UyQ N H of H. Since f is left
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uniformly continuous, there exists a neigbourhood U of e contained in Uy, with
U~ = U, and such that

P
sup | f (ux) — f ()| < , forall ueUl.
xeG 10~ U@ NH|lv]l

Then
1670 (ux) — & (Ol < /H I.f (uxh)o (h)v — f (xh)o (h)v||dh

— Jlo] /H | ) — f e i

< lvllQ~'UoQ N H|sup |f (ux) —f ()] <&

xeG

forallxe Qanduece U. A

Let d u be a quasi-invariant regular Borel measure on G/H . We equip .A with
an inner product as follows. Let & and 7 in A. Observe that

(E(xh), n(xh)) = (o (" HEE), o (hHn®)) = (Ex), n(x))

for all x € G and all & € H. This shows that x — (£(x), n(x)) is constant on
the cosets of G modulo H, and hence can be viewed as a function on G/H . For
& and n in A, we define

(&, m) :/ (), n(x))d pn(xH).
G/H

This integral is finite, since xH — (£(x), n(x)) is continuous and has compact
support in G/H. It is clear that (§,7n) +— (&, n) is a positive hermitian form
on A. Moreover, it is definite, since the support of 1 is G/H (Proposition B.1.5).
Let H,, be the Hilbert space completion of A.

Remark E.1.2 As in the case of the usual Lz-spaces, H,, can be identified
with the space of all locally measurable mappings & : G — K such that:

(1) &(xh) = o(h_l)é(x) for all & € H and for locally almost every x € G;
(i) €] = Jom 1€ @) (12 w(xH) < o0;

see [Gaal-73, Chapter VI]. Observe that, when G is o-compact, “locally mea-
surable” and “locally almost all x € G” can be replaced by “measurable” and
“almost all x € G”.
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For most arguments, it is however sufficient to consider the following total
subspace of H,,.

Lemma E.1.3 LetV be a total set in KC. The set
&rv: f € C(G),v eV}

is total in H,,.

Proof It suffices to show that the linear span of
vt f € Ce(G),v e K}

is dense in A.

Let& € A. By Lemma B.1.2, there exists ¢ € C.(G) such that Ty = 1 on
the compact set p(supp &). Set n = p&. Then  : G — K is continuous with
compact support in G, and

(%) /H o (hyn(xh)dh = /H @ (xh)o (h)§ (xh)dh = /H @(xh)§ (x)dh = §(x),

forall x € G.
Set Q = supp 1 and fix a compact neighbourhood K of Q. Let ¢ > 0. Since

n is uniformly continuous, there exists a neighbourhood U of e in G such that,
foralluin U,

sup [|n(ux) —n)|| < e.

xeG
Letxi,...,x,inQbesuchthat 0 C |J'_, Ux;. We can assume that Ux; C K for
every i. Choose a functionf € C.(G) with0 < f < 1, withsuppf C U, Ux;,
andsuchthatf = 1onQ.Choosef; € C(Ux;) withO <f; < land) ", f;i = f,
and set v; = n(x;) € K. Since ||n(x) — v;|| < & when f;(x) > 0, we have

D HnE) —v)

i=1

ne) — Y fitou

i=1

<) fi@lIne) — vl

i=1

<e) i =¢f)<e,

i=1
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for all x € G. Since 1 and f have their supports in K, it follows from (x) that

» 2
< In@xh) = ) fitxyvilldh | dju(xH)
/pao (/H 2 )

i=1

2

Hs =Y &
i=1

< u(p(K)IK'K N H|?e?,

and this completes the proof. W
For every g in G, we define an operator 7, (g) on A by

1/2

-1
M) £e'x), £cA xeG.

(o) mu(g)E(x) = ( A Gl

Then 7, (g) preserves the inner product on A4, since

(1 ()€1, 1, (9)E) = f (E1(g~ ) Ez(g_lx»Mdu(xH)
e G/H ’ dp(xH)

=f (§1(x), 52(x))d u(xH) = (§1,2).
G/H

Hence, 7, (g) extends to a unitary operator on H,,.

Proposition E.1.4 The assignment g — m,,(g) defines a unitary representa-
tion of G on 'H,,.

Proof The group law m,(g182) = m,(g1)m.(g2) is a consequence of the
cocycle identity for the Radon—Nikodym derivative; compare with Formula ()
in Section A.6. It remains to show that the mapping g — m,(g)& is continuous
for all & € H,, and indeed by Lemma E.1.3 for vectors of the form & ,, (see
Exercise A.8.2). But the continuity of g — 1, (g)&r », follows from the uniform
continuity of & ,, (Proposition E.1.1). W

Next, we check that the equivalence class of 7, is independent of the choice
of the quasi-invariant measure u on G/H.

Proposition E.1.5 Let w| and u» be quasi-invariant regular Borel measures
on G/H. Then mw,, and m,, are equivalent.

Proof If p; and p; are the rho-functions associated to w; and wj, then
dupi/dus = p1/p2 (Theorem B.1.4). Define

P A-> A £ &5.
V 02
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Then & is a linear bijection. Since
L1 2 ¢ 2
| Pl =3 [ e P,
G/H P2 G/H

® extends to a unitary operator from H,, to H,,. Moreover,

(dg waGH) pi(gT o\
(nm(g)cbs)u)—( e m(g]x)) £(g7 %)

;e me N
_< () pz(g‘x)> sg 0

= (P, (8)€) ().

This shows that ® is a unitary equivalence between 7, and 7,,. W

Definition E.1.6  The unitary representation 7, on H, defined above is called
the representation of G induced by the representation o of H, and is denoted
by Indo.

Remark E.1.7 In the case where G/H has an invariant measure u, the
induced representation Indga is given on H,, simply by left translations:

Indfjo(9)&(x) =£(g"'x), g, x€G.

Example E.1.8 (i) If H = {e} and 0 = 1p, then Indga is the left regular
representation Ag of G.

(ii) More generally, for any closed subgroup H, the representation Indfl 1y
is the quasi-regular representation A,y introduced in Definition B.1.9.

(iii) The group G = SL,(R) acts on the real projective line 2 = R U {00},
with the Lebesgue measure as quasi-invariant measure (see Example A.6.4).

Fix t € R. The principal series representation nf of G is the unitary
representation on L?(£2), given by

(40 )@=t corarty (£220)

—cw +a

ff_( ‘ Z )f(“” = sgn(—co +a)| — co +a| " "f (M)

—cw +a

T
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It is equivalent to Indg X,i, where P is the subgroup of all upper triangular
matrices and Xti is the unitary character of P defined by

a b ;
x?( 0 ) =e*@lal”,

a—l

with eT(a) = 1 and £~ (a) = sgn(a); see Exercise E.4.1.

The representations 7'[1;Ir and 7r;, are called the spherical principal series
representations and the non-spherical principal series representations, respec-
tively.

E.2 Some properties of induced representations

The following proposition shows that inducing preserves unitary equivalence
of representations.

Proposition E.2.1 Let (01,K1) and (07,K3) be equivalent representations
of H. Then Indgal and Indg o9 are equivalent.

Proof Let U : K — K, be a unitary equivalence between o and o03. Let
‘H1 and H; be the Hilbert spaces of Indgal and Indgoz. Let A; and A, be
the dense subspaces of H; and H; introduced above. Define a linear bijection
U: A; — Ay by

Ut(x) = UE(), &€ Ay, x€G.

It can be checked that U is an isometry intertwining Ind% o1 and Ind$ s, so
that U extends to a unitary equivalence between Ind% o and Ind$o,. W

Proposition E.2.2 Let (0;, K;); be a family of unitary representations of H.
Then Indj (€D 07) is equivalent to @, Indfjo;.

Proof Let H be the space of Indg (@l a,-) and H; the space of Indga,-.
It is easily seen that there is a unitary bijective intertwining operator between
the dense subspace A of H (defined as above) and the direct sum €, A; of
the dense subspaces A; of the H;’s. As @; A; is dense in €, H; the claim
follows. W

Corollary E.2.3 Let (0,K) be a unitary representation of H. If Indgo is
irreducible, then o is irreducible.
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The following fundamental result has a proof which rests on simple princi-
ples, but which is technically involved, and we will only sketch it; details are
left to the reader and can be found in [Folla-95] or [Gaal-73].

Theorem E.2.4 (Induction by stages) Let H and K be closed subgroups of
G with K C H, and let T be a unitary representation of K. Then Indg (IndI,}I 7)
is equivalent to Ind$t.

Proof Let £; be the space of t. Denote by H and H’ the spaces of Ind,?r and
Ind% (Ind? 7), and by K the space of Ind? .

Let p; and p; be two rho-functions on G defining the quasi-invariant mea-
sures (1 and up on G/K and G/H. Then p = (p1/p2)|y is a rho-function
for the pair (H,K). Let u be the quasi-invariant measure on H /K defined
by p.

Let A be the dense subspace of H introduced at the beginning of Section E. 1.
For & € A and x € G, define a mapping ¢(&,x) : H — L; by

dxju(h)
du(h)

1/2
w(s,x>(h):( ) Eah). h e

It is easily verified that ¢ (&, x) belongs to /C, the space of Indg T.
Moreover, for every & in .4, the mapping

P : G- K, x> ¢¢&,x)
belongs to H’, the Hilbert space of Indg (Indgo). Finally, the mapping
A—>H, & &
extends to an isometry between H and H’ which intertwines Indgt and

Ind% (Ind¥o). W

The following formula shows that the tensor product of an arbitrary
representation and an induced representation is again an induced representation.

Proposition E.2.5 Let (7w, H;) be a unitary representation of G and (o, K)
a unitary representation of H. The representation 7 Q Indga is equivalent to
Ind% (7 |H) ® o).

Proof Let H and £ be the Hilbert spaces of Indf,a and Indg((n |H) ® o),
respectively. We define a linear mapping U : H, ® H — L by

UO®EX) =n(x"@Ex), xeG,
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and check that U is a bijective isometry from H, ® H onto L. Moreover, for
all g in G,

((mdf i) @ 0)@)) WO @) ()

(dg'nGH)\'? o .
‘( dpGeH) ) m( 0@k (e~ =0 (x (0@ Indfo) )k ) (1),

so that U intertwines Indg((n |H)Y@oc)and 7 ® Indgo. |

Corollary E.2.6 (i) Let (r, H) be a unitary representation of G. The represen-
tation Indg (7w |H) is equivalent to m ® Ag/H, where Ag,n is the quasi-regular
representation of G on L*>(G/H).

(ii) In particular, T @ Ag is equivalent to (dim )Ag.

E.3 Induced representations with invariant vectors

The following important theorem is a characterisation of induced representa-
tions which have non-zero invariant vectors. The result is used in the proof of
Theorem 1.7.1.

Theorem E.3.1 Let G be a o-compact locally compact group and H a closed
subgroup of G. Let (0,K) be a unitary representation of H. The following
properties are equivalent:

(i) the unit representation 1g of G is contained in Indga, that is, the Hilbert
space 'H of Indga contains a non-zero invariant vector;

(ii) the space G/H has a finite invariant regular Borel measure and lg is
contained in o.

Proof We first show that (ii) implies (i), which is the easier implication. By
assumption, 1 is contained in 0. Hence, by Proposition E.2.2, the quasi-regular
representation Ind$; 1 is contained in Ind$o. Since G/H has finite measure,
the constant function 1 on G/H belongs to L>(G/H), the Hilbert space of
Indg 1x, and is invariant.

To show that (i) implies (ii), we realise the Hilbert space H of 7 = Indgo
as a space of measurable mappings from G to K (see Remark E.1.2).

Let & be a non-zero invariant vector in H. Thus, & : G — K is a measurable
non-zero mapping such that, for every h € H,

£(xh) = o (k™ HE()
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for almost every x € G, and such that
/ 1€ 1P e (xH) < 0.
G/H

Since £ is invariant, we have, for every g € G and for almost every x € G,
-1

P~ x)

(%) (—

1/2
) £(g7 ) = £(),
p(x)

where p is a rho-function defining the quasi-invariant measure @ on G/H,
which we assume to be normalised by p(e) = 1.

We claim that we can modify £ on a subset of measure zero such that (x)
holds for every g € G and every x € G. Indeed, let

p(g~1x)

1/2
) &@‘@#é@}.
p(x)

> l/n},

is measurable. Hence, QO = J,,cn On is measurable. Since G is o-compact,
Fubini’s Theorem applies and shows that Q has (A x A)-measure zero, where
A denotes a Haar measure on G. Let X be the set of all x € G such that

pe N
A geG:( e ) @ x)#EX) ] =0.

By Fubini’s Theorem again, X is measurable and A(G \ X) = 0. Letx,y € X.
By definition of X, there exist subsets Ny and N, of measure zero such that

Q:{(g,x)erG : <
For every n € N, the set

p(g~ ')

12
) £(g7 ) —E(x)
px)

an{(g,x)erG : H(

p@)2E@) = p(0)2E(x), forall ze G\N,

and
p(@)'7E(@) = p(»)'?E(y), forall zeG\N,.

It follows that p(x)'/2£(x) = p(y)!/?£(y). This shows that the mapping x
,o(x)l/ 25 (x) is constant on X and proves the claim.
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We can therefore assume that Equation () holds for every g € G and every
x € G. In particular, £(x) # O for every x € G, since £ # 0. Choosing h € H
and x = e, we now obtain

p(h" Y25 ()& (e) = &(e)

and, hence,
p(hHlE@N* = E()|* forall heH.

It follows that p = 1 on H. On the other hand, we have

Apg (h)

P =Ko

forall heH,

by the functional equation of p. Hence, Ag|y = Apg. Corollary B.1.7 shows
that w is an invariant measure, and we can assume that p = 1 everywhere.
Then, by Equation (x) again, £(x) = &(e) # O for all x € G. Hence,

HOIk / du(xH) = / IEC)1Pdu(xH) < oo
G/H G/H

and
o(hE(e) =) = &(e),

that is, u is finite and £ (e) is an invariant non-zero vector in /C. W
It is worth stating the above result for the case where H is a lattice in G.

Corollary E.3.2 Let I' be a lattice in the o-compact locally compact
group G.

(i) The quasi-regular representation IndGlr contains the unit rep-
q g P r P
resentation 1.
(ii) Let o be a unitary representation of I'. [ Ind%o contains 1g, then o
ry rep r
contains 1r.

E.4 Exercises

Exercise E4.1 Let 7t,ﬂE be the principal series representation of G = SL;(R)
defined in Example E.1.8. Prove, with the notation there, that JT;E is equivalent
to Ind$ X

[Hint: If necessary, see [Knapp—86, Chapter VII, p.167-168].]
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Exercise E.4.2 Let H be a closed subgroup of a locally compact group G.
Let (o, K) be a unitary representation of H. Prove that IndgE is equivalent to

Indga.

Exercise E.4.3 Fori = 1,2, let H; be a closed subgroup of a locally compact
group G; and let o; be a unitary representation of H. Let o1 x o, be their outer
tensor product. Prove that Indg: igﬁ (01 x0p) isequivalent to Indg: 01X Indfé 07.
Exercise E.4.4 Let G be a locally compact group, and let K be a compact
subgroup of G. Let o be an irreducible unitary representation of K. Show that
Ind,((;o is strongly contained in the regular representation Ag.

[Hint: Observe that Ag is equivalent to Indg (Ag).]

Exercise E4.5 Let I' be a discrete group and let K be a compact abelian
group.Foreachy € I',setK,, = K andletG = ]_[y <r K, be the direct product,
equipped with the product topology. Then I" acts by continuous automorphisms
of G via shifting on the left:

V/(ky)yel“ = (ky/—ly)yel“, V/ erl.

Let 77 be the unitary representation of I on L?(G) defined as in Exercise D.5.7.
(i) Show that 7 is unitarily equivalent to a direct sum 1r @& &, 7;, where
each m; is the quasi-regular representation Ar,r; corresponding to a finite
subgroup I'; of .
[Hint: By Exercise D.5.6, 6 can be identified with the direct sum @y er Ey,
where fy = K for all y € I' and, by Exercise D.5.7, 7 is equivalent to the
representation of I" on 52(6) defined by duality. Show that the stabilizer of
X =@, cr Xy € G with x # 1 has finite index in I'".]

(i1) Let 7o be the unitary representation of I' defined by restriction of 7 to
the invariant subspace Lg(G) ={f € L*(G) : fo(x)dx = 0} (the orthog-
onal complement to the constants). Deduce from (i) that g is equivalent to a
subrepresentation of a multiple of the regular representation Ar. (In particular,
7o is weakly contained in Ar, in the sense of Definition F.1.1.)

[Hint: Exercise E.4.4.]



Appendix F

Weak containment and Fell’s topology

The notion of subrepresentation, which is convenient for comparing
representations of compact groups, is far too rigid for other groups. The appro-
priate notion for locally compact groups is that of weak containment, introduced
by Godement [Godem—48] and then much developed by Fell, both for locally
compact groups and for C*-algebras (see [Fell-60], [Fell-62], and [ Dixmi—69]).

Weak containment is defined in Section F. 1. In particular, consider two unitary
representations i, p of a locally compact group G, with 7 irreducible; if 7 is
a subrepresentation of p, then 7 is weakly contained in p; the converse holds
when G is compact, but not in general.

In Section F.2, we analyse the notion of weak containment in the context of
Fell’s topology. In particular, the usual operations (direct sums, tensor prod-
ucts, restrictions, inductions) are shown to be continuous for this topology
in Section F.3. Section F.4 expresses weak containment in terms of group
C*-algebras. In Section F.5, we discuss briefly direct integral decompositions
of unitary representations.

F.1 Weak containment of unitary representations

If (,H) is a representation of a topological group, recall that the diagonal
matrix coefficients (w(-)&€,£&) for £ in H are called the functions of positive
type associated to 7 ; see Proposition C.4.3.

Definition F.1.1 Let (;r, H) and (p, K) be unitary representations of the topo-
logical group G. We say that 7 is weakly contained in p if every function of
positive type associated to 7 can be approximated, uniformly on compact sub-
sets of G, by finite sums of functions of positive type associated to p. This
means: for every & in H, every compact subset Q of G, and every ¢ > 0, there

395
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exist 11, ..., n, in K such that, for all x € Q,

n

(T(0E,E) = Y (p(Inimi)| < e.

i=1

‘We write for this 7 < p.
If m < p and p < m, we say that & and p are weakly equivalent and denote
this by 7 ~ p.

Remark F.1.2 (i) For 7 < p, it clearly suffices that the condition stated in
the above definition holds for any normalised function of positive type ¢ =
((-)€, £) associated to 7 (that is, with p(e) = ||€]|* = 1).

On the other hand, if this condition holds for a normalised function of pos-
itive type ¢ = ((-)&, &), then ¢ can be approximated, uniformly on compact
subsets of G, by convex combinations of normalised functions of positive type
associated to p. Indeed, let )/, ¥; be close to ¢, uniformly on a compact
set Q. We can assume that e € Q. Hence, ) 7| ¥i(e) is close to ¢(e) = 1. This
implies that the convex sum

i vi(e) Vi
2 Yi(e) + - + Pnle) (wxe))

i=1

is close to ¢, uniformly on Q.

(ii) The relation # < p depends only on the equivalence classes of the
representations i and p.

(iii) If  is contained in p, then 7 < p. Indeed, in this case, every function
of positive type associated to 7 is a function of positive type associated to p.

(iv) For unitary representations w, p, and o of G, the weak containments
m<pandp <o implym <o.

(v) For unitary representations 7 and p and cardinal numbers m,n > 0, we
have m < p if and only if mm < np. Thus, the weak containment relation does
not take multiplicities into account.

(vi) If 7 is finite dimensional and if p is irreducible, then p < & implies that
p is contained in r (Corollary F.2.9 below). For this reason, the notion of weak
containment is not relevant for finite dimensional representations.

(vii) For unitary representations (7 );c; and p of G, we have @ie, 7w < pif
and only if 7r; < p for all i € I. See also Proposition F.2.7 below.

(viii) The notion of weak containment is best understood in terms of repre-
sentations of the C*-algebra of G, for which it appears in a natural way. For
this, see Section F.4.
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(ix) Definition 7.3.5 of [Zimm-84a] offers a different definition of weak
containment. Let (77, H) and (p, K) be unitary representations of the topological
group G. To a finite orthonormal set &1, . . ., &, of H is associated a continuous
function

D8t G—> M(C), g ()&, &) 1<ij<n

which is called a n-by-n submatrix of w. Define then 7 to be weakly contained
in p in the sense of Zimmer, and write m <z p, if any submatrix of 7 is a limit
of submatrices of p, uniformly on compact subsets of G.

If 7 and p are finite dimensional, then w <z p if and only if 7 is contained
in p; in particular, p @ p is not weakly contained in p in the sense of Zimmer,
whereas p @ p < p. In general, it can be shown that # < p if and only if
T <z 00p; in case m is irreducible, then w < p if and only if 7 <z p.

The following lemma, due to Fell [Fell-63], will be used several times (proofs
of Propositions F.1.10, F.3.2 and of Theorem F.3.5). Its proof is surprisingly
less elementary than one might first expect.

Lemma F.1.3 Let (7w, H) and (p, K) be unitary representations of the topo-
logical group G. Let V be a subset of H such that {m (x)§ : x € G, £ € V}is
total in H. The following are equivalent:

(i) < p;

(ii) every function of positive type of the form (w(-)&,&) with & € V can be
approximated, uniformly on compact subsets of G, by finite sums of functions
of positive type associated to p.

Proof We only have to show that (ii) implies (i).

Let X be the set of all vectors & in H such that the associated function of
positive type (r(-)&,&) can be approximated, uniformly on compact subsets
of G, by finite sums of functions of positive type associated to p. We have to
show that & = H. This will be done in several steps.

e X is G-invariant and closed under scalar multiplication. This is
obvious.

eFor & € X and g1,82 € G, we have w(g1)§ + m(g2)€ € X. Indeed, set
@) = (r()§,§) and ¥ (x) = (w(x) (7w (g1)§ + 7(82)%), (m(g1)§ + 7 (82)8)).
Then

Y= 71081 + o7 Pe +g;1<pg2 +g;1<pg1.

The claim now follows.
o X is closed in H. Indeed, let & be in the closure of X'. We can assume that
l€] = 1. Let Q be a compact subset of G and ¢ > 0. Choose £’ € X with
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l€ — &’|l < e. Then, for all x in G,
()&, &) — (T(0)E &N < (mW)E. & — &N+ [(m(0)(E — &N, &)
< IENNE — &1+ NE"INE — &'l < 2+ o).

As &' € X, there exists 11, ..., n, in K such that

n

(r(E" &) =Y (p@mini)

i

sup <e.

xeQ

Then, for every x € Q, we have

n

(T(0E,&) = Y (p(Ini, mi)

i

< (m(0E, &) — (T, )]

n

(T(ELEY =D (oG, ni)

l

+

< B +¢)e.

e X is closed under addition. Indeed, let £; and &, be elements in X. Let
‘H1 and H; be the closed invariant subspaces of H generated by &; and &;. By
the previous steps, H1 and H, are contained in X. Let £ denote the closure of

‘H1 4+ H» in H. Observe that £ is also an invariant subspace of H. Let

P:’Hz—>7‘(1l

be the orthogonal projection from H; to the orthogonal complement Hf‘ of H
in L. It is clear that P(H,) is dense in Hf‘. As ’Hf‘ is invariant, P intertwines 7
with itself. Hence, by Proposition A. 1.4, the restriction of 77 to Hf‘ is equivalent

to the restriction of & to the orthogonal complement of Ker P in H».

As H> is contained in X, it follows that Hf‘ is also contained in X'. Now, let

£l =PE +&)eH and & = (I —P)(& + &) € Hi.
Then & { and % are in X. On the other hand, for every x € G, we have
()& +62), (61 + &) = (TWEL &) + (T(0)E3,63).

This shows that &; + & is in X.

e By the previous steps, X is a closed subspace of H. Since A" contains the

total set {r(x)é : x € G, £ € V},itfollowsthat ¥ =H. W
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In the important case where an irreducible representation  is weakly con-
tained in p, we can approximate the functions of positive type associated to
7 by functions of positive type associated to p, and not just by sums of such
functions.

Proposition F.1.4 Let (7, H) and (p,K) be unitary representations of the
locally compact group G such that w < p. Assume that 7 is irreducible. Let &
be a unitvector H. Then (7 (-)§, &) can be approximated, uniformly on compact
subsets of G, by normalised functions of positive type associated to p.

Proof Let F be the set of normalised functions of positive type on G which
are associated to p. Let C be the closure of the convex hull of F in the weak*
topology of L% (G). Then C is a compact convex set and, by assumption, ¢ =
(m(-)€,€)isinC.

On the other hand, since 7 is irreducible, ¢ € ext(P<1(G)) by Theorem C.5.2
and, hence, ¢ € ext(C). It is then a standard fact that ¢ is in the weak™ closure
of FinC (see, e.g., [Conwa—87, Theorem V.7.8]). By Raikov’s Theorem C.5.6,
it follows that ¢ is in the closure of F with respect to the topology of uniform
convergence on compact subsets of G. W

The case of the unit representation 15 deserves special attention.

Corollary F.1.5 Let (w,H) be a unitary representation of G. Then 16 <
if and only if, for every compact subset Q of G and every ¢ > 0, there exists a
unit vector & in 'H such that

sup || (D)€ — £|| < e.
xeQ

Proof Forx € G and a unit vector £ € H, we have

(1) Ir@E — &[> =2(1 — Re(r(0)&,£) < 2|1 — (T1(0)§, &)
@) |1 = (T@)&,&)° < 2(1 — Re(r (0§, £) = [l ()& — &[>,

(The inequality in (2) holds for any complex number of modulus at most 1
intead of (w(x)&,&).)

Assume that 1 < 7. Let Q and ¢ be as above. By Proposition F.1.4, there
exists a unit vector § € H such that sup,.p |1 — (T(x)§,8)| < €2/2. Hence,
sup,cp (0§ — &1l < &by ().

Conversely, if sup,cp |7 (x)§ — &l <&, thenlg <7 by (2). W

Remark F.1.6 Using the terminology introduced in Definition 1.1.1, we see
that 15 < 7 if and only if 7 almost has invariant vectors.
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Recall that a locally compact group G is compactly generated if G is gener-
ated by a compact subset, that is, if there exists a compact subset Q of G such

that G = [, Q"

Proposition F.1.7 Let G be a compactly generated locally compact group,
with compact generating subset Q. Let (7w, H) be a unitary representation of G.
Then 1g < m if and only if, for every ¢ > 0, there exists a unit vector & in H
such that,

() sug Im@x)E —&| < e.

Proof The “only if” part being clear, assume that, for every ¢ > 0, there exists
a unit vector &, in H such that (x) holds for all x € Q. Then for every x in Q,

lr e — Ecll = 16 — (& < e

Letn e Nand x,...,x, € QU Q. Then

7w Cxy - ‘xn)ga/n - Ee/n”
<l xy - 'xn)éj-s/n —m(xy-- 'xn—l)sa/n”
F+lmCer - xn—1Eem — w1 - xp—2)Eesmll + - - + 1T x1)Ee/n — Eeynll

= ”77(xn)$s/n - Es/n” + ||7T(xn—l)és/n - Ss/n” + -+ ||7T(xl)§£/n - Ee/n”
€
<n-—=s¢.
n
Therefore for every n € N, there exists a unit vector £ such that («) holds for
allx € Q" where Q QU Q" U{e}. Next, observe that, since G = Unen Q
is locally compact, Q" contains a neighbourhood of e for some n, by Baire’s
Category Theorem. This implies that every compact subset is contained in é’”
for some m € N. Therefore 1g < 7. B

As the following proposition shows, the relation of weak containment
essentially coincides with the relation of containment in the case of compact
groups.

Proposition F.1.8 Let G be a compact group, and let w and p be unitary rep-
resentations of G. Then w < p if and only if every irreducible subrepresentation
of  is contained in p.

Proof Assume that 7 < p. Since 7 can be decomposed as a direct sum of
irreducible representations, we can assume that 7 is irreducible. Let ¢ be a
normalised function of positive type associated to 7. Then, as 7 < p, there
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exists a sequence (), of functions of positive type associated to p which
converges to ¢ uniformly on G. For n large enough, we have

/G P X) Y (x)dx # 0.

Decomposing p as a direct sum p = P, p; of irreducible subrepresentations
pi, we see that each v, is a sum ¥, = Y, 'Y for functions ¥\ of positive
type associated to p;. Hence for some i and n,

/ oYY (X)dx # 0.
G

By Schur’s orthogonality relations for compact groups (see, e.g. [Robet—83,
(5.6) Theorem]), this implies that 7 is equivalent to p;. H

Remark F.1.9 Let I' be a discrete group and H a subgroup of I'. The
restriction Ar|gy of the regular representation of I to H is a multiple of the
regular representation Ay of H. Indeed, let 7 be a set of representatives
for the right coset space H\I'. Then ¢2(I") has a direct sum decomposition
EZ(F) = @zer Zz(Ht) into Ar (H)-invariant subspaces. Since the restriction of
Ar|g to each subspace Zz(Ht) is equivalent to Ay, this proves the claim.

The next proposition gives a partial generalisation of this fact to an arbitrary
locally compact group (see also Remark F.1.11 below).

Proposition F.1.10 Let G be a locally compact group, and let H be a closed
subgroup of G. Then Ag|g < AH.

Proof Letf € C.(G). Since the left regular representation of H is equivalent
to the right regular representation py of H (Proposition A.4.1), it suffices, by
Lemma F.1.3, to show that x — (Ag(x)f,f) can be approximated, uniformly
on compact subsets of H, by sums of functions of positive type associated to
PH -

Let dx and dh be left Haar measures on G and H. Let  be a quasi-invariant
Borel measure on G/H , with corresponding rho-function p. Fork € H, we have

(AU f) = /G [k~ )f ()dx = /G Faf (e ydx
_ [G A (k) (o) dx

- / / A (= x Y (k) (o) p ()~ did (e
G/H JH
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using Lemma A.3.4 and Theorem B.1.4. For x € G, define f; € C.(H) by
feh) =V Ac(hx"Df ) p(eh) ™2, heH.
Then

A (R~ X7 (xhk)f (xh) p () ™!

1 — pxhi)'/?
=—— fu(hlfe(h) Bt
—AG(k_l)f( ) (h) P

=V Ay (k)fx (hk)fx (h)
= (ou (K)f) (W (h),

using Lemma B.1.3. Thus

G ()f f) = f ot (Ofs )t (D).

G/H

Since the mapping (x,k) +— {(pg (k)fy.fc) is continuous, it follows that
(Ag(-)f.f) is a uniform limit on compact subsets of H of linear combinations
with positive coefficients of functions of the form (pp (-)fy;.fy;) With x; € G.
This shows that Aglg < py. W

Remark F.1.11 Conversely, Ay is weakly contained in A |y (Exercise F.6.1)
so that Ag|g and Ay are actually weakly equivalent.

Example F.1.12 As shown in Remark 1.1.2.vi, the unit representation 1g of
R is weakly contained in the regular representation Ar. Let us see that every
character x € Ris weakly contained in AR. Indeed, given a compact subset Q
of R and & > 0, there exists a function f in L>(R) with | f|l» = 1 such that

IR —fll <e, forall xe Q.
Let g = xf. Then, since (Ar(x)g,g) = x (x)(AR(x)f.f), we obtain
Ix () = (ArR(0)g. &) = |1 = (AR F) = [(fL AROf = f)] < &,

for all x € Q. For a more general fact, see Theorem G.3.2.

F.2 Fell topology on sets of unitary representations

Let G be a topological group. One would like to define a topology on the fam-
ily of equivalence classes of unitary representations of G. There is a problem
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since this family is not a set. For this reason, we have to restrict ourselves to
sets of such classes. One standard way is to consider only equivalence classes
of unitary representations in Hilbert spaces with dimension bounded by some
cardinal number; another is to consider equivalence classes of irreducible rep-
resentations, namely to consider the unitary dual G; a third way is to consider
cyclic representations (see Remark C.4.13).

Let R be a fixed set of equivalence classes of unitary representations of G.

Definition F.2.1 For a unitary representation (7, H) in R, functions of pos-
itive type ¢1, - . . , ¢, associated to , a compact subset Q of G, and ¢ > 0, let
W(m,¢1,...,00,0,¢) be the set of all unitary representations p in R with the
following property:

for each ¢;, there exists a function ¥ which is a sum of functions of positive
type associated to p and such that

lpi(x) — ¥ (x)| <e, forall xeQ.

The sets W (, @1, - .., ¢, O, &) form a basis for a topology on R, called Fell’s
topology.

Fell’s topology can be described in terms of convergence of nets as follows.

Proposition F.2.2 Let m € R. A net (7;); in R converges to m if and only if
m < P; 7j for every subnet (r)); of (i);.

Proof This is clear since the sets W (i, ¢1,. .., ¢n, Q, ¢) form a basis for the
family of neighbourhoods of 7. W

Remark F.2.3 If the net (57;); converges to 7, then (77;); converges also to
every unitary representation p which is weakly contained in 7.

Proposition F.1.4 implies that, in the important case R = 5, the ¥/’s occuring
in Definition F.2.1 can be taken as functions of positive type associated to p,
and not just sums of such functions. More generally, the following proposition
is an immediate consequence of Proposition F.1.4.

Proposition F.2.4 Let R be a set of unitary representations of G, and let w €
R be an irreducible representation. A basis for the family of neighbourhoods of
7 inthe Fell topology on'R is given by the sets w (T, 91,...,0,, 0, €) consisting
of all p € R such that, for each ¢;, there exists a function of positive type
associated to p for which

lpi(x) — ¥ (x)| <&, forall xeQ.
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Example F.2.5 (i) Let G be an abelian topological group. The topology of
its dual group G (see Definition A.2.4) coincides with the Fell topology on G.
Moreover, G is locally compact when G is locally compact (see Section D.1).

(i1) Let G be a compact group. Then Fell’s topology on G is the discrete
topology. Indeed, letwr € G. By Propositions F.1.8 and F.2.2, anet of irreducible
unitary representations mr; converges to 7 if and only if eventually 7; = 7.

(iii) Let G be the group of affine transformations of the line x — ax+ b, with
a € R and b € R compare with (Example A.3.5.iv). Its unitary dual consists
of the equivalence classes of the following unitary representations:

o the unitary characters x; for € R defined by

a b it
Xz<o 1)—61,

e the infinite dimensional representation 7 = Indjc\;,é, where N is the normal

subgroup
1 b
= N R

and § is the character of N defined by

1L b\ &
8<0 1>_e.

Thus, as a set, G can be identified with the disjoint union of R and a point 7.
For a subset W of 6, the closure of W for the Fell topology is Gitselfif e w,
and the closure in the usual sense if W C R. In particular, G is not a Hausdorff
space.

For this and other examples, see [Fell-62, Section 5]; see also Exercise F.6.2.

As already mentioned (see the remark after Corollary C.4.7), a given uni-
tary representation of a non-compact group does not admit in general a direct
sum decomposition into irreducible subrepresentations. One can consider direct
integral decompositions as defined in Section F.5. However, in many situations,
a sufficient substitute is provided by the technically less involved notion of the
support of a unitary representation.

Definition F.2.6 Let 7 be a unitary representation of the topological group G.
The support of , denoted by supp 7, is the set of all 0 in G witho < 7.

Proposition F.2.7 Let G be a locally compact group and (7w, H) a unitary
representation of G. Then 7 is weakly equivalent to @{o : o € supp 7}.
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Proof It is clear that

@{a P oesuppmw} <.

To show the converse, we can assume that r is cyclic, since it is a direct sum
of cyclic representations (see Proposition C.4.9). Let & be a unit cyclic vector,
and ¢, = (7 (-)§,§).

Let C be the smallest weak* closed convex subset of L°°(G) containing
all normalised functions of positive type associated to 7. Then C is compact
and, by the Krein—-Milman Theorem, C is the weak* closure of the convex
hull of ext(C). We claim that ext(C) is contained in ext(P<;(G)). Indeed, let
¢ € ext(C);assumethatp = t@1+(1—1)pafor0 < ¢ < land ¢y, 92 € P<1(G).
Then, by Proposition C.5.1, ¢; = (7 (-)&1, &) for some unit vector &1 in H. Let
e > 0. Since £ is cyclic, there exists xq,...,x, in G and Ay, ..., A, in C such
that

< é&.

£ — Y Mm(n)E

i=1

Then, as in the proof of Lemma F.1.3, it follows that

( (&1, E1) — <n<x) (Z Mn(xi)s) : (Z A,-n(xi>s>>
i=1 i=1

for all x in G. This shows that ¢; is in C. Similarly, ¢, is in C. Since ¢ is
an extreme point in C, it follows that ¢ = ¢ = ¢, showing that ext(C) is
contained in ext(P<1 (G)).

Now, ext(C) \ {0} is contained in ext(P;(G)), by (i) of Theorem C.5.5.
Hence, for every v in ext(C) \ {0}, the associated unitary representation 7y, is
irreducible and, by Raikov’s Theorem C.5.6, is weakly contained in 7 = 7.
On the other hand, as ¢ is contained in the weak* closure of the convex hull of
ext(C) \ {0}, again by Raikov’s Theorem, 7 is weakly contained in the direct
sum of all such ry’s. W

< 2+ ¢)e,

The following lemma describes in particular the support of a finite dimen-
sional unitary representation; it is used in the proof of Lemma 1.2.4.

Lemma F.2.8 Let G be a topological group, and let it be a finite dimensional
unitary representation of G. Let ¢ be a normalised function of positive type
on G. Assume that ¢ can be approximated, uniformly on finite subsets of G, by
finite sums of functions of positive type associated to .

Then ¢ is a finite sum of functions of positive type associated to 7.
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Proof By assumption, there exists a net (¢;);e; such that lim; ¢; = ¢ uni-
formly on finite subsets of G, where each ¢; is a finite sum of functions of
positive type associated to . We can clearly assume that ||¢;||co = @i(e) = 1
foreveryi € 1.

The Hilbert space ‘H of 7 has a decomposition

H=HD& - -&H"

into irreducible G-invariant subspaces HD o H™, For j e {l,...,m},
denote by 7 the restriction of 7 to HY). For each i € I, we can write

m
vi=y o
=1

where (pl.(j ) is a finite sum of functions of positive type associated to 7 (/).
Since
e lloo = 0 (e) < pi(e) = 1,
upon passing to a subnet, we can assume that, for every j € {1,...,m},

lim (pl.(j ) = <p(j ) uniformly on finite subsets of G
1

for some bounded function ¢ on G. It is clear that each ¢/ is a function of
positive type and that

We claim that every function ¢/ is a finite sum of functions of positive type
associated to 7z /). This will finish the proof.

Letj € {1,...,m}. The Hilbert space HYD is isomorphic to C" for some
n > 1. Since 7 is irreducible, the linear spanof {7/ (g) : g € G} coincides
with £L(H)) = M, (C), by Wedderburn’s Theorem.

The formula

1 [
gV (Zcm(”(gk)) =Y eV (g), for ci,....c;€Cgl,....e1€G
k=1 k=1
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defines a positive linear functional ¢/) on £(H (). Indeed, let cq,...,c; € C
and g1,...,8 € G be such that Y4 _ ¢, (g;) = 0. Then

l
Y (g =0

k=1

for every function of positive type ¥ (/) associated to (/). Since ¢/ is a
pointwise limit of sums of such functions, we have

!
> e (g) =0.

k=1

This shows that §/) is a well-defined linear functional on £(H)).

Since ¢/ is of positive type, it is clear that ¢/ is positive, that is,
PID(T*T) = 0 for all T € L(H"). On the other hand, it is well-known and
easy to prove that every positive linear functional on M, (C) is of the form
T +— Trace(TS) for some positive matrix S. Let n1, ..., n, be an orthonormal
basis of H consisting of eigenvectors of S for eigenvalues «y, ..., o,. With
& = /a;n;, we have

n

§UT) =) (T&.&) forall T e LHD),
k=1

thatis ) = >} (m D (&, &). W

Corollary F.2.9 Let G be a topological group, and let w and p be unitary rep-
resentations of G. Assume that 7 is finite dimensional and that p is irreducible.
If p < 7, then p is contained in 7.

In particular, every finite dimensional irreducible unitary representation of
G is a closed point in G.

Proof Let ¢ be a normalised function of positive type associated to p. Since
p < m, it follows from the previous lemma that ¢ is a finite sum of functions of
positive type associated to r. As p is irreducible, this implies that p is contained
in 7 (Proposition C.5.1). W

F.3 Continuity of operations

We are going to show that the usual operations on unitary representations are
continuous with respect to Fell’s topology. It suffices to show that any one of
these operations preserves the weak containment relation.
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The continuity of the operation of taking direct sums of representation is
obvious from the definitions.

Proposition F.3.1 [f (7;); and (p;); are families of unitary representations of
the topological group G such that 7t; < p; for every i, then @, w; < @; pi.

The continuity of the tensor product operation is less obvious, but it follows
from Lemma F.1.3.

Proposition F.3.2 Ler w1, 2, p1, p2 be unitary representations of the topo-
logical group G such that m1 < p; and my < p2. Then m Q My <
01 ® p2.

Proof Let H; and H; be the Hilbert spaces of 7| and 5. It is clear that every
function of positive type of the form

x = (11 @ 12)(8)) (61 ® §2), 61 ® &2) = (m1(8)é1,81)(m2(8)62,62)

can be approximated by sums of functions of positive type associated to p1 ® p3.
Since the set {§; @ & : & € Hi,& € Ha} is total in Hy ® Hj, the claim
follows from Lemma F.1.3. W

Corollary F.3.3 For a locally compact group G, the following properties are
equivalent:

(i) 16 < Ag;
(ii) ™ < Ag, for every unitary representation w of G.

Proof If Ig < Ag,thenm = Ig ® T < Ag ® 7, by the above proposition.
As Ag ® 7 is a multiple of Ag (see Corollary E.2.6), the claim follows. H

As we will see in Theorem G.3.2, each of the Properties (i) and (ii) in the
previous corollary characterises amenable locally compact groups.

The continuity of the operation of restriction to closed subgroups is clear
from the definition of weak containment.

Proposition F.3.4 Let H be a closed subgroup of the topological group G, and
let w and p be unitary representations of G such thatw < p. Then |y < plH.

We turn to the continuity of induction. This fact plays a crucial role in the
proof of Theorem 1.7.1.

Theorem F.3.5 (Continuity of induction) Let H be a closed subgroup of the
locally compact group G. Let o and t be unitary representations of H such that
o < 7. ThenInd$%o < Ind§t.
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Proof Let K, and KC; be the Hilbert spaces of o and t. Let 7 = Indga and
o = Indgr, and denote by H; and H, their Hilbert spaces. For f € C.(G)
and v € Ky, recall that & ,, denotes the element from H, defined by

§ro(x) = / fxhyo (hvdh, x e G.
H
By Lemma E.1.3, the set

v feC(G)ve Ko}

is total in H . Hence, by Lemma F.1.3, it suffices to show that the functions of
positive type of the form (7 (-)& v, &f ) can be approximated by functions of
positive type associated to p.

Let f € C.(G) and v € K. Choose a quasi-invariant measure u on G/H

d
and set ¢, (g,xH) = %(xH) as in Section A.6. We have
w

(T (Q)Ef s Ef ) = fG " g™ XD Y2 (5 (71 %), & 0 (1)) d (xH)

=/ cﬂ(g—l,xm‘/z/ /f(g—‘xh)
G/H H JH

x f (k) (o (k™ hyv, v)dhdkd u (xH ),

forevery g € G.
Fix a compact subset Q of G and a positive number ¢ > 0. Denote by K the
support of f. Set L = (K~'QK) N H, which is a compact subset of H. Since

o < 1, there exists wy, ..., w, € K; such that
n
sup (0 (h)v,v) = ) (v(hywi, wi)| < e.
helL .
i=1

For g € O, we have

n

(7 ()& 00 Er ) = D _{P(Q)E vy & )

i=1
:f cu(g_l,xH)l/zf /f(g_lxh)f(xk)D(k_lh)dhdkdu(xH),
G/H HJH

where
n

Dk~ 'h) = (o (k' hyv,v) — Z(t(k_lh)wi,wi).

i=1
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Observe that f(g~'xh)f (xk) = O unless g~ 'xh € K and xk € K; these
inclusions imply x2 € QK and k~'x~! € K~!, and therefore also k~'h €
(K~'0K) N H = L. Hence,

n

(T ()& v &) — (P& i &)

i=1

<e / culg™ <) / (g~ ) dh / \f () dkd ()
H H

G/H

= / (g™ xED) 2 (T | f ) (g XH) (T | f ) (xH)d 1 (xH ).
G/H

By the Cauchy—Schwarz inequality, we have finally

n

SUp (7 ()& - &) — D _{0(&)&r awyr & )
geQ i=1
1/2
<o / e~ H) (T |f 1) (g~ xH)) d  eH)
G/H
1/2
x f ((Tu|f)(xH))*d (xH)
G/H
= el|Tulf I3,

so that 7 is weakly contained in p. W

Example F.3.6 Letn, be the non-spherical principal series representation of
G = SLy(R),asin Example E.1.8. Since 7, = Indgxf andlim;—0 x, = X, >

where
_(a b .
X ( 0 a- )ngn(a)lal”,

we have lim;om,” =7, = Indg X0 -

It is known that all 7z, are irreducible for 7 # 0 and that 7, = o™ P o~
for two irreducible representations ot and o, the so-called mock discrete
series representations (see [Knapp—86, Chapters II and VII]). It follows that
lim;o7,” = ot and lim;,o7,;” = o ™. In particular, G is not a Hausdorff
space.
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F.4 The C"-algebras of a locally compact group

The study of the unitary representations of a locally compact group can be
cast into the general framework of C*-algebras. An overall reference for what
follows is [Dixmi—69].

A Banach x-algebra A is called a C*-algebra if the norm on A satisfies

(%) Ix*x|| = Ix|?, forall x € A.

Example F.4.1 (i) For any locally compact space X, the algebra Cy(X), with
the obvious operations and the uniform norm, is a C*-algebra.

(i) If A is a commutative C*-algebra, then the Gelfand transform (see D.1)
is an isometric *-isomorphism between A and Cy(A(A)). So, any commutative
C*-algebra occurs as in (i).

(iii) Let H be a Hilbert space. It is easy to verify that || 7*T|| = ||T'||? for all
T € L(H). Hence, every norm closed *-subalgebra of L(H) is a C*-algebra.

(iv) By a theorem of Gelfand and Naimark, any C*-algebra occurs as in (iii).

Let G be a locally compact group, fixed throughout this section. To every
unitary representation (;r, H) of G is associated a s-representation of the Banach
s-algebra L' (G) in H, that is, a continuous *-algebra homomorphism L! (G) —
L(H), again denoted by 7 and defined by

() = / FEm@dx € LH),
G

namely by
(m(FE.n) = /Gf(X)(ﬂ(X)?E,mdx €C, é&neh,

forf € L'(G). This s-representation of L' (G) is non-degenerate, which means
that, for every & € H \ {0}, there exists f € L'(G) such that 7 (f)& # 0.

Conversely, any non-degenerate s-representation of L!(G) is of this form.
This is straightforward if the algebra L' (G) has a unit, namely if the group G
is discrete. In the general case, this follows from a standard argument using
“approximate units” in L (G); see Proposition 13.4.2 in [Dixmi—69].

To any unitary representation (7,7) of G, we can associate the sub-C*-
algebra of L(H) generated by 7(LY(G)). Definitions F.4.3 and F.4.6 below
refer to the two most important cases.
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Example F.4.2 For the left regular representation Ag of G, the x-repre-
sentation A : L'(G) — L(L*(G)) is given by convolution:

AG(F)E=fx&, for feL'(G) and & € L*(G).

Define the universal representation myy;, of G to be the direct sum of all cyclic
unitary representations of G. We have a s-representation myniy : L'(G) —
L(Huniv) and we define the maximal norm of f € L'(G) by

I1f Imax = ll7univ OO I-

Observe that [Ac(f)Il < IIf lmax < Il ll1.

Definition F.4.3 The completion of L!(G) with respect to the norm f
Ilf llmax is @ C*-algebra called the maximal C*-algebra of G, and is denoted by
C*(G).

Let  be a unitary representation of G. As 7 is a direct sum of cyclic rep-
resentations (Proposition C.4.9), 7 (f)|| < ||f llmax for all f in L' (G). Hence,
f = m(f) extends to a x-representation of C*(G), also denoted by . In this
way, we obtain a one-to-one correspondence between unitary representations
of G and non-degenerate *-representations of the C* algebra C*(G).

The notion of weak containment introduced in Section F.1 has the following
neat interpretation in terms of C*(G). For the proof, see [Dixmi—69, Section
18].

Theorem F.4.4 Let w and p be unitary representations of G. Denote by
C*Kermt and C*Kerp the kernels of the corresponding representations of
C*(G). The following properties are equivalent:

(i) T < p;

(ii) C*Kerp C C*Kerr;
(iii) | (O < ol for all f in LY(G).
Remark F.4.5 Let Prim(C*(G)) be the primitive ideal space of C*(G),
that is, the set of the kernels C*Kern of all irreducible representations 7 of
G. The Jacobson topology on Prim(C*(G)) is a natural topology defined as

follows: the closure of a subset S of Prim(C*(G)) is the set of all C*Kerm in
Prim(C*(G)) such that

ﬂ C*Kerp C C*Kerr.
peS

Define the Jacobson topology on G to be the inverse image of the mapping

®: G — Prim(C*(G)), =+ C*Kerw
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(that is, the closed subsets in G are the sets ®~1(S) where S is closed in
Prim(C*(G)). It can be shown that Fell’s topology on G as defined in Section
F.2 coincides with Jacobson’s topology (see [Dixmi—69, Section 18]).

There is another C*-algebra one can associate to G.

Definition F.4.6 The norm closure of {Ag(f) : f € LY(G)}in L(H) is a
C*-algebra called the reduced C*-algebra of G, and is denoted by C} ;(G).

The C*-algebra C,(G) can also be described as the completion of LY(G)
with respect to the norm f +— [|[Ag(f)]l.

Example F.4.7 Let G be a locally compact abelian group. The Fourier trans-
form F : L*(G) — L[*(G) isa unitary equivalence between Ag and the unitary
representation 77 of G on L?(G) defined by

TWE)(X) =TMER), £€L*G),%€G,xeG

(see Remark D.1.4). The representation of LY(G) in L2(6) associated to 7 is
given, for f in L1(G), by 7 (f) = Txr, where Tz is the multiplication operator
by the bounded function Ff. By the Stone—Weierstrall Theorem, {Ff : [ €
L'(G)} is a dense subalgebra of Co(a). Hence, Ag(f) — Tx; extends to an
isomorphism between C} ;(G) and Co(a).

re

The regular representation defines a surjective *-homomorphism
g : C*(G) — C;;d(G):

so that C r*e 4(G) is a quotient of C *(G). Observe that, by the previous theorem,
Ag 1s an isomorphism if and only if || f ||max = [|AG(f)| for all f in L'(G), that
is, if and only if every unitary representation of G is weakly contained in Ag.
We will characterise the groups for which this holds in Appendix G.

F.5 Direct integrals of unitary representations

As previously mentioned (see remark after Corollary C.4.7), direct sums are not
sufficient in order to decompose a given unitary representation into irreducible
ones. One needs the notion of a direct integral of unitary representations.

Let (Z, n) be a measure space, where p is a o -finite positive measure on Z.
A field of Hilbert spaces over Z is a family (H(z));cz, where H(z) is a Hilbert
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space for each z € Z. Elements of the vector space [ .., H(z) are called vector
fields over Z.

To define a measurable field of Hilbert spaces over Z, we have to specify the
measurable vector fields. This depends on the choice of a fundamental family
of measurable vector fields; by definition, this is a sequence (x,),eN of vector
fields over Z with the following properties:

() for any m,n € N, the function z — (x,,,(2),x,(z)) is measurable;
(ii) for every z € Z, the linear span of {x,(z) : n € N} is dense in H(z).

Fix a fundamental family of measurable vector fields. A vector field x €
HzeZ ‘H(z) is said to be a measurable vector field if all the functions

2> (x(2),x%,(2)), neN

are measurable. As is easily shown (Exercise F.6.6), the set M of measurable
vector fields is a linear subspace of ]_[Zez ‘H(z). Moreover, if x,y € M, then the
function

z = (x(2),y(2))

is measurable. The pair ((H(z));ez, M) , simply denoted by z — H(z), is called
a measurable field of Hilbert spaces over Z.

In the sequel, we identify two measurable vector fields which are equal
wn-almost everywhere. A measurable vector field x is a square-integrable vector
field if

/Z Ix(@2)12d u(z) < oo.

The set H of all square-integrable vector fields is a Hilbert space for the inner
product

/(X(z),y(z))du(z) , xy€eH.
z
We write
®
H= / H(z)du(z)
z
and call H the direct integral of the field (H(z)).cz of Hilbert spaces over Z.

Example F.5.1 (i) Let Z be a countable set and let i« be a measure on Z such
that u(z) # 0 for all z € Z. Then every vector field is measurable and

®
fz HE@duE) = PHE)

zeZ

is the direct sum of the Hilbert spaces H(z), z € Z.
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(i) Let (Z, ) be a o -finite measure space and let H(z) = Cforallz € Z. We
can choose a fundamental family of measurable vector fields such that the mea-
surable vector fields are the measurable complex-valued functions on Z. Then

&
/Z H@)dp(z) = LA(Z, ).

(iii) Let (Z, u) be a o-finite measure space and let K be a fixed separable
Hilbert space. Set H(z) = K for all z € Z. We can choose a fundamental fam-
ily of measurable vector fields such that the measurable vector fields are the
measurable mappings Z — K, with respect to the Borel structure on /C given
by the weak topology. Then

(&)
/ H@dp @) = [XZ.K),
VA

the Hilbert space of all square-integrable measurable mappings Z — K.

Let z +— H(z) be a measurable field of Hilbert spaces over Z. Let H =
/Zea H(z)d u(z). For every z € Z, let T(z) be a bounded operator on H(z). We
say that (T'(z));ez is a measurable field of operators on Z if all the functions

2= (T(2)x(2),y(2)), x,yeH,

are measurable. If, moreover, z — || T(z)| is n-essentially bounded, then we
can define a bounded operator T : H — H by

(Tx)(z) =T(2)x(z), xe€eH,z€Z.

In this case, we write T = fzee T(2)du(z).

Let now G be a second countable locally compact group. Let (Z, 1) be a
o -finite measure space, let z — H(z) be a measurable field of Hilbert spaces
over Z, and let H = fZEB H(z)d u(z). A measurable field of unitary represen-
tations of G on the H(z)’s is a family z — m(z), where 7 (z) is a unitary
representation of G on H(z), such that (7w (2)(g));ez is a measurable field of
operators on H for every g € G.

Let g € G. Since m(z)(g) is a unitary operator on H(z), we can define a
unitary operator 7 (g) on H by

(&)
7(g) = /Z 7(2)(g)d i (z).

Itis clear that g — m(g) is a homomorphism from G to the unitary group of H.
It can be shown [Dixmi—69, Proposition 18.7.4] that the mapping g — 7 (g) is



416 Weak containment and Fell’s topology

strongly continuous, so that 7 is a unitary representation of G on H. We write

[S3)
7= / 2 ()dp()
VA

and 7 is called the direct integral of the unitary representations 7 (z), z € Z.

Definition F.5.2 A Borel space is a space together with a o -algebra of subsets.
Such a space Z is a standard Borel space, if Z is isomorphic, as a Borel space,
to a Borel subspace of a complete separable metric space.

A standard Borel space is either finite, or Borel isomorphic to Z, or Borel
isomorphic to the interval [0, 1] (see [Sriva—98, Corollaty 3.3.16]).

The following theorem shows that every unitary representation of G can be
decomposed as a direct integral of irreducible unitary representations over a
standard Borel space; for the proof, see Theorem 8.5.2 and Section 18.7 in
[Dixmi-69].

Theorem F.5.3 Let G be a second countable locally compact group and let
7 be a unitary representation of G on a separable Hilbert space 'H. Then
there exist a standard Borel space Z, a bounded positive measure ( on Z,
a measurable field of Hilbert spaces z — H(z) over Z, and a measurable field
of irreducible unitary representations z — 7 (z) of G on the H(z)’s such that
7 is unitarily equivalent to the direct integral fZEB 7 (2)d u(z).

Example F.5.4 Let G be a second countable locally compact abelian group.
Choose the normalisation of the Haar measures on G and on the dual group G
so that Plancherel’s Theorem D. 1.2 holds. The Fourier transform F : L*(G) —
LZ(G) is then an isometric isomorphism which intertwines the regular rep-
resentation Ag on L*(G) and the unitary representation 7 of G on L? (6)
defined by

(@) (X) = XWE), &L’ G), x €G, xe€G.

Forevery x € 6, let H(x) = Cand w(x) = . Then, denoting by u the Haar
measure on G, we have

—~ D ®
L"‘(G)=fa HOOdp(x)  and ”Zfa 2GOdR(0),

so that A¢ is unitarily equivalent to féB xdu(x).
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F.6 Exercises

Exercise F.6.1 Let G be a locally compact group, and let H be a subgroup
of G.

(1) Show that, if H is open, then the restriction Ag|g to H of the regular
representation Ag of G is equivalent to a multiple of Ay.
[Hint: Look at Remark F.1.9.]

(i1) Show that, if H is closed, then Ay is weakly contained in Ag|g.

Exercise F.6.2 Let K be alocal field, and let G be the (ax + b)-group over K:

b
G:{ga,b:<g 1) :aeK*,beK}.

Let N be the normal subgroup {g1, € G: b € K}.

(i) For a unitary character x of N with x # 1y, show that the induced
representation Indﬁ, X is equivalent to the unitary representation 7, of G defined
on L*>(K*,d*x) by

Ty (8ap)E () = x (b)E(ax), & € L*(K*,d*x),

where d*x is a Haar measure for the multiplicative group K* of K.
(i) Show that 7, is irreducible for x # 1y.

[Hint: Use Schur’s Lemma and Exercise D.5.1.]
(iii) Show that 77, and 7, are equivalent for y, " € N \ {In}.
(iv) Foro € f@, let x, be the unitary character of G defined by

Xo(8ap) =0(a), gup €G.

It follows from Mackey’s theory (see [Macke—76, §3.8]) that the unitary dual
of G is
G={my}U{xs : 0 € K}

for any x € N \ {In}.
Show that 77, is a dense open pointin G, forany x € N \ {1y}.

Exercise F.6.3 Let

P x,y,2 €2

S = =
—_ < N

1
= 8xy.z = 0
0

be the Heisenberg group over Z. Let

a=2g00 b=go10 ¢=go01-



418 Weak containment and Fell’s topology

(i) Show that the centre of I" is Z = {¢" : n € Z} and that " has the
presentation

(a,b,c | aba='p7! = ¢, ac = ca, bc = cb).

(ii) Let = be a unitary representation of I', with central character given by
m(c) =61 for0 € S'. Let U = n(a) and V = 7 (b). Show that

Uv =6VU.

(iii) Conversely, let U,V be two unitary operators acting irreducibly on a
Hilbert space H, that is, the only closed subspaces of H which are invariant
under U and V are {0} and . Assume that UV = @VU for some 8 € S!. Show
that

n@=U, nb)=V, =x()=060I,
define an irreducible unitary representation m of I with central character
" 0",

Let N be the subgroup of I' generated by a and c. For 01,6, € S!, let X61,6

be the unitary character of N defined by

X61,6> (a) - 91 and X61,6> (C) - 92-

Assume that 6, is not a root of unity.
(iv) Show that Ind}, xg, 4, is equivalent to the representation g, g, of I' on
¢?(Z) defined by

(70,0, (@) (n) = O1&(n),
(116,.0,(D)E)(n) = &(n — 1),
(129,.6,(€)§) (n) = 628 (n)

forall € € ¢>(Z) and n € Z.
(v) Show that 7, g, is irreducible.
(vi) Show that 7rg, 9, and Ty ) are equivalentif and only if (81, 6,) = (6!, 63).

Exercise F.6.4 Let G be a topological group, G its unitary dual, and S, T
two subsets of G. Show that the representation @, . o is weakly contained in
.7 T if and only if S is contained in the closure of T for the Fell topology.
In particular, @, .¢ 0 and ), . T are weakly equivalent if and only if S=T.

Exercise F.6.5 Consider a separable locally compact group G, a standard
Borel space €2, a bounded positive measure u on €2, a measurable field (7)), cq
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of unitary representations of G in a measurable field (H,,) < of Hilbert spaces,

and the direct integral representation 7 = |, éa Tedp(w)inH = |, Se; Hod pn(w).
Show that the representation 7, is weakly contained in 7 for p-almost all @

in Q.

[Hint: See [BekHa, Lemma 15].]

Exercise F.6.6 Let (Z, 1) be a measure space where u is o-finite. Let z —
‘H(z) be a field of Hilbert spaces over Z. Let (x,), be a fundamental family of
measurable vector fields over Z and let M be the set of all measurable vector
fields.
(i) Show that M is a linear subspace of HzEZ H(z).
(ii) Let x € M. Show that z — ||x(z)]| is measurable.
[Hint: The Q-linear span of {x,(z) : n € N}isdense in H(z), foreveryz € Z.]
(iii) Let x,y € M. Show that z — (x(z),y(2)) is measurable.



Appendix G

Amenability

Lebesgue proposed his view on integration in a short note (1901) and a famous
book (1904). It was then a natural question to know whether Lebesgue’s mea-
sure could be extended as a finitely additive measure defined on all subsets
of R" which is invariant under isometric transformations. Hausdorff answered
negatively for n > 3 in 1914 and Banach positively for n < 2 in 1923. Von
Neumann showed in 1929 that the deep reason for this difference lies in the
group of isometries of R" (viewed as a discrete group) which is amenable for
n < 2 and which is not so for n > 3. In 1950, Dixmier extended the notion of
amenability to topological groups [Dixmi—50].

In Section G.1, amenability is defined for a topological group in two equiva-
lent ways, by the existence of an invariant mean on an appropriate space and as
a fixed point property. Examples are given in Section G.2. For a locally compact
group G, it is shown in Section G.3 that G is amenable if and only if 15 < Ag;
a consequence is that amenability is inherited by closed subgroups of locally
compact groups.

It is remarkable that amenability can be given a very large number of equiv-
alent definitions, at least for locally compact groups. In Section G4, we give
Kesten’s characterisation in terms of appropriate operators, which is crucial
for the study of random walks on groups. In Section G.5, we give Fglner’s
characterisation in terms of asymptotically invariant sets from [Foeln—55]. For
other equivalences, see the standard expositions which include [Green—69],
[Eymar—75], Chapter 4 of [Zimm—84a], and [Pater—88]; see also[CeGrH-99]
and [AnDRe-00].

The notion of amenability has spread over many domains of mathemat-
ics: Banach algebras, operator algebras (nuclearity, exactness, injectivity),
metric spaces, group actions, foliations, groupoids, etc. In the limited con-
text of this book, its importance is due to its relation with Property (T);
in particular to the fact (Theorem 1.1.6) that a locally compact group is

420
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both an amenable group and a group with Property (T) if and only if it is
compact.

G.1 Invariant means

Let X be a set. A ring R of subsets of X is a non-empty class of subsets of X
which s closed under the formation of union and differences of sets: if A, B € R,
thenAUB e RandA\ B e R.

Definition G.1.1 A mean m on a ring R of subsets of X containing X is a
finitely additive probability measure on R, that is, m is a function from R to R
with the following properties:

(i) m(A) > OforallA € R;
(i) m(X) = 1;
(1) mALU---UA,) =m(Ay) +---+m(A,) ifAq, ..., A, € R are pairwise
disjoint.
If a group G acts on X leaving R invariant, then m is said to be a G-invariant
mean if

(iv) m(gA) = m(A) forallg € Gand A € R.

For aring R of subsets of X, denote by E the vector space of complex-valued
functions on X generated by the characteristic functions x4 of subsets A in R.
There is a natural bijective correspondence between means m on R and linear
functionals M on E such that

m(A) =M (x4) forall AeR.

In case R is G-invariant for some group G acting on X, the mean m is G
invariant if and only if M (¢¢) = M (¢) forall g € G and ¢ € E, where ;¢ is
the function on X defined by ;¢ (x) = ¢(gx) forx € X.

Assume now that there is given a o -algebra 5 of subsets of X and a measure
w on (X, B). There is again a bijective correspondence between appropriate
linear functionals on L*>° (X, i) and appropriate means on /3, as we now explain.

Definition G.1.2 Let (X, B, ) be a measure space and let E be a closed
subspace of L>(X, B, 1) which contains the constant functions and is closed
under complex conjugation. A mean on E is a linear functional M : E — C
with the following properties:

i) M(1x) =1
(ii)) M (¢) > 0 forall ¢ € E with ¢ > 0.
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Let G be a group acting on E. We say that M is G-invariant if, moreover,
(iii) M (g¢) =M (p) forallg e Gand ¢ € E.

Remark G.1.3 (i) Amean M on E is automatically continuous. Indeed,

—llellocly = ¢ < ll@llcolx.

Hence, |M (¢)| < [l¢llc by (1) and (ii).

(i) A mean M on L*°(X, B, u) defines a mean m on the o-algebra B by
m(A) = M (xa) for all A € B. Observe that m is absolutely continuous with
respect to (, in the sense that m(A) = 0 for all A € B with u(A) = 0.

Conversely, if m is a mean on 53 which is absolutely continuous with respect
to w, then there exists a unique mean M on L°°(X, B, u) such that m(A) =
M (xa) for all A € B. Indeed, define

M(p) = aim(Ay)
i=1

if ¢ = ) 7" | @ixa, is a measurable simple function on X . By finite additivity
of m, this definition does not depend on the given representation of ¢ as linear
combination of characteristic functions of measurable subsets. Let ¢ be a mea-
surable bounded function on X . There exists a sequence (¢,), of measurable
simple functions on X converging uniformly on X to ¢. It is easily verified that
(M (¢n))y is a Cauchy sequence in C and that its limit does not depend on the
particular choice of (¢,),. Define then

M(p) = lipM (@n)-

Since m is absolutely continuous with respect to 1, the number M (¢) depends
only on the equivalence class [¢] of ¢ in L°(X, ), and we can define
M ([¢]) = M (¢). One checks that M is a mean on L*° (X, ). For more details,
see [HewSt—69, (20.35) Theorem].

From now on, we will identify a mean M on a space E in the sense of
Definition G.1.2 and the corresponding mean m on B (or on R), and we will
use the same notation m in both cases.

Let G be a topological group. Let £°°(G) be the Banach space of bounded
functions on G. The group G acts on £°°(G) by left translations:

P> o0, @ el™(G),geq.

Recall that ;¢ is defined by ;¢ (x) = ¢(gx).
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Let UCB(G) be the closed subspace of £°°(G), consisting of all left uniformly
continuous functions on G. Observe that a function ¢ in £°°(G) is in UCB(G)
if and only if the mapping x + ¢ from G to £°°(G) is continuous. Observe
also that UCB(G) is invariant under left translation by elements from G.

Definition G.1.4 We consider the group G acting on itself by left translations.
The topological group G is said to be amenable if there exists an invariant mean
on UCB(G)

Example G.1.5 Let G be a compact group. Then UCB(G) = C(G), and an
invariant mean m on C(G) is an invariant regular Borel measure on G with
m(1lg) = 1. Hence, the normalised Haar measure is the unique invariant mean
on C(G). In particular, compact groups are amenable.

For a non-compact group G, invariant means on UCB(G) — when they exist —
are in general not unique.

Let X be convex subset of a locally convex topological vector space.
A continuous action G x X — X of G on X is said to be an affine action
if

X —-X, x—gx
is an affine mapping for all g in G. Recall that a mapping o : X — X is
affine if

atx+ (1 =1y =tax)+ 1 —-ta(y), forall x,yeX,0<r=<1

Remark G.1.6 The topological dual space UCB(G)* of UCB(G), endowed
with the weak* topology, is a locally convex vector space. The set M of all
means on UCB(G) is a weak* closed and, hence, compact convex subset of
the unit ball of UCB(G)*. Observe that M is non-empty: for instance, the
point evaluation f > f (e) is a mean on UCB(G). There is a continuous affine
action m +— gm of G on M given by gm(p) = m(,-1¢) for all g € G and
¢ € UCB(G). The group G is amenable if and only if this action has a fixed
point in M.

The remarkable fact is that, if this is the case, any affine action of G on a
compact convex has a fixed point.

Theorem G.1.7 For a topological group G, the following properties are
equivalent:

(i) G is amenable;

(ii) (Fixed point property) any continuous affine action of G on a non-empty
compact convex subset X of a locally convex topological vector space has
a fixed point.
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Proof By the previous remark, (ii) implies (i).

Assume that G is amenable, and that a continuous affine action of G on a
non-empty compact convex set X in a locally convex vector space V is given.
Fix an element xg in X. Let ¢ : G — X, g > gxo be the corresponding orbital
mapping. For every f € C(X), the function f ot is in UCB(G). Indeed, as X is
compact, f ot is bounded. Since, moreover, the action of G is continuous, for
every ¢ > 0, there exists a neighbourhood U of e such that, forall u € U,

sup | f (ux) —f(x)| < e.

xeX

Let m be a mean on UCB(G). Then a probability measure p,, on X is
defined by

um(f) =m(f or), forall f e CX).

Let b,, € X be the barycentre of j1,,. Recall that by, is defined as the X -valued
integral b,, = fX xd (x) and that by, is the unique element in X with the
property that ¢(b,,) = pum(@) for every ¢ € V* (see [Rudin—73, Theorem
3.27]). In particular, the mapping ® : M — X, m +— by, is continuous,
when the set M of all means on UCB(G) is endowed with the weak* topology.
Observe that b,, = gxg if m = 8, is the evaluation at g € G.

We claim that bg,, = gby, for every ¢ € G. Indeed, this is clearly true if
m is a convex combination of point evaluations. By the Hahn—Banach The-
orem, the set of all convex combinations of point evaluations is dense in M
(Exercise G.6.1). Since G acts by continuous affine mappings on X and since
® is continuous, the claim follows.

If now m is an invariant mean on UCB(G), then b, € X 1is a fixed point for
the actionof G. WM

G.2 Examples of amenable groups

Besides compact groups, the first examples of amenable groups are the abelian
groups.

Theorem G.2.1 (Markov-Kakutani) Every abelian topological group G is
amenable.

Proof Given a continuous affine action of G on a non-empty compact convex
subset X in a locally convex vector space V, define for every integer n > 0 and



G2 Examples of amenable groups 425

every g in G, a continuous affine transformation A,,(g) : X — X by
1 n
_ i
Ap(g)x = o §gx, xeX.
1=l

Let G be the semigroup of continuous affine transformations of X generated by
the set {A,(g) : n > 0,g € G}. Since X is compact, y (X) is a closed subset of
X forevery y in G.

We claim that ﬂyeg y(X) is non-empty. Indeed, since X is compact, it
suffices to show that y(X) N - -- N y,(X) is non-empty for all yq,...,y, inG.
Lety = y1y2...¥n € G. Then, since G is abelian, y (X) is contained in y;(X)
foralli =1,...,n. Thus, y1(X)N---Ny,(X) contains y (X ), and this proves
the claim.

Let xo € Ny gy (X). We claim that x is a fixed point for G. Indeed, for
every g in G and every n > 0, there exists some x in X such that xo = A,(g)x.
Hence, for every ¢ in V*,

1 n+1 2C
_ _ — <
lg(xo — gx0) p—— lp(x) — (g™ x| = paE
where C = sup,cyx l¢(y)| (Which is finite, since X is compact). As this holds
for all n, it follows that ¢ (x9) = ¢(gxo) for all ¢ in V*. Hence, xg = gxo for all
ginG. 1

We discuss now the behaviour of amenability under exact sequences and
directed unions.

Proposition G.2.2 Let G be a topological group.

(i) Let N be a closed normal subgroup of G. If G is amenable, then G/N is
amenable.

(ii) Let N be a closed normal subgroup of G. If N and G/N are amenable,
then G is amenable.

(iii) Let (Gj)iej be a directed family of closed subgroups of G such that
Uies Gi is dense in G. If G; is amenable for every i € I, then G is amenable.

Proof (i) follows from the fact that UCB(G/N) can be viewed as subspace
of UCB(G).

(i1) Assume that N and G/N are amenable, and that a continuous affine action
of G on a non-empty compact convex set X is given. Let XV be the closed sub-
space of all fixed points of N in X . It is clear that XV is a compact convex subset
of X, that X¥ is invariant under G, and that the action of G on X" factorises to
an action of G/N. Since N is amenable, XV is non-empty, by Theorem G.1.7.
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Hence, G/N has a fixed point xy in XV, by the amenability of G/N. Clearly,
Xo is a fixed point for G. The claim follows now from Theorem G.1.7.

(iii) Let G’ denote the union | J;.; G, with the inductive limit topology.
The inclusion G’ — G is uniformly continuous with dense image, so that the
restriction mapping UCB(G) — UCB(G’) is an isomorphism. We can therefore
assume without loss of generality that G = | J,; Gi.

For every i € I, let M; be the set of all G;-invariant means on UCB(G). We
claim that ();; M; is non-empty. This will prove (iii), since any m € ();c; M;
is a G-invariant mean on UCB(G).

Observe that every M; is a closed subset of the compact set M of all means
on UCB(G) with respect to the weak* topology. Hence, it suffices to show that
the family (M;);<; has the finite intersection property.

Let F' be a finite subset of /. Let i € I be such that G; C G; forall j € F.
Choose a G;-invariant mean m; on UCB(G;). Define a mean n1; on UCB(G) by

Ai(f) = mi(flg,). forall f e UCB(G).

Then m; is Gj-invariant and therefore m; € M, for all j € F. Thus,
MNjer M; # @, as claimed. W

Corollary G.2.3 Every compact extension of a soluble topological group is
amenable. Every locally finite group is amenable.

We now give examples of non-amenable groups.

Example G.2.4 (i) The group G = SL,(R) is non-amenable. Indeed, there is
no invariant measure on the projective real line R U {co} = G/P (see Exam-
ple A.6.4). In particular, the action of G on the compact convex set of all
probability measures on R U {oo} has no fixed points.

(ii) Let F be the non-abelian free group on two generators a and b, with the
discrete topology. Then F> is non-amenable.

Indeed, assume, by contradiction, that there exists an invariant mean m on
UCB(F,) = £°°(F>). For each subset B of F», write m(B) for the value of m on
the characteristic function of B. Every element in F; can be written as a reduced
word in a,a',b,b~". Let A be the subset of all words in F» beginning with a
non-zero power of a. Then F, = aA U A. As m(aA) = m(A) and m(F,) = 1,
if follows that m(A) > 1/2. On the other hand, A, bA and h’A are mutually
disjoint subsets of F»>. Hence

1 = m(F2) = m(A) + m(bA) + m(b*A) = 3m(A) >

| W

This is a contradiction.
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(iii) The fundamental group I'y of a closed orientable Riemann surface of
genus g > 2 has a presentation

Fg = <a]’b15a27b27‘-"ag9bg

g
H[ai, bi] > .

i=1

A surjective homomorphism I'y — F isdefined by a; > a, ax +— b, a; > e
and bj > eforalli=3,...,gandj=1,...,g. It follows from (ii) and from
Proposition G.2.2 that I'g is not amenable.

G.3 Weak containment and amenability

Let G be a locally compact group. We will always assume that G is equipped
with a fixed left Haar measure; the spaces L’ (G) are taken with respect to this
measure.

For such groups, it is more convenient to characterise amenability of G by
the existence of invariant means on L>°(G).

For f in L'(G) and ¢ in L>(G), the convolution product f * ¢ belongs to
UCB(G). Let L' (G)1 1 denote the convex set of all f € L'(G) with f > 0 and
11 = 1. Observe that Ll(G)1,+ is closed under convolution.

The set M of all means on L>°(G) is a weak* closed (and hence compact)
convex subset of the unit ball of L>(G)*. We can view L' (G) 1.+ as a subset
of M, since every f in L'(G); defines an element in M, via integration
against f. The Hahn—Banach Theorem shows that L!(G);  is weak* dense
in M (Exercise G.6.2).

The following theorem is due to Reiter [Reiter—65] and Hulanicki
[Hulan—66]. The proof we give for the equivalence of (iii) and (iv) is shorter
than the proofs that we have found in the literature.

Theorem G.3.1 Let G be a locally compact group. The following properties
are equivalent:

(i) G is amenable;
(ii) there exists a topological invariant mean on L*°(G), that is, a mean m on
L®°(G) such that m(f % @) = m(¢) for all f in L (G)1,4 and ¢ in L*(G);
(iii) (Reiter’s Property (P1)) for every compact subset Q of G and every ¢ > 0,
there exists f in L! (G)1,+ such that

sup [[,-1f —fllh =€
xeQ
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(iv) (Reiter’s Property (P})) for every finite subset Q of G and every ¢ > 0,
there exists f in L'(G) 1.+ such that

sup [l,-1if —=flli1 <¢;
xeQ

(v) there exists an invariant mean on L (G).

Proof Let us first show that (i) implies (ii). Let m be an invariant mean on
UCB(G). Since the mapping G — UCB(G), y > ,-1¢ is norm continuous for
¢ € UCB(G), the integral

fre= /Gf(y)y—lsody

is norm convergent in UCB(G), for all f € L' (G). It follows that
m(f @) =m(p), forall feL'(G)iy, ¢ € UCBG).

Let (f;); be anetin L (G)1,+ with supp (f;) — {e}. Then, for each ¢ € L*(G)
andf € L'(G)1 4,

f*@eUCB(G) and lim|fxfixeo—f*¢| =0
1

and, hence, m(f * ¢) = lim; m(f * f; * ¢) = lim; m(f; * ¢). This shows that
m(f * @) =m(f * @) forallf,f € L'(G); .+ and all ¢ € L®(G).
Fix any fy € L' (G)1 .+, and define a mean m on L*°(G) by

m(p) =m(fo*¢), @ €L¥(G).
Then m is a topological invariant mean. Indeed,
m(f * @) =m(foxf *¢) =m(fo*e)=mp),

forall p € L(G) and f € L' (G) 4.

Let us now show that (ii) implies (iii). Let m be a topological invariant mean
on L*°(G). Since Ll(G)l,Jr is weak™® dense in the set of all means on L*°(G),
there exists a net (f;); in L'(G), + converging to m in the weak* topology. The
topological invariance of m implies that, for every f € L! (G)1,+»

() lilm(f*fi —f)=0

in the weak topology on L' (G).
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For eachf € L'(G)1 ., take a copy of L! (G) and consider the product space

E= ]_[ LY(G),

FeLN(G) +

with the product of the norm topologies. Then E is a locally convex space, and
the weak topology on E is the product of the weak topologies. The set

T={(f*¢—&ferio), : § €L (G4} CE

is convex and, by (x), its closure in the weak topology contains 0. Since E
is locally convex, the closure of ¥ in the weak topology coincides with the
closure of ¥ in the original topology of E (see [Rudin—73, Theorem 3.12]).
Hence, there exists a net (g;); in L! (G)1.+ such that, for every f in L G+

(%) 1ilm Ilf *gi —gilli =0.

Since the g;’s have bounded L'-norm, (sx) holds uniformly for all f in any
norm compact subset K of Ll(G). Indeed, let ¢ > 0. There exists &1,...,&,
such that, for every f € K, we have || f — &1 < €] for some k € {1,...,n}.
Choose j() such that

&+ g —gjllh <e forall le{l,...,n} and NN

We have, for every j > jO and for f € K,

If*g —gilli < Nf *g — & *gilli + 16 *g — gl
<Nf =&l + 18 g — gl < 2,

where k is such that ||[f — &1 < e.
Let now Q be a compact subset of G containing e, and let ¢ > 0. Fix any f
in L'(G) . Since the mapping
G— LY(G), x+ if

is continuous (Exercise A.8.3), {,-1f : x € Q} is a compact subset of LY(G).
Hence, there exists j such that

l-1f xg —gilli < e



430 Amenability

forallx € Q.Setg =f xg;. Then g € LI(G)H_ and, for all x € Q, we have

l-1g —gllh < Il -1f xg —gilli +IIf *g — gjllh < 2.

The fact that (iii) implies (iv) is obvious. Assume that (iv) holds. Then there
isanet (f;); in L! (G)1.+ such that

(%) lim f|,—1fi = fillh = 0.

for all x € G. Let m be a weak* limit point of (f;); in the set of all means
on L*°(G). It follows from (k#x*) that m is invariant. This shows that (iv)
implies (v).

That (v) implies (i) is obvious, since UCB(G) can be viewed as subspace of
L*®(G). 1

The following result gives a characterisation of amenability of a locally com-
pact group G in terms of a weak containment property of Ag. Its proof is based
on the equivalence between amenability and Reiter’s Property (P;) from the
previous lemma.

Theorem G.3.2 (Hulanicki-Reiter) Let G be a locally compact group. The
following properties are equivalent:

(i) G is amenable;

(ii) 16 < Ag;
(iii) m < Ag for every unitary representation w of G.
Proof Theequivalence of (ii) and (iii) was already proved in Proposition F.3.3.
In view of the previous theorem, it suffices to show that (ii) is equivalent to
Reiter’s Property (P).

Assume that (ii) holds. Then, given a compact subset Q of G and ¢ > 0, there
exists fo e € LZ(G) with || fg.ell2 = 1 such that

sup [[Ac(X)fp.e —foell2 <&
xeQ

(see Corollary F.1.5). Set gp = |fQ,g|2. Then gp € Ll(G)1,+ and, by the
Cauchy—Schwarz inequality,

180, — 80ellt < IAG@)foe + foell2lliGX)fo.e — foell2
< 2[[AcX)fg,e —foella < 2¢

for all x € Q. Hence, G has Reiter’s Property (P).
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Conversely, assume that G has Reiter’s Property (P1). For a compact subset
QofGande > 0,letf € L'(G);; be such that

sup |l,-1f = flh <e.
xeQ

Letg = \/f . Then g € L2(G) and |g||>» = 1. Moreover, using the inequality
la — b < |a% — b?| for all non-negative real numbers a and b, we have

Ihas — gl < /G 862 — g0)2Idy = [ f —F1l

<e,

for all x € Q. This shows that 1g < Ag. W

Remark G.3.3 The amenability of G is equivalent to the fact that 1 is weakly
contained in Ag, when both representations are viewed as unitary representa-
tions of Gy, the group G viewed as discrete group. Indeed, the proof of the
previous theorem shows that Reiter’s Property (P}) from Theorem G.3.1 is
equivalent to the fact that 15 is weakly contained in A when both are viewed
as representations of G.

Corollary G.3.4 Closed subgroups of amenable locally compact groups are
amenable.

Proof Since the restriction of Ag to H is weakly contained in Ay (Proposi-
tion F.1.10), the claim follows from the previous theorem. M

Since the free group on two generators F» is not amenable (see Exam-
ple G.2.4), this corollary has the following consequence.

Corollary G.3.5 Let G be a locally compact group containing F5 as a closed
subgroup. Then G is not amenable.

Example G.3.6 (i) The previous corollary can be applied to give another
proof of the non-amenability of SL;(R); see Example G.2.4. Indeed, SL>(R)
contains F> as a lattice (Example B.2.5)

(i) More generally, a non-compact semisimple real Lie group is non-
amenable. Indeed, such a group has a quotient which contains a closed subgroup
isomorphic to PSL;(R).

(>iii) Let K be a local field (see D.4). Then SL,(K) is not amenable. Indeed,
SL, (K) contains a discrete group which is isomorphic to F (see Exercises G.6.8
and G.6.9).
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Remark G.3.7 The previous corollary is, in general, not true for non-locally
compact groups.

Indeed, let G = U(H) be the unitary group of an infinite dimensional
separable Hilbert space. Equipped with the weak operator topology, U (H) is
a topological group (Exercise G.6.3). It is shown in [Harpe—73] that U (H) is
amenable.

On the other hand, realising U (H) as U (L2(F »)), we see that I/ (H) contains
the subgroup

I'={ip(y): v € F2}
which is isomorphic to F5. The claim follows, as I" is closed in U (L2(F2)); see
Exercise G.6.4.

As we now show, the amenability of a closed subgroup H of alocally compact
group G implies the amenability of G if G/H is an amenable homogeneous
spacein Eymard’s sense, thatis, if the quasi-regular representation A/ weakly
contains 1. This is the case, for example, if H is a lattice in G, or, more
generally, if G/H has a finite invariant regular Borel measure. See [Eymar—72],
where this notion is extensively studied.

Corollary G.3.8 Let H be a closed subgroup of a locally compact group G
such that G/H is amenable. The following are equivalent:

(i) G is amenable;
(ii) H is amenable.

Proof Inview of Corollary G.3.4, we only have to show that if H is amenable,
then so is G. By the Hulanicki—Reiter Theorem G.3.2, we have 1y < Ap.
Hence,

AG/H = Indg 1y < Indf,)»H = AG,

by continuity of induction (Theorem F.3.5). Since G/H is amenable, we have
16 < Ag/g and therefore 1 < Ag. W

The previous corollary, in combination with Remark G.3.6.ii, shows that a
lattice in a non-compact semisimple real Lie group is never amenable.

The following characterisation of amenability in terms of C*-algebras
follows immediately from Theorem F.4.4 and the Hulanicki—Reiter Theorem.

Corollary G.3.9 Foralocally compact group G, the following properties are
equivalent:

(i) G is amenable;
(ii) Ag extends to an isomorphism between the maximal C*-algebra C*(G)
and the reduced C*-algebra C}(G) of G.
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G.4 Kesten’s characterisation of amenability

Let G be a locally compact group, and let i be a complex-valued finite regular
Borel measure on G. For a unitary representation (v, H) of G, let (1) be the
operator in £(H) defined by

((wé,m) = /(;(N(X)f,n>dM(X), g&.neHr.

Then || (n)]| < |ln]l. Observe that w(u* * n) = mw(u)*w () is a positive
self-adjoint operator and that ||z (u* % )| = || (1) ||. (For a measure x on G,
the measure p* is defined by du*(x) = du(x—1).) In case u is absolutely
continuous with respect to a Haar measure dx on G, that is, du(x) = f(x)dx
for some f € LY(G), we write 7 (f) instead of m(w).

Asssume now that p is a probablity measure on G, (that is, u is positive
with total mass u(G) = 1). Then w(u) is a linear contraction on H. By a
linear contraction on a normed vector space V, we mean a bounded operator
T :V — Vwith||T| < 1.Weshow how weak containment of 1¢ in 7 is related
to the spectrum of the operator (w); compare [HaRoV-93, Proposition 2].
We first need the following elementary lemma.

Lemma G4.1 Let T be a linear contraction on a Hilbert space H. Then 1
belongs to the spectrum o (T) if and only if 1 is an approximate eigenvalue of
T (that is, there exists a sequence of unit vectors &, in H such that lim,, || T&,, —

&nll = 0).

Proof It is clear that if 1 is an approximate eigenvalue of T then 1 € o (T).
Conversely, assume that 1 € o (7). Two cases can occur. If the image of 7 — [
is dense in H, then 1 is an approximate eigenvalue of 7. If the image of 7 — I is
not dense in H, then Ker(7T* —I) # 0, that is, 7™ has a non-zero fixed vector &.
As T is a contraction, & is also a fixed vector of T'. Indeed,

(TE, &) = (£,T*E) = &I,

and it follows from the equality case of the Cauchy—Schwarz inequality that
T& = &.Thus, 1is an eigenvalue of 7. W

Proposition G4.2 Let G be a locally compact group and let u be a prob-
ability measure on G which is absolutely continuous with respect to the
Haar measure on G. For a unitary representation (1w, H) of G, consider the
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following properties:

(i) 1g < m;
(ii) 1 belongs to the spectrum o (7w (1)) of the operator w(|L);
(iii) |w (W)l = 1.

Then (i) implies (ii) and (ii) implies (iii). If the subgroup generated by the
support of u is dense in G, then (ii) implies (i). If the subgroup generated by
the support of u* x w is dense in G, then (iii) implies (i).

Proof To show that (i) implies (ii), assume that 1 < 7. For every n € N, let
Oy, be a compact subset of G such that u(G \ Q) < 1/n. There exists a unit
vector &, such that |7 (x)§, — &,|| < 1/nfor all x € Q,. Then

2
Z <
-

S| W

77 ()& — &nll < /Q 7w ()&n — &nlld pe(x) +

Hence, 1 is an approximate eigenvalue of 7 (u).

To show that (ii) implies (i), when the support of u generates a dense subgroup
of G, assume that 1 € o (7 (u)). By the previous lemma, 1 is an approximate
eigenvalue of (). Thus, for every n € N, there exists a unit vector &, in ‘H
such that

1
lr ()én — &nll < —.
n

It follows that || ()&, > 1/2 for all n > 2. Set 5, = ||w ()&l ™ m ()ép.
Then 5, is a unit vector and

SN

Il — Mol £ ——— G )Snll lr ()&n — &nll <

Since
[1 — Re{mw ()00, nud| < Umx (10 — 00> M)l < Nl (@Na — Ml
it follows that

1irrln/G(1 = Re(@ ()1, np))d p(x) = Um(1 = (7w (W11, 1)) = 0.

Hence, as 1 — Re(mw (x)n,, n,) > 0 for all x € G, there exists a subsequence,
still denoted by (1,,),, such that

lim Re (7 (x) 7, 1) = 1
n
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for p-almost every x in G. Since || (x)n, — mll? = 2(1 — Re(mw(X) 0, 12))s
it follows that

() lim [l )1y — 1l = 0

for p-almost every x in G. The set of all x for which (%) holds is clearly a
measurable subgroup H of G. Since (H) = 1, the support of u is contained
in the closure H of H. Hence, H = G, by our assumption on u.

Let Q be a compact subset of G and ¢ > 0. Since u is absolutely continuous
with respect to the Lebesgue measure on G, we have d i (x) = f (x)dx for some
f € L'(G)14. The mapping

G — LYG), x = if

is continuous (Exercise A.8.3). We can therefore find a neighbourhood U of e
such that
l,f —flli <e, forall uel.

Since H is dense in G and Q is compact, there exists x, ..., x, in H such that
0 C Ui_; x;U. By (x), there exists n such that

lwx)n, —null <e, forall i=1,...,r.
Letx € Q. Then x = x;u for some 1 < i < r and some u € U; we then have

72 Q)1 =l < Nl (i) (e )0 — n) | + Nl (i) 1 — 1l
= Nl @nn — nall + Nl )10 — 1l
= &I~ Im @Wm (& — T GE + 17X 10 = 1
= Nl )&~ 1 1 f = )&l + 7 () =
= 2ly-of =Sl + I Gidng — mall < 3.

This shows that 15 < 7.
On (ii) and (iii): since

rio@@(w)) < lz(wl <1,

where r(o (7 (1)) is the spectral radius of the operator o (7w (1)), it is obvious
that (ii) implies (iii). Assume that ||z (t)|| = 1. Then

I (%l = x(wll* = 1.
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Since 7 (u* * w) is self-adjoint and positive, it follows that 1 € o (7w (u* * w)).
If the subgroup generated by the support of ©* x u is dense, we can apply the
argument used for (i) = (i) with p* * w in place of u and we obtain that
1G <. N

Remark G.4.3 (i) In the previous proposition, the assumption that p is abso-
lutely continuous with respect to the Haar measure on G is necessary; see
Exercise G.6.6.

(1) Let u be as in the previous proposition. Denote by X the support of the
probability measure p and by Y that of u* % u; denote by (X) and (Y) the
subgroups of G generated by X and Y.

Then (Y) is a subgroup of (X).If e € X, then Y contains X and (Y) = (X).
Otherwise, the inclusion (Y) C (X) can be strict: this is the case when G = Z
and u = &1, since u* * u = &o.

(iii) With the notation of (ii), (Y) is not dense in G if and only if X is contained
in the left coset of a proper closed subgroup of G.

(iv) As the proof shows, the fact that (i) implies (ii) in the previous proposition
is true if p is any probability measure on G.

The following characterisation of the amenability of a locally compact group
was given by Kesten (see [Kest—59a]) in the case of a countable group G and a
symmetric probability measure on G. The general case is due to [DerGu—73],
where the result is proved without the absolute continuity assumption on the
probability measure p; see also [BeCh—74a].

Theorem G.4.4 (Kesten) Let G be a locally compact group, and let u be a
probability measure on G. Assume that | is absolutely continuous with respect
to the Haar measure on G and that its support generates a dense subgroup in
G. The following properties are equivalent:

(i) G is amenable;
(ii) 1 belongs to the spectrum of the operator Ag(iL);
(iii) the spectral radius r(Ag(1)) of Ag(w) is 1.

Proof The equivalence of (i) and (ii) follows from the previous proposition
together with the Hulanicki—Reiter Theorem G.3.2.
Since r(Ag(n)) < [ g(u)|l < 1, itis obvious that (ii) implies (iii).
Assume that r(Ag(u)) = 1. Then Ag(w) has a spectral value ¢ with |c| = 1.
The operator T = cAg (1) is a contraction and has 1 as spectral value. Hence,
by Lemma G.4.1, there exists a sequence of unit vectors f;, in L%(G) such that
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limy, || 7f, — f,|| = 0. Then
lim 126 ()fy — full =0,
or, equivalently,
lim [ (o060 = im0 f) = c.
In particular, we have

lim =1.
n

/G (6 o) (0)

Since
1=/GII)»G(x)ntIIIntIdM(x) Z/GMG(x)Int,Iandu(x)

> /G G s fi) [d 1t ()

=

/G (h6 o) (0)

for all n € N, it follows that

img (1 fal, 1fal) = li,rzn/GO»G(X)Ifnl, |fadp(x) =1,

that is, lim, ||Ag ()| fal — |f2lll = 0. Hence, 1 is a spectral value of Ag(u),
showing that (iii) implies (ii). W

Remark G.4.5 Condition (ii) and Condition (iii) in the previous theorem
cannot be replaced by the condition ||Ag ()| = 1; see Exercise G.6.7.

Corollary G.4.6 Let I be a finitely generated group, with a finite generating
set S. Let us = ﬁ > scs 8s. The following properties are equivalent:

(i) T is amenable;
(ii) 1 belongs to the spectrum of Ar(us);
(iit) r(Ar(us)) = 1.

Remark G4.7 The previous corollary admits the following probabilistic
interpretation.
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Let I be a finitely generated group. Let S be a finite generating set of G with
S~ = §. The Cayley graph G(T', S) of I" with respect to S is the graph where
the vertices are the elements of I', and where x and y in I are connected by an
edge if x~!y € S. Consider the random walk on G(T', §) in which every step
consists of left multiplication by s € S with probability 1/|S|. This random
walk defines a Markov chain, with associated Markov operator

1
M =—">"r()
|S| seS

actingon £2(I"). ObservethatM = Ar (ms), with g asin the previous corollary.
Forn € N, let u§" be the n-fold convolution product of 1s with itself. Then,

<Mn385 8e) = ,U«f;n(e)

is the probability p,, of the random walk having started at e to return to e at the
n-th step. As Lemma G.4.8 below shows,

lim sup ug"(e) = r(ir(is)) = [[Ar (us)ll.

n
In the case where I' is amenable, we have therefore limsup, p,l/ "=
in particular, the sequence (p,/a"), is unbounded for any 0 < o < 1.

Lemma G4.8 For pu € £(I'), we have
. * s, \\1/2n
IAr (Il = lim sup ((u* * )™ (e)) "™
n
Proof We follow a proof shown to us by C. Anantharaman. Set

T = Ar(u* * p) = Ar(w)*Ar(w).

Since T is a self-adjoint positive operator, its spectrum o (7)) is contained in
[0, IT||]. Let v be the probability measure on o (T') defined by

/ f@®dv() = (f(T)d.,8.) forall f e C(o(T)),
o (T)

where f(T) € L(¢*>(I")) is given by the functional calculus (see the comments
before Theorem A.2.2).

We claim that the support of v is o (T'). Indeed, otherwise there exists f €
C(o(T)) withf > 0 and f # 0 such that fU(T)f(t)dv(t) = 0. Then

IF Y2817 = (f(T)8e,8e) = O,
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so that f1/2(T)8, = 0. Since T and hence f'/2(T) commute with right
translations by elements from T, it follows that

28, =2 pr(y)se = or()f /218, =0, forall yeT,

where pr is the right regular representation of I'. This implies that f 1/2(T) = 0
and hence f = 0, which is a contradiction.

Lete > 0.Setr = v([|IT]| — &, IIT|]). Then r > 0, since supp(v) = o (T).
For every n € N, we have

1/n
IT|| = (T"8.,8,)"" = ( f t"dv(t))
o(T)

IT| /n Un
> </| t”dv(t)> > (r(IT —&)")

T|—e

=T - o).
Since lim,, r1/m — 1, it follows that

IT|| > lim sup(T"8,,8,)'/" > |T|| — &
n

for every ¢ > 0. Hence,

Il = Tim sup(T"3,, ) /" = lim sup ((* % )™ (€))'"/".
n n

Since ||Ar(w)||? = |7, this proves the claim. W

For a version of the previous lemma, valid for arbitrary locally compact
groups, see [BeCh-74b].

Example G4.9 (i) Let I' = Z, with generating set S = {1, —1}. Then ug is
the probability measure defined by ugs(1) = pus(—1) = 1/2. The probability

ug" (0) of returning to O after n steps is obviously 0 if n is odd. If n = 2k, it is
the probability of moving & times to the right and k times to the left, that is,

vy = (%) o
s =94\k )~ @iz

So, lim,, sup uié”(O)l/” = 1, and we recover the fact that |Ar(us)|| = 1.
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@ii) For k > 1, let I' = Fy, be the free group on k generators ay, . . ., ag, and
S ={ay,...,a, al_l, . ,ak_l}. For the probability measure ptg, we have
V2k —1

IAr (us)|l = lim sup s (e) = r
This result has the following converse. Let I be a group generated by k > 2
elements ay,...,ar. Assume that all a;’s are of order greater than two and
let 1 be the probability measure defined by w(a;) = u(a; h=1 /2k for all

i=1,...,k.If|Ar(w| = Vzllz_l , then I is the free group on ay, . .., a;. For

all this, see [Kest—59b, Theorem 3].

G.5 Fglner’s property

A useful refinement of Reiter’s Property (P;) of Theorem G.3.1 is Fglner’s
Property. Recall that, for a measurable subset A of a locally compact group,
|A| denotes the measure of A with respect to a left invariant measure.

Theorem G.5.1 Let G be a locally compact group. The following properties
are equivalent:

(i) G is amenable;
(ii) (Folner’s Property) for every compact subset Q of G and every ¢ > 0,
there exists a Borel subset U of G with 0 < |U| < oo such that

[xUAU|

——— <e¢g, forall xeQ,
U]
where A denotes the symmetric difference.

We will show that Fglner’s Property is equivalent Reiter’s Property (Pq).
If fy = |U|""xy e L! (G)1,+ is the normalised characteristic function of a
measurable subset U of G with |U| # 0, observe that

i fu) =101 %o a7y = U1 o ()
for all x,y € G, so that

IxU AU

||x*1fU —fU||1 = T

This shows that Fglner’s Property implies Reiter’s Property (P1). The point is
proving the converse. We will need the following elementary lemma.
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Lemma G.5.2 Let (X, ) be a measure space. Let f,f' be non-negative
functions in L*(X). For everyt > 0, let E;, = {x € X : f(x) > t} and
E={xeX: f'(x) >1t}). Then

If—f'lh = /O L (EsAE]dr.

In particular, || f |1 = fooo Ww(E;)dt.

Proof Denote by x; : [0,00) — R the characteristic function of [z, 00). We
have

fo Ixe(5) = xu(s))dt = /0 xs(0) — 2 0)ldi = |5 — s

for s, s’ € [0, 00), and therefore

fo e of () — 11 0 @dE = | £ () —f' @)

for x € X. By Fubini’s Theorem, it follows that

/ e of — xo o f I1dt = f / e o f () — e o f () dp @t
0 0 X
_ /X F ) —F @I = I1f 1.

On the other hand, x; o f(x) = x;(f(x)) is 1 if f(x) > rand O if f(x) < ¢, so
that | x; o f — x; of’| is the characteristic function of E;AE]. It follows that

lx:of — x: Of/”l = M(EtAE;),
and this proves the claim. W

Proof of Theorem G.5.1 We have to show that Reiter’s Property (P;) implies
Fglner’s Property. Let Q be a compact neighbourhood of e, and let ¢ > 0. Then
K = Q2 is a compact subset of G, and there exists f € L' (G) 1+ such that

sup [, 1f — il < &2
P 2K

Fort > 0,letas above E; = {y € G : f(y) > t}. Then

xEr={yeG : ~f(Qy) >t}
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By the previous lemma,

o0
letf —flh = / WE, AE,|d.
0

for every x € G. Hence, for every x € K, we have

oo IXE, AE,|
|E:| ————dx|dt = | |,-f —fldx
0 k  |El K

_elol
-2

Since fooo |E¢|dt = || f]l1 = 1, it follows that there exists # such that 0 < |E;| <
oo and EAE

|xE; l|dx§ 8|Q|.

K |Eil 2
For the set
|xEtAE,|
A=1xeK: —— <g,
|E; |

we have |K \ A| < |0]/2.
We claim that O € AA~!. Indeed, let x € Q. Then |xK N K| > [xQ| = |Q|
and, hence,

Ol < kK NK| < |[xANA|+ |K\ Al + [x(K \ A)|
=[xANA|+2|K\A|
<|[xANA|+|Q]|.

Therefore, |x A N A| > 0, and this implies that x € AA~ L.
Now, for x1,x2 € A, we have

x1xy 'E,AE, C (01xy  E:Ax1E) U (01 E(AEy),
and hence

‘xlxz_lEtAE, + [ EAE|

< )xz—lE,AE,

= [EAE| + X1 E AE| < 2¢e|Ey|.

This finishes the proof. W

Remark G.5.3 Assume that G is compactly generated. It follows, by the
arguments given in the proof of Proposition F.1.7, that the amenability of G is
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equivalent to Fglner’s Property for some compact generating set Q of G, that is,
to the existence of a sequence of Borel subsets U, with 0 < |U,| < oo such
that

U,AU,
lim sup M =0.

" xeQ |Unl

Such a sequence (U,), is called a Fglner sequence.

Example G.5.4 LetI" = Z with the set of generators S = {#-1}. The sequence
of intervalls {—n, —(n — 1),...,0,...,n — 1,n} is easily seen to be a Fglner
sequence for Z.

We give an application of Fglner’s Property to groups of subexponential
growth. Let I" be a finitely generated group, and let S be a finite generating
subset of I" with S~! = §. The word metric on " with respect to S is the metric
ds on I' associated to the Cayley graph G(T', S); see Remark G.4.7. For each
r > 0, let B, be the ball of radius r centred at e, that is, B, is the setof y € I
which can be expressed as words of length < r in elements from S. The limit

ys = lim (#B)'/",
r—00

which is known to exist, is the growth of I" (with respect to ). It is also known
that independently of S, we have

either ys>1 or ys=1.

In the first case, I" is said to be of exponential growth and it is said to be of
subexponential growth in the second one. For instance, nilpotent groups are
of polynomial growth (that is, there exist a constant C and an integer n such
that #B, < Cr", for all r > 0) and hence of subexponential growth. For more
details, see [Harpe—00, Chapter VI]J.

The following result appeared for the first time in [AdVSr—57].

Corollary G.5.5 IfT is a finitely generated group of subexponential growth,
then T' is amenable. In particular, finitely generated groups of polynomial
growth are amenable.

Proof Let S be a finite generating subset of I' with ™' = §. We claim that
a subsequence of the sequence of balls (B,),>1 is a Fglner sequence. Indeed,
assume, by contradiction, that this is not the case. Then there exists ¢ > 0 and
s € S such that #(sB,,AB,)) > ¢#B,, for infinitely many n. We have

#(sB, \ By) > %#Bn or #(B,\ sBy) > %#B,,.
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Since sB;, \ B, and s_l(Bn \ sB) are contained in B,y \ By, it follows that
#B,y1 > (1 + 5) #B,,. Hence, there exists a constant C > 0 such that

e\n
#anc(1+§)

for infinitely many n’s. This contradicts the fact that I" is of subexponential
growth. W

Let I be a finitely generated group, and let S be a finite generating subset of
I" with ™! = . The existence of a Fglner sequence F,, in I" has the following
interpretation in terms of the Cayley graph G(T, S).

Let G be a graph and a set F of vertices of G. The boundary 9F of F is the set
of all vertices of G which are connected to some vertex in F but do not belong
to F.

Corollary G.5.6 Let I be a finitely generated group, and let S be a finite
generating subsetof T withS~! = S. The following properties are equivalent:

(i) T is amenable;
(ii) there exists a sequence of non-empty finite subsets F,, of I such that, for

everys € S,
. H#H(sF,AFY)
Iim —— =0

n

>
n

(iii) there exists a sequence of non-empty finite subsets F, of I such that

#IF,
lim —2 =0,
n #F,

where dF,, is the boundary of F,, in the Cayley graph G(T', S).

Proof The equivalence of (i) and (ii) is a particular case of Theorem G.5.1
and Remark G.5.3.
For a finite subset F of I", we have

OF = J6F\ F),

seS

by the definition of G(T", S). For every s € S, we have
#(SFAF) =#(F\F)+#(F \ sF) =#(F\F) +#(sF \ F).
Since § = §~!, it follows that

D #(FAF) =2 #(sF \ F) < 2#S max #(sF \ F).

seS seS
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Therefore |

1
— #(FAF) < #0F < — #(FAF
Tag QL HGFAF) S#IF < 2 ) #GFAF),

seS seS

so that (ii) and (iii) are equivalent. W

G.6 Exercises

Exercise G.6.1 Let G be a topological group, and let M be the set of all
means on UCB(G).

(i) Prove that M is a weak* closed (and hence compact) convex subset of
the unit ball of UCB(G)*.

(ii) Let My be the convex hull of all point evaluations. Prove that My is
weak™* dense in M.

Exercise G.6.2 Let G be a locally compact group, and let M be the set of all
means on L*(G). Let Ll(G)1,+ denote the convex set of all f € L'(G) with
f=0and ||f]l =1

Prove that ! (G)1 + is weak™* dense in M, when LY(G) is viewed as subspace
of L°°(G)* in the canonical way.

Exercise G.6.3 (Compare Remark G.3.7.) Let/(H) be the unitary group of
a Hilbert space H, with the weak operator topology, that is, anet (T;); inU (H)
convergesto T € U(H) if

lim(T;§,n) = (T§,n), forall &.nelU(H).

(i) Show that U/ (H) is a topological group.
(i1) Show that U/ (H) is not locally compact if H is infinite dimensional.

Exercise G.6.4 (Compare Remark G.3.7.) Let G be alocally compact group,
and let U (L*(G)) be the unitary group of the Hilbert space L*(G), with the weak
operator topology. Show that

~

G={Ac(x): x € G}

is a closed subgroup of U (L*(G)).
[Hint: Use Proposition C.4.6.]

Exercise G.6.5 Let G be a locally compact group, and let H be a closed
subgroup of G. Assume that H is amenable. Show that, for every unitary rep-
resentation o of H, the induced representation Indgo is weakly contained in
the regular representation Ag.



446 Amenability

Exercise G.6.6 (Compare Remark G4.3.)  Fix an irrational real number 6.
The subgroup of S' generated by ¢ is dense. Let i be the probability
measure on S! defined by

= Z 278 jariné .

n>0

7 =P x

k#0

Let

be the direct sum of all unitary characters y; 7# lgi of St
(1) Show that 1 belongs to the spectrum of the operator 7 ().
(ii) Show that 1g: is not weakly contained in 7.

[Hint: Use Proposition F.1.8.]

Exercise G.6.7 (Compare Remark G4.5.) Let I" be the free group on two
generators a, b and consider the probability measure © = (8, + 85)/2 on I'.
Show that ||Ar(w)|| = 1, although 11 is not weakly contained in Ar.

[Hint: Let v = % 6,-1. Then [|Ar (v)|| = [|Ar(w)||. Determine the subgroup
generated by the support of v and deduce that ||Ar(v)| = 1.]

Exercise G.6.8 Let A and B be the following matrices of GL;(R)

1 2 1 0
A_<O 1) and B—<2 1),

and let I" be the subgroup generated by A and B.

(i) Let Q; = {(x,y) € R2\ {(0,0)} : |x| < |y[} and 2 = {(x,y) €
R2\ {(0,0)} : |y| < |x|}. Check that A¥'Q; € Q5 and BF!Q, C Q.

(ii) Fix @ € . Show that A1B™2 ... Bin-1Alngy = o for all integers
i1,...,ip € Z\ {0}.

(ii1) Show that I" is the free group on A and B.

Exercise G.6.9 Let K be alocal field. Choose A € K with [A| > 2, and let A
and B be the following matrices of SL;(K)

A0 1
A:(O A‘1> and B = CAC ',

2 1
11
discrete subgroup of SL;(K), and is isomorphic to F.
[Hint: Use the method of the previous exercise.]

where C = ( > . Show that the subgroup generated by A and B is a
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Exercise G.6.10 For an integer n > 1, define a function f, € £!(Z); 4 by
fulk) = @n+ D)7Vif [k| < nand f,(k) = 0 if |k| > n. Let m € M denote a
mean on £°°(Z) which is a weak™* limit point of (f}),, and which is therefore
invariant, as in the proof of Theorem G.3.1. Show that there does not exist any
subsequence of (f,;), which converges to m in the weak* topology of M.
[Hint: Suppose (ab absurdo) that there exists a subsequence (fi(;))n of (fu)n
which converges to m. Upon replacing it by a subsequence, we can assume that
l(n) > 3l(n — 1) for all n > 2. Define a bounded function g on Z by g(k) = 1
if |k| < I(1) and

glky=(=D" if In) <|k|<In+1) with n>1.

Check that the numerical sequence of n-th terms

1(n)
1
Jim (8) = Ao+ 1 > g

k=—I1(n)
is not convergent.]

Exercise G.6.11 (This exercise was suggested to us by N. Monod.) Let G, H
be two Hausdorff topological groups. A mapping o : G — H is subadditive if

O’(QZ) - O’(Q)2 for any compact subset Q C G.

From now on, we assume that G has the Baire property, namely that any count-
able union of closed subsets of G without interior points is itself without interior
points. Recall that locally compact spaces and complete metric spaces have the
Baire Property.

(1) Let o, : G — H,n > 1, be a sequence of continuous subadditive map-

pings which converges towards ¢ pointwise; here € denotes the constant function
on G with value the identity element e of H. Show that (o,,),, converges toward
¢ uniformly on compact subsets of G.
[Hint: Let Q be a compact subset of G and let U be a neighbourhood of e
in H. Choose a closed neighbourhood A of e such that A2 c U. Define F,, =
(Mk=n Ok (A) for all n > 1 and observe that Ups1 Fn = G. Deduce from
the Baire property that there exists M > 1 such that Fpy N Q has interior
points, from the compactness of Q that there exist g1,...,g; € G such that
g1Fy U ---UgiFy D 0, and consequently that there exists N > 1 such
that FyFyy O Q. Hence, (F)? D Q and therefore 0,(Q) C U, forn >
max{N,M}.]
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(i) Let ¢, : G — R,n > 1, be a sequence of functions conditionally
of negative type such that lim,—, ¥,(g) = O for all g € G. Show that the
convergence holds uniformly on compact subsets of G.

[Hint: Use Proposition 2.10.2 and check that g + /v,,(g) is subadditive.]

(iii) Let G be a compact group (for example, G = R/Z) and let G,
be the group G endowed with the discrete topology. Let (;r,’H) be a uni-
tary representation of G; which weakly contains 1, but not strongly. Show
that there does not exist any sequence (&,), of units vectors in H such that
limys o0 17 (8)&, — &4ll = 0 forall g € G.

@iv) Let A, : G — G,n > 1, be a sequence of continuous endomorphisms
such that lim, o0 A, (g) = e for all g € G. Show that the convergence holds
uniformly on compact subsets of G.
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absolute value on a field, 377

action of a group on a graph, 82

adjacent vertices of a graph, 81

adjoint of an operator, 27, 289

adjoint representation, 305

affine action associated to a cocycle, 77

affine action of a group, 423

affine isometric action of a topological
group, 75

affine real Hilbert space, 74

almost K-simple algebraic group, 58

almost having fixed points (for an affine
action), 137

almost having invariant vectors (for a
unitary representation), 28

almost having invariant vectors (for an
orthogonal representation), 87

amenable homogeneous space in the sense
of Eymard, 432

amenable topological group, 423

approximate eigenvalue, 433

archimedean order on a group, 116

asymptotically invariant sequence of
measurable sets, 266

a-T-menable group in Gromov’s sense, 104

automorphism of a graph, 82

A,-building, 246

Xz—group, 250

(ax + b)-group, 303

Banach—Ruziewicz problem, 276
barycentre of a measure, 424
Bernoulli shift, 272

bi-Lipschitz equivalence, 180
Bochner’s Theorem, 372

Borel fundamental domain, 333

Borel measure, 299

boundary of a subset of a graph, 254, 444

boundary of hyperbolic space, 100

bounded elementary generation for
SLy(R), 185

bounded generation of a group, 184

Burnside group, 282

Busemann cocycle, 101

Cartan decomposition of a semisimple Lie
algebra, 161

Cartan involution on a semisimple Lie
group, 161

Carter—Keller Theorem, 185

Cayley graph of a finitely generated
group, 438

centered random variable, 312

centre of a bounded set, 79

character of a Banach algebra, 370

character of a relatively invariant
measure, 329

Chasles’ relation, 80

coboundary, 76

cocycle, 76

cocycle relation, 76, 308

commutant of a subset of L(H), 296

compactly generated locally compact
group, 400

complex-valued kernel conditionally of
negative type, 367

complexification of an orthogonal
representation, 312

conductance in a graph, 218

conjugate Hilbert space, 293
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conjugate representation, 294

conjugation representation, 306

connected graph, 81

Connes—Weiss Theorem, 267

contained (for unitary representations), 291

continuity of induction, 408

contraction, 433

contragredient representation, 294

convolution of two functions on a locally
compact group, 352

convolution of two random walks, 221

cortex of a locally compact group, 150

coupling for two measure equivalent groups,
see measure equivalent groups, 273

Crofton formula, 97

C*-algebra, 411

cycle in a graph, 82

cyclic representation, 354

cyclic vector for a representation, 354

degree of a vertex in a graph, 218
Delorme—Guichardet Theorem, 129
density function of a random variable, 312
direct integral of Hilbert spaces, 414
direct integral of representations, 416
direct sum of groups, 86

direct sum of representations, 292
Dirichlet finite function, 221

discrete group, 299

distance in a graph, 81

distribution of a random variable, 312
dual group of an abelian group, 298

edge of a graph, 81
elementary matrix, 44, 185
elementary operation on a matrix, 185
equivalent measures, 308
equivalent representations, 290
ergodic action of a group, 265
essentially free action of a group on
a measure space, 271
expander graphs, 254
expanding constant of a family of
expanders, 254
expanding constant of a graph, 254
expectation of a random variable, 312
exponential growth, 443
extremely amenable topological group, 365
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Fglner sequence, 443

Fglner’s Property, 440

Fell’s topology, 33, 403

field of Hilbert spaces over a measure
space, 413

final space of a partial isometry, 290

finite range for a random walk, 218

finitely additive measure, 276

first cohomology group, 77

Fixed point property (for an amenable
group), 423

Fourier Inversion Theorem, 371

Fourier transform, 370

function conditionally of negative type
on a group, 122, 357

function of positive type, 351

function of positive type associated to a
representation, 352

function vanishing at infinity on a topological
space, 353

functional calculus, 296

fundamental domain, 225

fundamental family of measurable vector
fields over a measure space, 414

Gaussian Hilbert space, 313

Gaussian random variable, 313

Gelfand pair, 151

Gelfand transform, 370

Gelfand—Raikov Theorem, 364

geodesic current, 112

geometric property, 179

geometric edge of a graph, 81

GNS construction, 341, 346, 354

GNS triple associated to a function of
positive type, 355

graph, 81, 217

graph associated to a generating set, 242

growth of a finitely generated group, 443

Haagerup Property, 104

Haar measure, 300

half-space in real hyperbolic space, 95
Hamilton quaternions, 337

harmonic function, 221, 229
harmonic mapping, 159

Heisenberg group, 69, 172, 304
Hilbert space, 27, 289
Hilbert—Schmidt operators, 294
Hulanicki—Reiter Theorem, 430
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hyperbolic space, 100
hyperplane in real hyperbolic space, 94

I-sequence of measurable sets, 267

incidence graph of a projective plane, 245

independent random variables, 312

induced affine isometric action, 91

induced representation, 274, 388

induction by stages, 390

infinitely small representation, see cortex
of a locally compact group, 150

initial space of a partial isometry, 290

intertwining operator, 290

interval in a tree, 82

invariant mean, 42, 421, 422

invariant vector, 28

irreducible, 292

irreducible random walk, 217

isolated point in a topological space, 33

Iwasawa decomposition, 58, 180

Jacobson topology, 412

Kazhdan constant, 29

Kazhdan constant associated to a
representation, 29

Kazhdan group, 29

Kazhdan pair, 29

Kazhdan pair for (G, H), 42

Kazhdan set, 29

Kazhdan’s Property (T), 29

kernel conditionally of negative type, 345

kernel of positive type, 340

Kesten’s Theorem, 436

K-rank of an algebraic group, 58

Laplace operator for a random walk, 221

Laplace operator for an equivariant random
walk, 229

Laplacian, 159

lattice, 60, 246, 332

law of a random variable, 312

left regular representation, 28, 305

left-right regular representation, 306

lemma of the centre, 78

linear part of an affine action, 75

link of a vertex in a graph, 237

local Property (T), 71

local criterion for Property (T), 238

local criterion for groups acting on a
simplicial complex, 241

Index

local field, 40, 377

locally almost everywhere, 359
locally Borel set, 359

locally measurable function, 359
locally null set, 359

loop group of a topological group, 210

mapping class group, 282

Markov kernel, see random walk, 217

Markov operator for a random walk, 221

Markov operator for an equivariant random
walk, 229

Markov—Kakutani Theorem, 424

matrix coefficient of a representation, 290

Mautner’s Lemma, 45

maximal C*-algebra of a locally compact
group, 412

Mazur—Ulam Theorem, 74

mean on a set, 421

mean on a space of functions, 421

mean value of random variable, 312

measurable field of Hilbert spaces over a
measure space, 414

measurable field of operators over a measure
space, 415

measurable field of unitary representations
over a measure space, 415

measurable group action, 307

measurable vector field over a measure
space, 414

measure algebra of a probability space, 316

measure equivalent groups, 273

measure preserving transformation, 316

measure space, 307

mock discrete series representations of
SL>(R), 410

modular function of a locally compact
group, 301

modular group, 336

non-abelian free group, 39

non-archimedean absolute value, 378

non-degenerate representation of LY(G), 411

non-trivial asymptotically invariant sequence,
see asymptotically invariant sequence of
measurable sets, 266

normalised function of positive type, 396

orbit equivalent actions of a group, 271
order of a projective plane, 245



orderable group, 116

oriented edge of a graph, 81

orthogonal representation, 75, 311
orthogonal group of real Hilbert space, 74
outer automorphisms, 282

outer tensor product of representations, 294

p-adic absolute value on Q, 377

p-adic integers, 378

p-adic numbers, 377

partial isometry, 290

Peter—Weyl Theorem, 307

Plancherel Theorem, 371

Poincaré disc, 111

Poincaré half-plane, 331

Poincaré inequality, 234

polar decomposition of an operator, 291
polynomial growth, 305, 443

Pontrjagin Duality Theorem, 371
positive linear functional on £(H), 40
positive matrix, 344

primitive ideal space of a C*-algebra, 412
principal series of SLp (R), 388
projection valued measure, 374
projective plane, 245

proper cocycle on a group, 103

Property (Fp) for a Banach space B, 135
Property (Tp) for a Banach space B, 72
Property (FA), 84

Property (FH) for a group, 75

Property (FH) for a pair (G, H), 80
Property (T), see Kazhdan’s Property (T), 29
Property (T) for a pair (G, H), 41

pure function of positive type, 358

(Q, &)-invariant vector, 28
quasi-invariant measure, 308
quasi-isometric groups, 180
quasi-isometric metric spaces, 179
quasi-regular representation, 37, 331

radial function on a symmetric space, 164
Radon measure, 300

Radon-Nikodym derivative, 308
Raikov’s Theorem, 362

random variable, 312

random walk, 217

range of an edge, 218

real hyperbolic space, 93
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reduced 1-cohomology, 137

reduced C*-algebra of a locally compact
group, 413

regular Borel measure, 299

regular projection valued measure, 375

Reiter’s Property (P1), 427

Reiter’s Property (P}), 428

relatively invariant measure on G/H, 328

residual field, 246

reversible random walk, 217

rho-function for a pair (G, H), 328

Riemann-Lebesgue Lemma, 371

Riesz Representation Theorem, 300

right regular representation, 306

ring of sets, 421

Schoenberg Theorem, 350, 357

Schreier graph, 255

Schur product of two matrices, 344

Schur’s Lemma, 297

Schwarz’ group, 85

Shalom’s Theorem, 141

o-algebra generated by random variables, 312

o -finite measure, 308

simple graph, 82

simple random walk on a graph, 218

SNAG Theorem, 375

source of an edge, 218

special linear group, 40

spectral radius formula, 370

spectral radius of an element in a Banach
algebra, 370

spectrum of an element in a Banach
algebra, 369

spectrum of an operator, 296

spherical principal series representations, 389

spherical representation, 152

square-integrable vector field over a measure
space, 414

stably orbit equivalent group actions, 273

standard Borel space, 416

standard embedding of SL,,(K), 46

standard Gaussian measure on R, 314

stationary measure for a random walk, 217

strongly contained, see contained, 291

strongly continuous, 27, 289

strongly ergodic action of a group, 266

strongly mixing action of a group, 281

subexponential growth, 323, 443

subrepresentation, 28, 290

support of a measure, 300
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support of a representation, 404

symmetric difference, 310

symmetric Fock space of a Hilbert space, 315

symmetric tensor powers of a Hilbert
space, 315

symmetric tensor powers of a representation,
320

symplectic group, 50

tensor product of representations, 294

Thompson group, 118

translation on an affine Hilbert space, 74

tree, 82

triple associated to a function conditionally
of negative type, 138

uniform Property (T), 284

uniformly continuous mapping on a
topological group, 301

unimodular locally compact group, 303

unit character, 293

unit representation, 28, 293

unitary character, 293
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unitary dual of a group, 33, 292

unitary group of a Hilbert space, 27, 289

unitary operator, 289

unitary representation, 27, 289

universal representation of a locally compact
group, 412

variance of a random variable, 312
vector field over a measure space, 414
vector valued integral, 384

vertex of a graph, 81

weak containment for representations, 28, 395
weak containment in the sense of

Zimmer, 397
weak operator topology, 445
weakly equivalent representations, 396
weakly mixing action of a group, 266
word metric on a finitely generated group, 443
wreath product of two groups, 105

Zuk’s criterion for Property (T), 244
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